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1. Let t > r > s > 0, E ⊂ Bn(s) and ∆a = ∆(E, Sn−1(a)). Show that
M(∆r) ≤ cM(∆t), where c is only dependent on n, r, s and t.

2. Prove Theorem 6.1 (3) [CGQM].

3. Let G = Rn \ {0} and let sG be defined as

sG(x, y) =
|x− y|2

2|x||y|
, x, y ∈ G .

Define ρG by ch ρG(x, y) = 1 + sG(x, y). Show that

jG(x, y)/2 ≤ ρG(x, y) ≤ 4 jG(x, y)

for x, y ∈ G. Hint: Use the inequality from h0405 to the effect that for
a ≥ 0

log
(
1 + max

{
a,
√
a
})
≤ b ≤ log

(
1 + a+

√
a
)

≤ 2 log
(
1 + max

{
a,
√
a
})

if ch b = 1 + 1
2
a.

4. Show that for 0 < r < 1 and M > 0, mh

(⋃
|x|≤rD(x,M)

)
≤

d2(n,M)(1− r)1−n, where mh is the hyperbolic measure of (B, ρB).

5. Show that for given ε > 0 there are numbers r1 > s1 > r2 > s2 > ...
such that M(∆(E,F,Rn)) < ε, when E = ∪Sn−1(rj) and F = ∪Sn−1(sj).

6. Let G,G′ ⊂ Rn, n ≥ 2, and let f : G → G′ be a homeomorphism
with the following property: There exists c1 ∈ (0,∞) such that for every
subdomain D ⊂ G and for all x, y ∈ D,

(?) jfD(f(x), f(y)) ≤ c1jD(x, y).

Show that for each z ∈ G,

H(f, z) = lim sup
r→0

{
|f(x)− f(z)|
|f(y)− f(z)|

: |x− z| = |y − z| = r

}
≤ c2,

where c2 ∈ (1,∞). Show that this inequality holds (possibly with a
different constant c2) also if in (?) jD and jfD are replaced by kD and
kfD.
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