5
65, M «) [& & fm«j*ﬂe G abow (/\‘& EA'M/(’-%’J)k'

R

Hl fo feLflO) the Lot M e P epel radue wgui)
oo § g e = FOx et fooncre

- £>o (i—’&ﬁ
I5-8l>2

T, wedep S’é o mald Lotnrsd o«%wtg[m Lf—){%%}a‘o-.

b Foo 4 e CT(0) me hone

/ /]

(¢.6) S(a4:) = 4. Jie, SeT3 =0

b ez Slas):= 2&(az) = 42

/ e
=3 by (6.1)

Vo ockond (6.6) 4 S obolory WJXM me oo L

6.9. Theora,, <4

L&)
Vot s I sect@), th
Vigel*= §2. 3 X S%§§z=§

¢ T wt,
Uy poatn €
(TL% ot e §¢3'(2,3)=0 2{4—\ € (e .7>

= //f//ﬁ@_) v fe L@},

S g 4= az  qeClQ) , mn hae the Lola. But
ench /{’A A M\kﬁ: /«K {L%EISQC:@)N) ﬁa—w

( 46 LQ@\ O



QS’

-

0=<t5, {2 - §:‘&: f de Hecclle) i

58 =0 o the mesk atac %ammw% Waul” 4
lenre Tk Aotlors f amdotic v €. Ruk an feli@))
{ bowdod = f=cont=0.

By the damnky of J33:4eCI(® 5 @) Benligo
odovdn oo bromely of Mo L)

8151“24«« = Slglzpu Y yel'@

Mock goapas s tha L-propatisn of S, Wa hare
CorRimmovas wrkfi}\d’\).?(d:>)1<g<w
/

S :
{ Fleey < st 140,

b
/ ﬁéL@Z)/

e et 0 ki
frprot Ao g Dam) ISy oo
@i’lﬂ‘:"o&i 7 ke /anrM oo ile ¢ W T 5, w\h\

e e

,é((& .

/



Pek, The /,'»»TNTM o e Cocdy rmmrforin N

o P, < c gl

ﬂ-PC Pac) ) g«

TEE e -

o T e 2 a ¢ 4 (¢)
Fro feler 2epe toslgt | i ey oot

comringe of @ (oo £ pa k1) The
A S

\

C@(m: - #g {lg)[j -2 j a:\ngg) &‘“'0

i J(j~z) € L* (it 1)
ISt

Th Sffonn 4rov 0" Cfa) ol by oot o Yo
AL Ty =

6., L"”“”d“ﬁ: 4 %é LPC) - f(z})*—b g 121> R
o

= >
I=f "L?LB(o,gz)) w0 ¥ M“\’ SRTEYRS

i | o N80 §1e L, ot i3 e

L@ =W e -Sewle: el

B 0 Xy, (0 B 102

Blo,2%) /



L | ©

Lerdio = - L) 252y = ¢ ey Tl
t {2l<3e
| e¢) /“*Q
C =S <
{ ‘L"(\s(o,zm) l\ Kk*v?”lf@l) B " " 7{ ,L" @)

ijihx, - || 7 Ebéuu, =yl wt Jloey ”L" =ll5f3\'&§d‘v#‘?l!&
ISR SN (¢ cfh. = clfh, <= - U

§.12. Cralon, S(3£>c . VY qe \X"/w@:) ,

p———

@\( ‘F&wd\f‘w (6,6)  Theewn €./0 . W

Coollay 612 mroker o poible To cdelte S(K)
‘4/0"\»/&’0*"'9 '/-m,u_vti, eyﬂ‘wajm/\ .

W (DW S(X_,,b) = 7

ﬁff/,-m\\»‘ /J( _ 5 \2]4 049
ale) = L L. geW " @#) fo

121> |

< peon mad gz =X . Thes Sy )=4,= %



——— /="

b. 12 denra /%
oo =T
‘ y«\(a)l < b\X/B(O,R)(z) g Avre R o0 , ad
. e ll(CT)
CG.R) %( ::/,\ 21\ ¢ -+ ‘-e
)\M a W:‘-M Mm\ < E \)OV,'Q(‘F) M%\ (f(z)':@(%_) at oo
Pt~ By G612, (e w3 ‘—/«S(%)*‘f
o —

= Q:./ s)(«z)z e

\‘/*l'mllSlILzL, < hfok a1 the wmal
Nuwv\awx /P"V\rM MW ,o»/\gﬂq/") (I—y,\ S) "L?\_>L—l,

/

6_'__’ Q) ‘C-Ce-!- 5(‘2)/4/45(‘6)+~
bﬁi"—”«'e o - ~
— SC2). = EC(I-/«S) @) >
Py Cor. 6l e \)?/4,2((1:) awd ()= Clz)=0Olr)
—*:\N‘J;LIA, V_;; =(I_/AS)"C€ => Q’- ‘/ASCG—),W—- /( "’(e
Vnigumon  [f Ty omothe ol
(-5 =p %)y = (T O <ag) =07

cLr
(,G"g)’i:o =2 =S, Cey.p52) . I3




‘bec..J-»( e /ro’tallmg ©.11 q @
— \\(/' @:‘=F3swcllc ) 2 VSGLQ@:)i_

_ér/ﬁ'mruw\ /f | [g)(i \Q% (2) T e O "LLAM

Blo&) / J

tﬁm 9 a WMFQVM ’A(Q Wc:-,: (d:) A«r—\ﬂ

(6.9) 75% :/A(ngag a,e, '@ € Q@ A %(g,)- 2 -+ @(7/?) )\?/A&.

Pﬂ Upe domors 612 st EE/«eLi@:) ard dofund

)
B A

A@ (I—/S)"/ € Lf(d:) ) ycxs =2+ OCfe) . Vo1,

Ao ’{Et T = ppt A= ("“*(a)= ‘/z—
VA

Unippomonss 2, orothor potdion = V(#-10) e L(T)
o - O(Ma)
i (Top D (@405 = () p v =0 h

fo Tops St D (ot o Lt S Ao ek

(x.{,\,,m)
A =P =00 o A=o
{- {1 WY(“JS N

J‘(nz: 2 + (2> = 2 +—C<(I—7«$3

LS Dofirtepr , Whon Mﬁ(/d conpadd pohdiomr o (€.9)
poth )< 2+ Oe)  wa called plachp mldion -

%: She pacnel ol frbidoms Igr—eorryp Mo 2



C1E. oo Lk e e clle) g Q£=~/«,«Q’¥-’—% P
S dommn €172 ; )/{|£l<»1 and ‘we\f/'”"@).
Thoe wec™(@).
L ot bt TSCey=39€(¢)=s(B%)
{m Wa ‘-Q@CZ“(.&I:) . M%"'JD 23(e) = < (2e)
O the otlon }\Meﬂ/ prof of Ao 613
o, =t “p Cle) + s/asm)T e =W W, s

/£ 15=o(®+/;9 Cx,/;, cornlort)  thoa

Doy, = Bp s(/s/“/u:@).f/s(b/gsyg/.fs«e))
4 f-/«S/(}\%m,/ASbce)
J D, ‘//LQ@:) < @H) }}Sﬂ; L™ <[(L€HL2 /lh/« "L%-HIM “L">

G}

=1
N-.= é; b’”,.,\ 5L2(¢> s s WW’{"
St P ppn . B theo

SDP%:‘S‘Q}'\ Y ee T (T)
a T

l, 2 y
Sr b U= dedaatines ; S;eW' T (@) | Can (p e



o

$e AW Teyes [aognt il e < o ¥ ke,
aC

ot Efed(kz) noteranreq (S)le/g)‘&gf(@?)
(rin ofr ool imboadibing

Y

?W\JLD ) Sy = C (wg§ e CTE) [Rual ¢
=

e % oy fox

£, T oo (W R Aommorn H,Tf;:j T ()/M/GC_":/)

S“—G’@H&/"‘GC‘?(@) PRED 2N \/‘A(8)[€\Q<7 /?60:.

bt fe W H(€) be th puieh il mbition B

(érN) 5% -“—‘/m Qbé' L, de e C.

The
1/ % O & C=dYfearrp htron of € > K =4 cofounl.
(k=75

Qy 3(2/,)0)>o YV =2 .

w ¥l3)fz + C((ITSY’/.«> € Q‘“(¢> /)‘3 Fm.z\n’cw#:
demrm - The owin o G opere 2°0) 1 Fa €.



Sz =/K<% _"/A&

A CYé'Cﬁ(C>f\&”‘@3/ r on ongn 6760 Nafida
NN~
@)\> F(3)=2 -1—6(/&«)

AA/AQ“/SC:(C) PRUSEN ST3 FGCM(Q:)N;J‘J\ F(e)cz-k@(’/gj
oo We i Uk F oo 60) | thee F
N—"ﬂa QA;\*-O\‘FWQ /?ﬂ)l‘“i“d“ Co (6«/0) ) and (_)‘a' W‘&M
*&MMM%MM‘ )= F (&),

(/ueﬂz B (/A;/Ad*)e«: ;= (%)
Moaoven o 20,
’ Q)(\?) @ <
e _ 1= C((fa)g>=c((/wef)i)
=®CVJ)=SV§)
L.e. WC )»N—'L /\/’-—o—»«nv

[oregeo




66
Tocopble 19 by 2 and vnvene AumHlom M}
A o a ool boromghion € A = 2 r O),
{6 aboe o bomee S TI7RY o e g &
oo tho coniln hzs:= 4/{(4/33 = foime s
o »\'m=l/ fon Koo B a addorf of ouiin =
gb@ o Ao o/f 0
Thn ¢ a lread horee of €= CUi=y th
Rammrn aphos. b poadican f & o opan oregplng
he 48 oprm ol ddond 5 & Jovan 4&-2c.
pd the fockt Mot T gl cprrsfed). Rt
o o a oporto, WM At
Aly= [we& ¢ sy =a}
Teo A & oo ord Aol cﬁ\/ﬂm e e
A= & o Awr= 2. Ao 4o = 522

\

PROSIN WY A(1)—:0%\ W‘D\Aﬁﬁ*vfl’ fv\ m=r“4}- Ln
padicalan soy we & ho ol ow plrage =
)

VL,,;/Q’ b )45: ~ }\«o-».—ew%mf)\«‘c Comd anitn ) 2 By SN
Jut




3:01 . M/GLM@)/ y[ﬁ-k47/ REPNTY. | L
s A ”%/o—nﬁ AWWMM~L'N lomma
(b s Sepren IpL, ) ik St
1;/%};” = k<1 Va2t and  th Lok

/(a):= Lo /«Ala)

*{M" C>C o W) = hprmaon A»af-u—w(a

2, -:/Am(w‘é{,,\ acre £ A,(0)=0 4,Gl=(.
C&QNJL: f urigea ). \7;):-:: T LimlX
fla).= ;@:\: fn(2)
el Vie® , the Commergence A w‘,f«t% on Compact
Ml””tc‘f":/{:@“‘?ﬂ borro , Y e W @) ana

((mli) 5{ ';/.«(z») o's a.e. e C.
%m’ﬁi B:} ?/\M‘\‘o—ﬂ/} Mﬁzp;) ‘4’% oAl ‘zk‘gﬁu\ ! “/

K"%—f—%j<°°' Alrs Brapiw 1 = LT K&W’
?O‘;ﬁ‘kavtﬁr( LR b %&w« A fN()*/fterCQ {({"11 /A"Ao/\ m



[ et & e
6« g gl g of € 5 el f10=0 et
din=1. X mdfices € Abow 1At f b
(6.12) | s the aoumalind pobilion O RN
Wes all Crragng pedoeq aisness howre The tame b )

L wn fook phoe thd fedpdives of fu,  comioge
We’% C”Lf“(qj)‘ bodasd e hes

(e,@g Ib4.)" < g gf(z))é«) = K (f&m(o,a)l

E(')/ ¢ B(o,z)

< T szi

thr for n fudhan Mma o, = 4 ekl
WL @) ol il o, > kel (o).
We diin thot 4=RF , k= Tf . Nawdy Ve @

\2e 4 - Z«»Sote{ —eq o g =0f .
/\QWS =S A~ 9% :

"FMJ?:&»\/ x4 A«W(@)C B (o, %)

(6:1) S¢<Q (ka“ 9% = f @(/‘4 />Q¥Mk

o LH<C—> SCQ("Q'%“/«%{) /MU\‘W

(w>2) .



C/
W%Mﬁa Q}f§5(°;g)>, O e lhar haret
R, H.S, € IH) <
- 0‘1( ) ©13)

e ( ) e N>y, I, <

B(c:,l))
&TFIL f(k) / 73(/4,%7«) ”LLQL) —> O

o™ . G

WWMM N
M&ME

{ MM"M(G l2 )

619 Renacdl  The rrmallg o tion [ (=0 ()=
WW@M T ot aed. compaclran of $f«§

m:o[bqu

/ﬁ%”““‘”%gzw corpactreid

FM){W)L&\“‘"MC@ MMMVLWWMW

6520 T)\“M (M QM ) /)g/éL”C¢) /w—((jj\
Al < <1/ ﬂw MM\LM« wndlq Mz
IZ(Q:\')\u/N-iw f:a:—-aq: Mﬂ\

CE =/«@)4 £ f10)=0 fn=1.

M‘ Choone Ve e C; @) M‘M\/«,&)—-)/"\(?) om.}/
l\/milqéhd. Sotve than T4, s/«mfo{. PR 7N

4,\'\: a > L\MG- (M T'/{\,w\, . 6.1 ) ) ,{_M[o): ))b\(,”t_»)'



_ NG
[’K e CrAnp. ‘M»:"\M‘;& /afo'(*m/(d %A\(s);:‘:««(g)“‘:m@)

FM(‘I)‘F.“MT =

am-r/s]_UM Mér;&mk,imq

66_\)(/("‘_3(&) (o« WSM;M M’“’M) Ko
A= ;/“ S '/A\é .

VT, Loelonts, o Cocctorort! Longualitia
o~ ~—— ~—— ~__— T

SEk ol fpathon oo bosrl fou Gl & Bocnding o
A bedl S0y 1) forerdet lelﬁ/l?o

——
—

ef«m J<pz o Al IS, =1 wnt M«Tﬁo«&ﬂ«»%
pi> ISl cotimons, T hes uwm%m

(%) Rk) < 2 < »m(” W

Srnchs oA k“S“r<’1 arkovanta pe Q(k)}%(k\)) ‘ —



*|
N/ (Qeey P ) th MW ~

/\]ptu o k—»o/ (Qee), Pe)) — (1, «)

oo k>, (acn b)) — $a3

l# /mrww:tc bo-wdfcut«/u T = (Q(k)?(u)-__—. (4+k/’]+1/k)_

B ) fell® [ iepen

h < elorollen
(%-2) Cf el (e ; /L=‘,%3.’F>él~ (WM>
./g )féL-[d:)'%tgeVMO(Cf)/wl/auf fnr\./‘ré'maa>(3

a\lCﬂ\Q -
[e <o VLA Bt (i)

3
o /bé {GL?@)) “»2 = E%eét'r“ / X = 7—2//»
(m?w{-&f&m&wﬁ Aol O pat o Exaccir et 3)

‘_1(,1 gxauwzy& O~ MJ 'd\,. o\,(/'(;c,,Q M r )pe 0¢ Ve <1
b 3~ ({:0C gtk s TY=pof 1<k,

\W&M M \Tk &;Wfaaf Cwq-fv &f W’«XrW»
gprce @n Conpoits of C . Omee th, &,/&/LW/ TM&)&
The 617 ok RBowad 619 g c

that sy 0>Mo\f”L oo,



NG
o rerith o) priam |
| 7:01 Gm»—]pao'e‘/ﬂ/m of J:k y azealf f“fw\ ()W &g
. €14 thot fe I, =
5 4= (373)7 g Jfeymes 6((2'-‘7\*5)_/'«)
I SB/ lece, = o I "U(@ swrel),

4 fé(Q(“ b)) C/hmg 2<p < PO Bemele 3y
4= Ww(ﬁé%% . "‘/f%?-f%—wfﬂ/”
ey ! ,
Lo M e T Tha T Aol gy
Bk by VA 2004 o SIEVS s p st
G Tho Areoli - Aol => §, cpepact !

V.Q, ﬂ%'i\ (Caop\‘&rfy& L;v\szi/l&a/h‘/tk.ﬁja ) < KUQGDMC
veked, ok e W' () [ awhat q € (Q(u)ﬁ?(k)) . Arins
(+3) |94 (5| < k[ofe)) aezelL

T/}\“’"/Lﬁ Zec’:(‘n) A e
sz‘f ”LS@:) < C(sk) | f{bz// ‘e \/SG(C?(U/P(U>

Tho of W22 (), [ padieden %écg\m /

~ T

e




+3
ol \WZ;S(&)CCCSQ oAsn e> A C§KW9&'
-

(X et atan p=2 /'—LJUL 2q. Hor= Ldgf&am( e,

~ \ 2
KV-'el . W C\Lw-z cn) .

Dt of Th 1S o " fe e e
\/u\sk<1, AA.Zc—CZf’(&B/

Fiey ¢ e W'Y (@) n L5 (@) /
?Ly\ Sowe 1<t < P Cun (3 2) / Cobolen "‘MJ"”’EI
el PR

——

Fs ‘/«T: +(fa A f
ovd o
(I (F )= )

[‘-W-’”I‘ S(ez)= % fou Ce W't (g | ¢ thas
rondl y b cmete a w/"‘r(m-ﬁzw Mﬁ%

N
(2.1 Fr =CI7AS)"/A e L(T) o wor 2<€ < Py |

T/\MA F (N;M&)’WM y, F =C(F‘B 'SL"\P(‘{ 2/’6)
‘3% W:QAMM W%&MMM%MM,

'-FMIZLM) F, = S(Fz) €/°(€) ok 4o

(%:5) U DF e, <Rl +MFl, < b, I//bzf/(
L N

R mour I HA gt 2 hon coupact tugped = helTE) Y o



, G

Ctm we (TH) ng s e < PCYy LF
l<. Fz € L7(€) fou sveq S < Bk) . Ak (7.5)

o || bF NL;(C) = c Ity \y “L‘(a:J , s< P,

B T

lge, = I>F=ells = gyl

'fé\w’i f«'\/z«avrc@(k)<i<2 e M%

ol bl e W fe WP 2<s< P4

B&WW~J"TW&-M .L,N-aa M‘:..JQJ

-— - -

_1
73, Exanple L& 9/(es=-gtz|' K e

|34 = ::: ofl = fe W, ¥e) o q < ’7+k‘,'[;,'
Lo t((l4>|>
I »{ikc}) {:‘Qo'\: ) @iy = ‘EE . Fley =2 17 A }L«ic. .

)})M‘I/



| N
NM/MM& & Ao wﬁc//\«.)\ /\J»LQQ/
e Fopglon alpebas
RIS = COVA L7 A W)
RAY & ordeed an alla,alh*}/wﬂ oo ct

G%%>C‘f) = Q{“‘)S“‘) POy SIS

g My = Nglle ~ NP,

L

m/w‘»pﬁ% R(\N> N %MAJ\%
W{WWWW\YW#M@O

T Theown ok /ﬁiﬂ%,h' GMK—erw‘W
honer ar (2 Ue ROY) . Th Yopeh(n) ad

V(W’b’)(zx = D‘{(z)f Yu (%3> /f'e. b( (Z) Du(gs) o )/(23

:Y«,frne AE&UL sndored c?u;,, r,”FéAfg)
b T 3.8.2 JAM. 11



3.8. CHANGE OF VARIABLES 77

Certainly, we may find simple functions u, < u converging almost every-
where to u, and for these u, we have

IRECECHE Jutw) = [ utw

The only problem we have to overcome then is to show that w, (f(2)) — u(f(2))
almost everywhere. This is clear from Theorem 3.7.5. O

The most convenient way to present the chain rule is in terms of the Royden
algebra R(Q) of a domain . Recall that the elements of this algebra are the
continuous and bounded functions with distributional derivatives in L?(Q2),

R(Q) = C(Q) N L=(Q) N Wh2(Q)
Here, and throughout this monograph, we use the notation
WhP(Q) = {v: Vv € LP(Q,C?)}

for the homogeneous Sobolev space, that is, for the space of (locally integrable)
functions with LP-integrable gradient. No assumptions are made here on the
LP-integrability of the function itself.

For a bounded domain, however, R(2) C W12(Q). The Royden algebra is a
Banach algebra with the norm

o]l = [[vlloo + [IV0ll2

According to the next result, quasiconformal mappings of Q preserve the
Royden algebra R(f2). In fact, the reader may easily verify that a quasiconformal
f: Q — € induces an algebra isomorphism Ty : R(Q') — R(Q), T¢(v) =vo f.
Somewhat deeper lies the fact that every algebra isomorphism of the Royden
algebra is of this type [230].

Theorem 3.8.2. Let f : Q@ — Q' be a K-quasiconformal mapping and let
u € R(SY). Then the composition v =uo f lies in the Royden algebra R(S2) with
derivative

Vu(z) = D' f(2)Vu(f(z)), almost everywhere in (3.39)

Further, we have the esttmate
/ |Vu(2)|? dz < K/ |Vu(z)|? dz (3.40)
Q Q

Proof. The main point is showing that uo f has square-integrable distributional
derivatives, and the argument is a variation of Lemma 3.5.2. We first assume
that ug € C°° (V') converge to u locally uniformly and in W?(€2). From Lemma
3.5.2 we have ugo f € W12(Q) and at the points of differentiability of f, hence
almost everywhere,

V(ug o f)(2) = D' f(2)Vup(f(2)),

L6A



78 CHAPTER 3. QUASICONFORMAL MAPPINGS

which we may write equivalently in the integral form
- [ Ve ustr(e) = [ o)D) Tualr2) (3.41)

for every test funtion ¢ € C§°(Q).

Here passing to the limit as § — oo on the left hand side poses no difficulty
whatsoever as ug(f(z)) — u(f(2)) locally uniformly. However, we must justify
passing to the limit on the right hand side. We do this as follows, using the fact
that f is K-quasiconformal to give |D*f 12 < KJ(z, f).

/Q D £(2)Vus(f(2)) - DHF(2)Vulf(2)]
- /Q D £(2) (Vg — Vul(F(2))P

N

K [ 3G, DIIVus - VGNP
Q
= K [ |Vug—Vul?
[ 1vus v

by the change-of-variable formula (3.38). Now,

/ |Vug — Vul|> -0 as §— oo

Q/
We end up with the identity
- [ Vel = [ oDt VusE) (3.42)
Q Q

for every CS°(Q)-test function. Directly from the definition of the Sobolev space
we see that v(z) = u(f(z)) lies in the algebra wi2(Q) N C(Q) N L*(Q), and
its gradient is as given at (3.39). The integral inequality is immediate from the
change-of-variable formula of Theorem 3.8.1. O

3.9 Quasisymmetry and Equicontinuity

Next, we set about proving Theorem 3.1.3. We first establish the result for qua-
sisymmetric mappings, which will in turn establish the desired result. First, let
us prove that a family of normalized quasisymmetric mappings is equicontin-
uous. We shall use this fact a bit later on in the book. We draw the reader’s
attention to Section 2.9.4 where the definition of equicontinuity is given.

Theorem 3.9.1. Let A C C with 0,1 € A. Then the family of all n-quasi-
symmetric maps f : A — C with f(0) =0 and f(1) =1 is equicontinuous.

Proof. Let ag € A. Then for any a € A,

Flao) = f@) _ (lao—al\ ., V()= f@)] _ (lao—a
|f<ao>—f<1>|<”<|ao—'1|) nd |f<ao>—f<o>1<"< jao] )

Fé 8B
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