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1. Let M and M̃ be n-dimensional Riemannian manifolds of constant
sectional curvature κ. Prove that for any p ∈ M and p̃ ∈ M̃ there
exists δ > 0 such that the geodesic balls B(p, δ) ⊂M and B(p̃, δ) ⊂
M̃ are isometric.

2. Let (U, x) be a chart on a Riemannian manifold and let f ∈ C∞(U)
be a smooth real valued function. Compute Hess f in local coordi-
nates and verify that Hess f is symmetric.

3. Let f be a smooth real valued function on a Riemannian manifold.
Prove that

∆f = div(∇f) = tr Hess f

with respect to the Riemannian metric.

4. Prove that, for a complete Riemannian manifold, inj(p) = d(p, C(p))
provided C(p) 6= ∅, where C(p) is as in Definition 8.15.

5. Prove that p 7→ inj(p) is a continuous positive function on any Rie-
mannian manifold.


