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Exercise 1 (Bougerol’s identity) Consider sinh(W;), where W, is Brownian motion.

Let also B; and 8, be independent Brownian motions, and

t
X, = eB f e Bsdp,.
0

Apply Ito formula to show that the process (X; : t > 0) and (sinh(W;) : t > 0) have
the same distributions, i.e. they satisfy the same stochastic differential equation in
Ito sense.

Solution1 Let f(x) = sinh(x). Then f'(x) = cosh(x) and f''(x) = sinh(x). Thus by
Ito formula,

t t
1
sinh(W,) = [ cosh(W,) dW, + Ef sinh(W,) ds.
0 0
It follows that Y, = sinh(W,) satisfies the SDE

s 1

On the other hand, integration by parts gives

t

t t
(j e‘Bsd,Bs)d(er) +eBzd(f e~ Bs dﬁs) +<er,f e~Bs d.),
0 0 0

dx,

t t
1
eBr (f e~ Bs d,BS) dB; + 56& (f e~ Bs dﬁs) dt + eBreBidp,
0 0
1
= XtdBt + dﬁt + Extdt

t
Here we have used the fact that d(eBt) = erdBt + %erdt and (er,f e~ Bs sy =
0
t t
[ e Bsd(B,,eBs); = 0. The latter fact follows because (B;,eBt), = [ eBsd(B,, B,); = 0.
0 0

Finally we notice that if we define a process Z; by the SDE X,dB; +dB; = |1 + X2dZ,,
then Z, is a Brownian motion since



@ = j ———B, +f ap.);

,/1+X2 ,/1+X2
t t

_ 1+X2dt+£ +<f 1+_X2 s,f 1+X2dﬁs

| Foox
=t+ dq > dB,, B,)
f _(I)‘ J1+X52 SIBSS

Exercise 2 We consider a C-valued continuous local martingale
Zt = Xt + lYt
where X; and Y, are R-valued continuous local martingales in a filtration F.

(a) Prove that there is an unique continuous C-valued process of finite variation
(Z,Z); such that

—(Z,Z);
is a complex local martingale.
(b) Prove that the following statements are equivalent:
i. Z?isa F-local martingale
ii. (Z,Z); =0forallt
iii. (X, XY, =Y, YYand (X, Y) =0

Such C-valued martingales are called conformal local martingales. For example, if B,
and B; are independent R-valued Brownian motions in the filtration F, the C-valued
planar Brownian motion

Wt = Bt + l;Bt
is a conformal martingale.

(c) Use Lévy characterization theorem to show that if Z, = X; + iY; is a C-valued
continuous conformal local martingale in a filtration F, there exists a C-valued planar
Brownian motion, such that

Zy = Wix xy,

with
WM = XT(H) + iYT(ll)/ T(u) = il"lf{i’ : <X/X>t 2 u}.

(d) Show that for a conformal local martingale Z, = X; +iY;

1 _—
(R(Z), R(Z)) = §<Z,Z)t



(e) Let H; be a C-valued bounded progressive process, and Z; a conformal local mar-
tingale. Then

t t t t t
U, = [ HydZ, = [ R(Hy) dx, - | j(Hs)dYs+i(f IH) dX, + SR(HS)dYS)
0 0 0 0 0
is a conformal martingale with
—_— t —_—
U,y = [ IH1d(Z,2),
0

(f) Let Z; be a continuous conformal local martingale and F: C — C twice differen-
tiable as a function of two real variables. Use Ito formula to show

t a t a _ 1 t _
F(Z,) = F(Zy) +f - F(Z)dz, +j =F(Z)dZ, + ZI AF(Z)d(Z,Z ),
0 0 0

where for z = x + iy

2 82
AF(z) = A(F(x,y)) = @F(x,y) + WF(X/W
(2 OV (2 i Ypr a2 o F
= ax_lay ax+zay (x,y) = % 3% (xy).

(g) We say that F is harmonic if AF(z) = 0 for all z € C. Show that if F is harmonic
and Z; is a continuous conformal local martingale, then F(Z,) is a local martingale.

(h) Let F(z) be holomorphic. Show that if Z; is a continuous conformal local martin-
gale, then F(Z;) is a continuous conformal local martingale with

t
F(Zy) = F(Zo) + [ F(Z)dZ,.
0

(i) Show that if W, is a C-valued planar Brownian motion and F: C — C is holomor-
phic and non-constant, then

F(Wy) = F(Wp) + Wix x,,

where X, = R(F(W,)) and

t
X, X0 = [ IF'(Wo)PRds
0

and W, is a C-valued planar Brownian motion.

In other words F(W,) is a time changed Brownian motion. We say that Brownian
motion is conformal invariant.

Solution 2 (a) Since X; and Y, are local martingales, there are unique continuous
processes (X);, (Y); and (X, Y), such that the processes



X2—(Xy, YE-(Y), XY—(XY)
are continuous local martingales. Now
Z2 = (X) + (V) = 2iX, Y = (XP = (X)) — (Y2 = (Y)p) + 2i(X; Y — (X, Y)y)
is a complex local martingale, so we may define
(Z,2) = (X} — (V) + 2i(X, Yy D

The uniqueness of this process of finite variation follows from the real case by noticing
that the real and imaginary parts must be unique separately.

(b) Assume first that Z t2 is a local martingale. Then by uniqueness, (Z, Z), = 0 for all
t. On the other hand if (Z, Z); = 0 for all ¢, then by (1) we have (X, X); = (Y, Y); and
(X,Y); = 0. Finally if (iii) holds, then clearly (Z), = 0, so Z tz is a local martingale.

(c) By Dambis, Dubins-Schwartz, the process X, is a Brownian motion, and since

Z; is conformal, also Y, is a Brownian motion. Hence W, is a planar Brownian
motion.

(d) We have
Z,Z Yo = (X +1Y, X —-1iY); = (X, X); + (Y, Y); = 2(R(Z),R(2));.

(e) U, is clearly a martingale, since its real and imaginary parts are martingales. More-
over, since Z; is a conformal martingale,

t t t t
<u,u>t:<f S)%(Hs)dXs>t+<f U(Hs)dYs>t—(f J(HS)dXS>t—(f R(H,)dY.)
0 0 0 0

t t t t
+2i(<j m(Hsmxs,j J(H,) dX.), — <f J(Hsmys,f SR(HS)dYS)t)
0 0 0 0

= 0.

Thus U is a conformal local martingale. Finally,

t t
(U, Ty = 2([ R(Hy) dX, — [ 3(Hy) dY,),
0 0
t t
=2<f m(HS)dXS)t+2<f J(Hy) dY,),
0 0
t t
=2 [ RH)dX), +2 [ I(H)2d(Y),
0 0

t
= [ H,2dz,2),
0

(f) By Ito formula we have



2 2 Foy2
F(Z,) = F(Zy) + f SoF(Z)dX, + f @HZQ dy, + f WF(ZS) d(X,Y),
0 0

t az
2j —F(Z ) d(X), + 2! ﬁF(ZS)CMY)s

Z+ Z, _S 1 92 92
=F<zo)+j &F(Zs)d(+) f 55 )d( ) Ef <ﬁ+—>F(Z)d(X>S
0

3 .0 3 .0
_F<ZO)+j (——z@)F(Z)dZ +f (—+1@>F(Z)dz+ fAF(Z)d(ZZ)S

= F(Zy) + —F(Zs)dZS+ —_F<Zs>d25+- AP(ZS)d<Z,Z>S.
: dz 5 0z 4 )

(g) This follows directly from the Ito formula above since the non-martingale part
vanishes.

(h) By (g), F(Z;) is a continuous conformal local martingale. By using (f), we have
t
F(Zy) = F(Zy) + [ F'(Zy)dZ,.
0
(i) We have

t
F(W,) = F(Wo) + [ F/(Wy) dW,.
0

t ~—
LetY; = [ F'(W,)dW,. By (c) there exists a C-valued planar Brownian motion W,
0
such that W(WY),‘J%(Y))t =Y;. Now by (e) we have

1.o— 1¢
RY), RV = 5, T, = 5 [ [P (W)W, = (X, X),
0

and hence

F(W;) = FWp) + Wx x,,-



