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1. Calculate the Cauchy transform Ch(z) and the Beurling transform Sh(z)
when
i) h(z) = xB(20,7) , 20 € C and r > 0,

i) h(z) = (2/2)xp(2)-
[Hint: Recall the example on p. 60 of the lecture notes.]

2. Suppose 2 < p < oo and that h € LP(C). Define the Cauchy integral
operator Ch by
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Show that Ch is well defined, and that |Ch(z) — Ch(w)| < C|z — w|*~?/? for
all z,w € C.
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3. Let [|S|, = sup{||S(g9)llzr : llgllr = 1} be the operator-norm of the
Beurling transform on L?(C). Show for all 2 < p < oo that ||S], > p— 1.

[Hint: For each a > —1/p calculate the LP-norms of Ou and du, where u(z) =
2(|2]** = 1) for e < |2] < 1 with u(z) = 0 for |2| > 1 and u(z) = 2(e** — 1)
for |z] <e. (Why case o < —1/p is not useful ?) ]

4. Consider the mapping f(z) = z|z|*, for z € C, with f(1) = 1. Sketch the
arc f([—1,1]). Show that the inverse f~'(z) = f(Z) and that f is a bilipschitz
map of C.

Hence f is also a quasiconformal map of C; determine the complex dilata-
tion ps(z) and the smallest number 1 < K for which f is K-quasiconformal.

[Hint: Recall that complex exponents are defined by z* = exp (alog(z)) for
r€R, and o € C|]



5. Let p and v be functions in L*°(C) such that |u(2)| + |v(2)| < k < 1 for
a.e. z € C, for a constant 0 < k£ < 1. Assume also that for |z| > 1 they
vanish, u(z) = v(z) = 0 when |z| > 1.

Show that the equation

0f(2) = u(2)0f(2) +v(2)0f(z), a.e.z€C,

has a unique solution f € W,?(C) such that f(z) = z + O(1/z) as z — co.
Show also using results from the lecture notes, that the solution f is a
homeomorphism of C.



