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Stochastic analysis, 13. exercises
Janne Junnila

May 2, 2013

Exercise 1 (Bougerol’s identity) Consider sinh(𝑊u�), where 𝑊u� is Brownian motion.

Let also 𝐵u� and 𝛽u� be independent Brownian motions, and

𝑋u� = 𝑒u�u�

u�
∫
0

𝑒−u�u� 𝑑𝛽u�.

Apply Ito formula to show that the process (𝑋u� : 𝑡 ≥ 0) and (sinh(𝑊u�) : 𝑡 ≥ 0) have
the same distributions, i.e. they satisfy the same stochastic differential equation in
Ito sense.

Solution 1 Let 𝑓 (𝑥) = sinh(𝑥). Then 𝑓 ′(𝑥) = cosh(𝑥) and 𝑓 ′′(𝑥) = sinh(𝑥). Thus by
Ito formula,

sinh(𝑊u�) =
u�

∫
0

cosh(𝑊u�) 𝑑𝑊u� +
1
2

u�
∫
0

sinh(𝑊u�) 𝑑𝑠.

It follows that 𝑌u� = sinh(𝑊u�) satisfies the SDE

𝑑𝑌u� = √1 + 𝑌 2
u� 𝑑𝑊u� +

1
2𝑌u�𝑑𝑡

On the other hand, integration by parts gives

𝑑𝑋u� = ⎛⎜
⎝

u�
∫
0

𝑒−u�u� 𝑑𝛽u�
⎞⎟
⎠

𝑑(𝑒u�u�) + 𝑒u�u�𝑑 ⎛⎜
⎝

u�
∫
0

𝑒−u�u� 𝑑𝛽u�
⎞⎟
⎠

+ ⟨𝑒u�u�,
u�

∫
0

𝑒−u�u� 𝑑𝛽u�⟩u�

= 𝑒u�u� ⎛⎜
⎝

u�
∫
0

𝑒−u�u� 𝑑𝛽u�
⎞⎟
⎠

𝑑𝐵u� +
1
2𝑒u�u� ⎛⎜

⎝

u�
∫
0

𝑒−u�u� 𝑑𝛽u�
⎞⎟
⎠

𝑑𝑡 + 𝑒u�u�𝑒−u�u�𝑑𝛽u�

= 𝑋u�𝑑𝐵u� + 𝑑𝛽u� +
1
2𝑋u�𝑑𝑡.

Here we have used the fact that 𝑑(𝑒u�u�) = 𝑒u�u�𝑑𝐵u� + 1
2 𝑒u�u�𝑑𝑡 and ⟨𝑒u�u�,

u�
∫
0

𝑒−u�u� 𝑑𝛽u�⟩u� =
u�

∫
0

𝑒−u�u�𝑑⟨𝛽u�, 𝑒u�u�⟩u� = 0. The latter fact follows because ⟨𝛽u�, 𝑒u�u�⟩u� =
u�

∫
0

𝑒u�u� 𝑑⟨𝐵u�, 𝛽u�⟩u� = 0.

Finally we notice that if we define a process 𝑍u� by the SDE 𝑋u�𝑑𝐵u� +𝑑𝛽u� = √1 + 𝑋 2
u� 𝑑𝑍u�,

then 𝑍u� is a Brownian motion since
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⟨𝑍⟩u� = ⟨
u�

∫
0

𝑋u�

√1 + 𝑋 2
u�

𝑑𝐵u� +
u�

∫
0

1

√1 + 𝑋 2
u�

𝑑𝛽u�⟩u�

=
u�

∫
0

𝑋 2
u�

1 + 𝑋 2
u�

𝑑𝑡 +
u�

∫
0

1
1 + 𝑋 2

u�
𝑑𝑡 + ⟨

u�
∫
0

𝑋u�

√1 + 𝑋 2
u�

𝑑𝐵u�,
u�

∫
0

1

√1 + 𝑋 2
u�

𝑑𝛽u�⟩ 

= 𝑡 +
u�

∫
0

1

√1 + 𝑋 2
u�

𝑑⟨
u�

∫
0

𝑋u�

√1 + 𝑋 2
u�

𝑑𝐵u�, 𝛽u�⟩u�

= 𝑡.

Exercise 2 We consider a ℂ-valued continuous local martingale

𝑍u� = 𝑋u� + 𝑖𝑌u�

where 𝑋u� and 𝑌u� are ℝ-valued continuous local martingales in a filtration 𝔽.

(a) Prove that there is an unique continuous ℂ-valued process of finite variation
⟨𝑍, 𝑍⟩u� such that

𝑍2
u� − ⟨𝑍, 𝑍⟩u�

is a complex local martingale.

(b) Prove that the following statements are equivalent:

i. 𝑍2
u� is a 𝔽-local martingale

ii. ⟨𝑍, 𝑍⟩u� = 0 for all 𝑡

iii. ⟨𝑋, 𝑋⟩u� = ⟨𝑌, 𝑌⟩ and ⟨𝑋, 𝑌⟩ = 0

Such ℂ-valued martingales are called conformal local martingales. For example, if 𝐵u�
and 𝛽u� are independent ℝ-valued Brownian motions in the filtration 𝔽, the ℂ-valued
planar Brownian motion

𝑊u� = 𝐵u� + 𝑖𝛽u�

is a conformal martingale.

(c) Use Lévy characterization theorem to show that if 𝑍u� = 𝑋u� + 𝑖𝑌u� is a ℂ-valued
continuous conformal local martingale in a filtration 𝔽, there exists a ℂ-valued planar
Brownian motion, such that

𝑍u� = 𝑊⟨u�,u�⟩u�

with
𝑊u� = 𝑋u�(u�) + 𝑖𝑌u�(u�), 𝜏(𝑢) = inf{𝑡 : ⟨𝑋, 𝑋⟩u� ≥ 𝑢}.

(d) Show that for a conformal local martingale 𝑍u� = 𝑋u� + 𝑖𝑌u�

⟨ℜ(𝑍), ℜ(𝑍)⟩u� =
1
2⟨𝑍, 𝑍⟩u�
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(e) Let 𝐻u� be a ℂ-valued bounded progressive process, and 𝑍u� a conformal local mar-
tingale. Then

𝑈u� =
u�

∫
0

𝐻u� 𝑑𝑍u� =
u�

∫
0

ℜ(𝐻u�) 𝑑𝑋u� −
u�

∫
0

ℑ(𝐻u�) 𝑑𝑌u� + 𝑖 ⎛⎜
⎝

u�
∫
0

ℑ(𝐻u�) 𝑑𝑋u� +
u�

∫
0

ℜ(𝐻u�) 𝑑𝑌u�
⎞⎟
⎠

is a conformal martingale with

⟨𝑈, 𝑈⟩u� =
u�

∫
0

|𝐻u�| 𝑑⟨𝑍, 𝑍⟩u�

(f) Let 𝑍u� be a continuous conformal local martingale and 𝐹∶ ℂ → ℂ twice differen-
tiable as a function of two real variables. Use Ito formula to show

𝐹(𝑍u�) = 𝐹(𝑍0) +
u�

∫
0

∂
∂𝑧𝐹(𝑍u�) 𝑑𝑍u� +

u�
∫
0

∂
∂𝑧𝐹(𝑍u�)𝑑𝑍u� +

1
4

u�
∫
0

Δ𝐹(𝑍u�) 𝑑⟨𝑍, 𝑍 ⟩u�

where for 𝑧 = 𝑥 + 𝑖𝑦

Δ𝐹(𝑧) = Δ(𝐹(𝑥, 𝑦)) =
∂2

∂𝑥2 𝐹(𝑥, 𝑦) +
∂2

∂𝑦2 𝐹(𝑥, 𝑦)

= (
∂
∂𝑥 − 𝑖

∂
∂𝑦) (

∂
∂𝑥 + 𝑖

∂
∂𝑦) 𝐹(𝑥, 𝑦) = 4

∂
∂𝑧

∂
∂𝑧𝐹(𝑥, 𝑦).

(g) We say that 𝐹 is harmonic if Δ𝐹(𝑧) = 0 for all 𝑧 ∈ ℂ. Show that if 𝐹 is harmonic
and 𝑍u� is a continuous conformal local martingale, then 𝐹(𝑍u�) is a local martingale.

(h) Let 𝐹(𝑧) be holomorphic. Show that if 𝑍u� is a continuous conformal local martin-
gale, then 𝐹(𝑍u�) is a continuous conformal local martingale with

𝐹(𝑍u�) = 𝐹(𝑍0) +
u�

∫
0

𝐹′(𝑍u�) 𝑑𝑍u�.

(i) Show that if 𝑊u� is a ℂ-valued planar Brownian motion and 𝐹∶ ℂ → ℂ is holomor-
phic and non-constant, then

𝐹(𝑊u�) = 𝐹(𝑊0) + 𝑊⟨u�,u�⟩u�

where 𝑋u� = ℜ(𝐹(𝑊u�)) and

⟨𝑋, 𝑋⟩u� =
u�

∫
0

|𝐹′(𝑊u�)|2 𝑑𝑠

and 𝑊u� is a ℂ-valued planar Brownian motion.

In other words 𝐹(𝑊u�) is a time changed Brownian motion. We say that Brownian
motion is conformal invariant.

Solution 2 (a) Since 𝑋u� and 𝑌u� are local martingales, there are unique continuous
processes ⟨𝑋⟩u�, ⟨𝑌⟩u� and ⟨𝑋, 𝑌⟩u� such that the processes
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𝑋 2
u� − ⟨𝑋⟩u�, 𝑌 2

u� − ⟨𝑌⟩u�, 𝑋u�𝑌u� − ⟨𝑋, 𝑌⟩u�

are continuous local martingales. Now

𝑍2
u� − ⟨𝑋⟩u� + ⟨𝑌⟩u� − 2𝑖⟨𝑋, 𝑌⟩u� = (𝑋 2

u� − ⟨𝑋⟩u�) − (𝑌 2
u� − ⟨𝑌⟩u�) + 2𝑖(𝑋u�𝑌u� − ⟨𝑋, 𝑌⟩u�)

is a complex local martingale, so we may define

⟨𝑍, 𝑍⟩u� = ⟨𝑋⟩u� − ⟨𝑌⟩u� + 2𝑖⟨𝑋, 𝑌⟩u�. (1)

The uniqueness of this process of finite variation follows from the real case by noticing
that the real and imaginary parts must be unique separately.

(b) Assume first that 𝑍2
u� is a local martingale. Then by uniqueness, ⟨𝑍, 𝑍⟩u� = 0 for all

𝑡. On the other hand if ⟨𝑍, 𝑍⟩u� = 0 for all 𝑡, then by (1) we have ⟨𝑋, 𝑋⟩u� = ⟨𝑌, 𝑌⟩u� and
⟨𝑋, 𝑌⟩u� = 0. Finally if (iii) holds, then clearly ⟨𝑍⟩u� = 0, so 𝑍2

u� is a local martingale.

(c) By Dambis, Dubins-Schwartz, the process 𝑋u�(u�) is a Brownian motion, and since
𝑍u� is conformal, also 𝑌u�(u�) is a Brownian motion. Hence 𝑊u� is a planar Brownian
motion.

(d) We have

⟨𝑍, 𝑍 ⟩u� = ⟨𝑋 + 𝑖𝑌, 𝑋 − 𝑖𝑌⟩u� = ⟨𝑋, 𝑋⟩u� + ⟨𝑌, 𝑌⟩u� = 2⟨ℜ(𝑍), ℜ(𝑍)⟩u�.

(e) 𝑈u� is clearly a martingale, since its real and imaginary parts are martingales. More-
over, since 𝑍u� is a conformal martingale,

⟨𝑈, 𝑈⟩u� = ⟨
u�

∫
0

ℜ(𝐻u�) 𝑑𝑋u�⟩u� + ⟨
u�

∫
0

ℑ(𝐻u�) 𝑑𝑌u�⟩u� − ⟨
u�

∫
0

ℑ(𝐻u�) 𝑑𝑋u�⟩u� − ⟨
u�

∫
0

ℜ(𝐻u�) 𝑑𝑌u�⟩

+ 2𝑖 ⎛⎜
⎝

⟨
u�

∫
0

ℜ(𝐻u�) 𝑑𝑋u�,
u�

∫
0

ℑ(𝐻u�) 𝑑𝑋u�⟩u� − ⟨
u�

∫
0

ℑ(𝐻u�) 𝑑𝑌u�,
u�

∫
0

ℜ(𝐻u�) 𝑑𝑌u�⟩u�
⎞⎟
⎠

=  0.

Thus 𝑈 is a conformal local martingale. Finally,

⟨𝑈, 𝑈⟩u� = 2⟨
u�

∫
0

ℜ(𝐻u�) 𝑑𝑋u� −
u�

∫
0

ℑ(𝐻u�) 𝑑𝑌u�⟩u�

= 2⟨
u�

∫
0

ℜ(𝐻u�) 𝑑𝑋u�⟩u� + 2⟨
u�

∫
0

ℑ(𝐻u�) 𝑑𝑌u�⟩u�

= 2
u�

∫
0

ℜ(𝐻u�)2 𝑑⟨𝑋⟩u� + 2
u�

∫
0

ℑ(𝐻u�)2 𝑑⟨𝑌⟩u�

=
u�

∫
0

|𝐻u�|2 𝑑⟨𝑍, 𝑍⟩u�

(f) By Ito formula we have
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𝐹(𝑍u�) = 𝐹(𝑍0) +
u�

∫
0

∂
∂𝑥𝐹(𝑍u�) 𝑑𝑋u� +

u�
∫
0

∂
∂𝑦𝐹(𝑍u�) 𝑑𝑌u� +

u�
∫
0

∂2

∂𝑥∂𝑦𝐹(𝑍u�) 𝑑⟨𝑋, 𝑌⟩u�

+
1
2

u�
∫
0

∂2

∂𝑥2 𝐹(𝑍u�) 𝑑⟨𝑋⟩u� +
1
2

u�
∫
0

∂2

∂𝑦2 𝐹(𝑍u�) 𝑑⟨𝑌⟩u�

= 𝐹(𝑍0) +
u�

∫
0

∂
∂𝑥𝐹(𝑍u�) 𝑑 ⎛⎜

⎝
𝑍u� + 𝑍u�

2
⎞⎟
⎠

+
u�

∫
0

∂
∂𝑦𝐹(𝑍u�) 𝑑 ⎛⎜

⎝
𝑍u� − 𝑍u�

2𝑖
⎞⎟
⎠

+
1
2

u�
∫
0

(
∂2

∂𝑥2 +
∂2

∂𝑦2 ) 𝐹(𝑍u�) 𝑑⟨𝑋⟩u�

= 𝐹(𝑍0) +
u�

∫
0

1
2 (

∂
∂𝑥 − 𝑖

∂
∂𝑦)  𝐹(𝑍u�) 𝑑𝑍u� +

u�
∫
0

 
1
2 (

∂
∂𝑥 + 𝑖

∂
∂𝑦)  𝐹(𝑍u�) 𝑑𝑍u� +

1
4

u�
∫
0

Δ𝐹(𝑍u�) 𝑑⟨𝑍, 𝑍⟩u�

=  𝐹(𝑍0) +
u�

∫
0

∂
∂𝑧𝐹(𝑍u�) 𝑑𝑍u� +

u�
∫
0

∂
∂𝑧𝐹(𝑍u�) 𝑑𝑍u� +

1
4

u�
∫
0

Δ𝐹(𝑍u�) 𝑑⟨𝑍, 𝑍⟩u�.

(g) This follows directly from the Ito formula above since the non-martingale part
vanishes.

(h) By (g), 𝐹(𝑍u�) is a continuous conformal local martingale. By using (f), we have

𝐹(𝑍u�) = 𝐹(𝑍0) +
u�

∫
0

𝐹′(𝑍u�) 𝑑𝑍u�.

(i) We have

𝐹(𝑊u�) = 𝐹(𝑊0) +
u�

∫
0

𝐹′(𝑊u�) 𝑑𝑊u�.

Let 𝑌u� =
u�

∫
0

𝐹′(𝑊u�) 𝑑𝑊u�. By (c) there exists a ℂ-valued planar Brownian motion 𝑊u�

such that 𝑊⟨ℜ(u�),ℜ(u�)⟩u�
= 𝑌u�. Now by (e) we have

⟨ℜ(𝑌), ℜ(𝑌)⟩u� =
1
2⟨𝑌, 𝑌⟩u� =

1
2

u�
∫
0

|𝐹′(𝑊u�)|2 𝑑𝑊u� = ⟨𝑋, 𝑋⟩u�

and hence

𝐹(𝑊u�) = 𝐹(𝑊0) + 𝑊⟨u�,u�⟩u�
.


