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1. Consider the radial mapping f(z) = 2¢(|z]?), where ¢ : (0,00) — (0, 00)
is a continuously differentiable function such that t¢(¢*) — 0 when ¢ — 0.
Calculate the derivatives 0f(2) and 9f(z), z # 0 and determine the Jacobian
determinant J¢(z), z # 0.

Show that f is a homeomorphism (onto its image) if 2s¢'(s) + ¢(s) > 0
for all 0 < s < oo, and that in this case J¢(z) > 0, z # 0.
[Hint: Recall that |z|?> = 2Z and use Problem 1/exercise set 1. |

2. 1If f : C — Cis a K-quasiconformal mapping, show that f is n-quasisymmetric
where
n(t) = Cmax{tX tV/5} ¢ >0,

for some constant C' = C'(K') depending only on K.

[Hint: Recall our Holder estimates. If f : C — C is K-quasiconformal fixing
0and 1, sois f~'(z) and 1/f(1/2).]

3. Prove the Poincare lemma, Lemma 5.3 in the lecture notes:

If Q is simply connected and if £ € LP(Q,R?) is a LP-vector field with
curlF = 0 (in the weak/distributional sense), then £ = Vu for some real
valued u € WLP(Q).

loc

[Hint: You may assume the result known for E € C*°(Q, R?) N LP(2,R?).]

4. Suppose o : Q — R?*? is strongly elliptic, in the sense that for some
K >1,

1
E|h|2 < (h,o(x)h) < K|h]?, heR? ae xzecl (1)

If € is simply connected and u € VVIIOCQ(Q) solves the equation div(ocVu) =0,
let v € W,2(Q) be its conjugate, with Vo = xo(z)Vu. Show that

loc

div(c*(2)Vv) =0in Q, where 0" = — x o (z) *.



Show also that o* satisfies the same ellipticity bounds (1), and that if
det o(z) =1 and o is symmetric, i.e. o(z)" = o(z), then o* = 0.

5. Suppose o : Q — R**? is symmetric and deto(z) = 1, with Q simply
connected.

Show directly, without referring to Theorem 5.5, that u € W,22(Q) satis-
fies the equation div(cVu) =0 ifandonlyif 0f = udf, where f = utiv,
v is the conjugate of u and
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