
Numerical integration of SDEs

Ornstein - Uhlenbeck process

�
â X + a X â t � b â W

X H0L � x0 a.s.

X HtL ~ NJx0 ã-a t
,

b
2

2 a
I1 - ã-2 a tMN

a = 1;
b = 1.2;

x0 = 5; H* initial value *L
Dt = .01; H* integration time step *L
tMax = 10; H* max integration time *L

sample :=

BlockB8t, X, data<,

t = 0;
X = x0;
data = 880, x0<<;

WhileBt < tMax,

t = t + Dt;

X = X - a X Dt + b Dt RandomReal@NormalDistribution@0, 1DD;

data = Join@data, 88t, X<<DF;

Return@dataDF;



plot@sample_D :=

ListPlot@sample, Mesh ® False,
Joined ® True, AxesLabel ® 8"t", "X@tD"<, PlotRange ® AllD;

background := DensityPlotBPDFBNormalDistributionBx0 ã-a t,
b2

2 a
I1 - ã-2 a tM F, xF,

8t, 0, tMax<, 8x, -x0, x0<, PlotPoints ® 50, ColorFunction ® GrayLevelF;

std = PlotB:x0 ã-a t +
b2

2 a
I1 - ã-2 a tM , x0 ã-a t -

b2

2 a
I1 - ã-2 a tM , x0 ã-a t>,

8t, 0, tMax<, PlotStyle ® 88Dashed, Black<, 8Dashed, Black<, 8Black<<F;

Show@background, std, plot@sampleD, ImageSize ® SmallD

a = 1;
b = 1.2;

x0 = 0; H* initial value *L
Dt = .01; H* integration time step *L
tMax = 200; H* max integration time *L

dat = sample@@All, 2DD;
mean = Mean@datD;
var = Variance@datD;

Print@"Mean = ", meanD;
Print@"Var = ", varD;
PrintA"b2�H2aL = ", b2 � H2 aLE;

Histogram@dat, AxesLabel ® 8"x", "count"<, ImageSize ® SmallD

Mean = -0.00223288

Var = 0.669325

b2�H2aL = 0.72

Log-normal process 1
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Log-normal process 1

�
â X � X â W HItoL
X H0L � x0 a.s.

logH X HtL L ~ NIlogHx0L -
1

2
t, tM

x0 = 5; H* initial value *L
Dt = .01; H* integration time step *L
tMax = 20; H* max integration time *L

sample :=

BlockB8t, X, data<,

t = 0;
X = x0;
data = 880, Log@x0D<<;

WhileBt < tMax,

t = t + Dt;

X = X + X Dt RandomReal@NormalDistribution@0, 1DD;

data = Join@data, 88t, Log@XD<<DF;

Return@dataDF;

plot@sample_D :=

ListPlot@sample, Mesh ® False,
Joined ® True, AxesLabel ® 8"t", "Log x@tD"<, PlotRange ® AllD;

background := DensityPlotBPDFBNormalDistributionBLog@x0D -
1

2
t, t F, xF,

8t, 0, tMax<, 8x, -x0, x0<, PlotPoints ® 50, ColorFunction ® GrayLevelF;

std = PlotB:Log@x0D -
1

2
t + t , Log@x0D -

1

2
t - t , Log@x0D -

1

2
t>,

8t, 0, tMax<, PlotStyle ® 88Dashed, Black<, 8Dashed, Black<, 8Black<<F;

Row@8
Show@background, std, plot@sampleD, ImageSize ® SmallD, " ",
Show@background, std, Table@plot@sampleD, 810<D, ImageSize ® SmallD<D
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Log-normal process 2

�
â X � X â W HStratonovitchL
X H0L � x0 a.s.

�
â X �

1

2
X â t + X â W HItoL

X H0L � x0 a.s.

logH X HtL L ~ NHlogHx0L, tL

x0 = 5; H* initial value *L
Dt = .01; H* integration time step *L
tMax = 20; H* max integration time *L

sample :=

BlockB8t, X, data<,

t = 0;
X = x0;
data = 880, Log@x0D<<;

WhileBt < tMax,

t = t + Dt;

X = X +
1

2
X Dt + X Dt RandomReal@NormalDistribution@0, 1DD;

data = Join@data, 88t, Log@XD<<DF;

Return@dataDF;

plot@sample_D :=

ListPlot@sample, Mesh ® False,
Joined ® True, AxesLabel ® 8"t", "Log x@tD"<, PlotRange ® AllD;

background := DensityPlotBPDFBNormalDistributionBLog@x0D, t F, xF,

8t, 0, tMax<, 8x, -x0, 2 x0<, PlotPoints ® 50, ColorFunction ® GrayLevelF;

std = PlotB:Log@x0D + t , Log@x0D - t , Log@x0D>, 8t, 0, tMax<,

PlotStyle ® 88Dashed, Black<, 8Dashed, Black<, 8Black<<F;

Row@8
Show@background, std, plot@sampleD, ImageSize ® SmallD, " ",
Show@background, std, Table@plot@sampleD, 810<D, ImageSize ® SmallD<D
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