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1. Let M be a Riemannian manifold and let U ⊂ M be an open set.
The divergence of a vector field X ∈ T (U), denoted by divX, is the
trace of the linear map Y 7→ ∇YX. Thus divX : U → R,

(divX)(p) = tr(v 7→ ∇vX), v ∈ TpM.

Suppose that (U, x), x = (x1, . . . , xn), is a chart. Express divX in
local coordinates. [Recall that the trace of an n × n matrix (aij) is
the sum of the diagonal entries

∑n
i=1 aii.]

2. Prove the claims (a), (d), and (e) in Lemma 4.19. That is: Suppose
(U,ϕ) is a normal chart at p. Show that
(a) If v = viei ∈ TpM , then the normal coordinates of γv(t) are

(tv1, . . . , tvn) whenever tv ∈ V .
(d) If ε > 0 is so small that expp is diffeomorphic in B(0, ε) ⊂ TpM ,

then the set {x ∈ U : r(x) < ε} is the normal ball expp

(
B(0, ε)

)
.

(e) If q ∈ U \{p}, then
(

∂
∂r

)
q

is the velocity vector (= γ̇) of the unit

speed geodesic from p to q in U (=unique by (a)), and therefore
| ∂
∂r
| ≡ 1.

3. Prove the claims (c) and (f) in Lemma 4.19. That is: Suppose (U,ϕ)
is a normal chart at p. Show that
(c) The components of the Riemannian metric (with respect to the

normal chart) at p are gij(p) = δij.
(f) ∂kgij(p) = 0 and Γk

ij(p) = 0.

4. Suppose that (M, g) and (M̃, g̃) are Riemannian manifolds, and
ϕ : M → M̃ is an isometry. Let ∇̃ be the Riemannian connection of
(M̃, g̃). Show that the mapping

ϕ∗∇̃ : T (M)× T (M)→ T (M),(
ϕ∗∇̃

)
X
Y := ϕ∗∇̃(X, Y ) = ϕ−1

∗
(
∇̃ϕ∗X(ϕ∗Y )

)
,

is the Riemannian connection of (M, g).

5. Suppose that (M, g) and (M̃, g̃) are Riemannian manifolds, and
ϕ : M → M̃ is an isometry.
(a) Let γ : I →M be a smooth path, α = ϕ ◦ γ, and D̃t : T (α)→
T (α) the covariant derivative along α. Show that the mapping
ϕ∗D̃t : T (γ)→ T (γ),

(ϕ∗D̃t)V = ϕ−1
∗
(
D̃t(ϕ∗V )

)
,
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is the covariant derivative along γ. [Here ϕ∗V , (ϕ∗V )t = ϕ∗Vt,
is a vector field along α.]

(b) Prove that ϕ maps geodesics to geodesics. That is, if γ is a
geodesic on M such that γ(0) = p and γ̇0 = v, then α = ϕ ◦ γ
is a geodesic on M̃ such that α(0) = ϕ(p) and α̇0 = ϕ∗v.


