
Delayed logistic equation (deterministic)
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� X �
2

Γ
H Β ã-Α Τ - ∆L > 0 HequilibriumL

In[1]:= f@X_, XΤ_D := Β ã-Α Τ XΤ - ∆ X -
Γ

2
X2;

Xeq :=
2

Γ
HΒ ã-Α Τ - ∆L;

Α = 1.;
Β = 10.;
Γ = 1.;
∆ = 1.;
Τ = 1.;

PrintA"X = ", Xeq �� NE

X = 5.35759

In[9]:= sampleDET :=

Block@8t, X, XΤ, data<,
data = Table@8i Dt, x0<, 8i, -n, 0<D; H* initialize data on @-Τ,0D *L
X = x0;
t = 0;
While@t < tMax,
XΤ = data@@-1 - n, 2DD;
X = X + Dt f@X, XΤD;
t = t + Dt;
data = Join@data, 88t, X<<D;

D;
data = Drop@data, nD; H* remove data for @-Τ,0D *L
Return@dataD;

D;

In[10]:= x0 = 1.; H* initial value on the time interval @-Τ,0D *L
n = 100; H* partitioning of the time interval @-Τ,0D *L
Dt = Τ � n; H* integration time step *L
tMax = 20.; H* stop time *L

seriesDET = sampleDET;

ListPlot@seriesDET, Mesh ® False, Joined ® True, PlotStyle ® Thick,
AxesOrigin ® 80, 0<, AxesLabel ® 8"t", "X@tD"<, PlotRange ® AllD
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Delayed logistic equation (stochastic)



Delayed logistic equation (stochastic)

�
â X

â t
� ΒΤ ã-Α Τ

XΤ - ∆ X -
Γ

2
X

2 Hdelayed logisticL

� Β HtL � Β0 ãΖ HtL Hper capita birth rateL

� â Ζ HtL � -a Ζ HtL â t + b â W HtL HOrnstein Uhlenbeck process; a > 0L

� Ζ HtL ~ N 0,

b2

2 a
Hstationary distributionL

� log Β HtL ~ N log Β0,

b2

2 a
� Β HtL ~ logN log Β0,

b2

2 a
Hstationary distributionL

� Β � Β0 ã
b2

4 a Hmean birth rateL » Β0 1 +
b2

4 a
Hsee lecture notes 7.5L

� X �
2

Γ
Β0 ã

b2

4 a
-Α Τ

- ∆ Hcorresponding population densityL

In[16]:= f@X_, XΤ_, ΖΤ_D := Β0 ãΖΤ-Α Τ XΤ - ∆ X -
Γ

2
X2;

Βmean := Β0 ã
b2

4 a;

Xbar :=
2

Γ
Β0 ã

b2

4 a
-Α Τ

- ∆ ;

Α = 1;
Β0 = 10;
Γ = 1;
∆ = 1;
Τ = 1;

a = 30;
b = 1;

PrintA"X = ", Xbar �� NE

X = 5.41916

In[27]:= sampleSTO :=

BlockB8t, X, XΤ, ΖΤ, data<,

data = Table@8i Dt, x0<, 8i, -n, 0<D; H* initialize data on @-Τ,0D *L
X = x0;
ΖΤ = 0;
t = 0;

WhileBt < tMax,

XΤ = data@@-1 - n, 2DD;

ΖΤ = ΖΤ - a ΖΤ Dt + b Dt RandomReal@NormalDistribution@0, 1DD;
X = X + Dt f@X, XΤ, ΖΤD;
t = t + Dt;
data = Join@data, 88t, X<<D;

F;

data = Drop@data, nD; H* remove data for @-Τ,0D *L
Return@dataD;

F;
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In[28]:= x0 = 1.; H* initial value on the time interval @-Τ,0D *L
n = 100; H* partitioning of the time interval @-Τ,0D *L
Dt = Τ � n; H* integration time step *L
tMax = 20.; H* stop time *L

seriesSTO = sampleSTO;

ListPlot@seriesSTO, Mesh ® False, Joined ® True, PlotStyle ® Thick,
MaxPlotPoints ® Infinity, AxesOrigin ® 80, 0<, AxesLabel ® 8"t", "X@tD"<, PlotRange ® AllD
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Delayed logistic equation (fluctuation statistics)

� T HΩL �
X ã-Α Τ-ä Ω Τ

ä Ω + ∆ + Γ X - Β ã-Α Τ-ä Ω Τ

Htransfer functionL

� SΒ HΩL »
Β0
2 b2

Ω2 + a2
Hspectral density per capita birth rate; see lecture notes 7.5L

� SX HΩL » H T HΩL L2
SΒ HΩL Hspectral density population densityL

In[49]:= T@Ω_D :=
Xbar ã-Α Τ-ä Ω Τ

ä Ω + ∆ + Γ Xbar - Βmean ã-Α Τ-ä Ω Τ
;

SΒ@Ω_D :=
Β02 b2

Ω2 + a2
;

SX@Ω_D := Abs@T@ΩDD2 SΒ@ΩD;

CX@t_D :=

NIntegrateASX@ΩD ãä Ω t, 8Ω, -30, 30<E

2 Pi
;

Delayed logistic 1.nb   3



In[53]:= Plot@SX@ΩD, 8Ω, 0, 20<, PlotStyle ® Thick,
PlotRange ® All, AxesOrigin ® 80, 0<, AxesLabel ® 8"Ω", "SX@ΩD"<D
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In[54]:= Plot@CX@tD �� Re, 8t, 0, 10<, PlotStyle ® Thick,
PlotRange ® All, AxesOrigin ® 80, 0<, AxesLabel ® 8"t", "CX@tD"<D

Out[54]=
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Delayed logistic equation (along sample path)

� CX HtL � YIxHt ' + tL - X M IxHt 'L - X M]    (time-average over sample path)

� XxHt ' + tL xHt 'L\ - X
2

In[55]:= x0 = 1.; H* initial value on the time interval @-Τ,0D *L
n = 100; H* partitioning of the time interval @-Τ,0D *L
Dt = Τ � n; H* integration time step *L
tTrs = 50; H* length of transient orbit to be ignored chopped off *L
tMax = 500.; H* stop time *L

seriesSTO = Drop@sampleSTO, tTrs � DtD;

Xbar = Mean@seriesSTO@@All, 2DDD;

CXnum :=

Block@8Dn, t, CX, dat<,
dat = 880, Variance@seriesSTO@@All, 2DDD<<;
Dn = 0;
While@Dn Dt < 10,

Dn = Dn + 10;
t = Dn Dt;
CX = Mean@Drop@seriesSTO@@All, 2DD - Xbar, DnD Drop@seriesSTO@@All, 2DD - Xbar, -DnDD;
dat = Join@dat, 88t, CX<<D;

D;
Return@datD;

D;

ListPlot@CXnum, Mesh ® False, Joined ® True, PlotStyle ® Thick,
PlotRange ® All, AxesOrigin ® 80, 0<, AxesLabel ® 8"t", "CXHtL"<D
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