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1. Suppose G is a topological group, n € N. Let
V ={f: G—R"| fis continuous}.

Then V is a vector space with addition and scalar multiplication defined
pointwise,

(f + (@) = fz) + f(=),
(af)(z) = af(z).
Let h € G be fixed. Define Ry, L,: V — V by
Ru(f)(g) = f(gh),

Ln(f)(g) = f(hg).

Prove that Rj; and L;, are linear isomorphisms of V' and we have the following
identities

Rp o Ry = Rpp,
Lypo Ly = Ly,
R.=id = L..

Solution: R}, is linear, since

Ru(af+bf")(g) = (af+bf")(gh) = af(gh)+bf'(gh) = aRn(f)(g)+bRn(f')(g) =

= (aRy(f) + bRu(f"))(9)

forall g € G,a,b € R, f, f/ € V. Similarly one sees that each Ly is linear.
Next we see that if h, A’ € G, then

(RnoRu)(f) = Bu(Riw (f))(9) = (Buw f)(gh) = f((gh)h') = f(g(h')) = (Ryn)(f),

(LnoLw)(f) = Lun(Lw(f)(g) = (Lw f)(hg) = f(h'(hg)) = f((W'h)g)) = (Lnn)(f),
hence Rh e} Rh/ = th/, Lh e} Lh/ = Lh’h- Also
(Ref)(9) = f(ge) = f(g) = fleg) = (Lef)(9);
so R, =id = L,.. It follows that
Rh e} Rh—l = th—l = Re =id = Re = Rh—lh = Rh—l o) Rh,
Lh o thl = thlh = Le =id = Le = thfl = thl o Lh,

hence Ry, is bijective, with Rj,-1 its inverse, and the same for L.
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2. Suppose G is a topological group, A C G, a € A, (X,d) metric space and

f: A — X a mapping.

a) Prove that f is continuous at a if and only if for every € > 0 there exists
a neighbourhood U of the neutral element e € GG such that

d(f(x), f(a)) <e

for all x € A which satisfy xa™! € U.

b) Suppose A above is compact. Prove that f: A — X is continuous if
and only if for every € > 0 there exists a neighbourhood U of the neutral
element e € G such that

d(f(z), f(y)) <e
for all z,y € A which satisfy zy~! € U.

Solution: a)f is continuous at a if and only if for every € > 0 there exists a
neighbourhood V' of a such that x € V' implies

d(f(x), f(a)) <e.

But since G is a topological group every neighbourhood V' of a is of the form
Ua for some neighbourhood U of e and vise versa. Since x € Ua if and only
if ra™! € U, we are done.

b) For every y € A choose a neighbourhood U, of e such that
d(f(z), f(y)) <e/2

for all z,y € A which satisfy xy~! € U,. Since G is a topological group for
every y € A there exists a neighbourhood V;, of e such that Vy2 C U,. Open
sets V,y form an open cover of A. Since A is compact there exist finitely many
points yi, ..., Yy, such that A C Vj,y1 UV, y0... UV, y,. Let

V= m?:].‘/yi'

Then V is an open neighbourhood of e. Suppose z,y € A,z € Vy. Since
y € A, there exists y;, ¢ = 1,...,n such that y € V,,y;, hence

x € Vvyiyi - ‘/;/z‘/yzyl - inyi'
By the definition of U,, this implies that

d(f(x), f(y:)) < ¢€/2.

Also y € Uy, i, so d(f(y), f(yi)) < £/2. Combining these and using triangle-
inequality we obtain

d(f(x), f(y)) < d(f(x), f(:)) +d(f(y), fy:) <e.

Remark: Similarly one can prove that if f: A — X is continuous, A
compact subset of the group G and X metric space, then for every ¢ > 0
there exists a neighbourhood U of the neutral element e € G such that

d(f(x), f(y)) <e



for all z,y € A which satisfy 271y € U.
This version of this result will be convenient in the next exercise.

. Suppose G is a compact topological space and let
V={f:G—R"| fis continuous}
be as above. Define a norm | - | in the vector space V by

[f] = sup{[f(2)] | = € G}.

We consider V' a metric space with metric d(f,g) = |f — g| defined by this
norm.

a) Suppose f € V and € > 0. Prove that there exists a neighbourhood U
of the neutral element e € G such that

d(Ry(f), Ru(f)) < e
for all g,h € G that satisfy gh~' € U. (Hint: previous exercise.)

b) Prove that ®: G x V =V, ®(g, f) = Ry(f) is a continuous action of G
onV.

Solution: a) If we modify desired conclusion slightly and use the remark
above we can easily prove the following. By the remark above there exists a
neighbourhood U of the neutral element e such that

[f(z) = f(y)] <e

when x7'y € U. Using that we see that if g~'h € U, then (xg)~'(zh) =
g th € U for every = € G, so

|Ry(x) — Bu(2)| = [f(zg) — flzh)] <e.

Hence we have shown that

d(Ry(f), Bn(f)) <

when ¢~'h € U. This is NOT the conclusion asked in the exercise but it
would suffice to prove the claim of b), which is the main object of interest.

To prove the exact claim asked, we have to do more work. Let us first prove

that if G' is a topological group and U is a neighbourhood of e, then there
exists a neighbourhood V' of e such that gV g~ C U for all g € G.
Consider the mapping f: G x G — G defined by f(g,h) = ghg~'. This is
continuous mapping and G x {e} C f~'U. Since f~'U is open and G, {e}
are compact there exists (see e.g. Viisila, Topologia II, Lemma 15.24) neigh-
bourhood V of e such that G x V C f~'U. This V satisfies the condition
required.

Now as above we first find a neighbourhood U of e such that
[f(x) = fy)l <e



when zy~! € U and let V be as above. Suppose gh™! € V, then for every
ge G

(zg)(zh)™ ' =x(gh Dot €aVa™ C U,
SO

|Ref(x) = Rnf(z)| = |f(zg) — f(zh)| <e

whenever gh=! € V.

b) Let us prove the continuity of ® at (g, f) € G x V. Let £ > 0 and choose
a neighbourhood U of the neutral element e such that

d(Ry(f), Ru(f)) < €/2
for all h € G that satisfy gh~! € U i.e. h € U Hg. Suppose f' € V is such
that d(f’, f) < /2. Then for any h € G we see that
d(Rp(f), Bu(f) = sup{|f(zh)—f'(zh)| |z € G} = sup{|f(2)—f'(z)| |z € G} = d(f, ) <e/2.

Hence

d(Rp(f'), Ry(f)) < d(Rp(f'), Bu(f)) + d(Bu(f), Ry(f)) <,
when h € U~!g. This proves continuity.

4. Suppose G is a compact topological groups and assume there exists unique
right-invariant integral on G i.e. there exists a unique linear mapping
I: Map(G,R) — R such that
1) I(1) =1,

2) I(f) > 0if f: G — R is such that f(g) > 0 for all g € G and
3) I(Ry(f)) = I(f) for all f € Map(G,R),h € G.

Prove that I is also left-invariant i.e.

I(La(f)) = 1(f)
for all f € Map(G,R), h € G. (Hint: uniqueness of I.)

Solution: Fix ¢ € G and define J: Map(G,R) — R to be a composition
I oL, where L,: Map(G,R) — Map(G,R) is defined as in exercise 1. Since
L, is linear (exercise 1) and [ is linear by assumption, J is linear.

Also we observe that

J(1) = I(Ly(1)) = I(1) = 1,
J(f) = 1(Ly(f)) = 0,

whenever f > 0 and for every h € G

J(Buf) = I(Ln(Ry(f)) = 1(Ry(Ln(f)) = I(Ln(f)) = J(f)-
Here we used the fact that L, o Ry = R, o Ly, which is easy to prove:

Li(Ry()() = Ry(f)(hx) = f(hwg) = Ln(f)(xg) = Ry(Ln(f))(2).

Hence J satisfies the same conditions as I. By uniqueness it follows that

J = 1. Hence
I(Lu(f)) = J(f) = I(f)

Since this works for every h € G we are done.
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5. Suppose G is a finite group (with discrete topology). Prove the existence and
uniqueness of Haar integral for G. Give a precise formula for the Haar inte-
gral of continuous f: G — R.

Solution: Suppose I: Map(G,R) — R satisfies the conditions for Haar in-
tegral. For g € G let x, € Map(G,R) be the characteristic function of the

singleton {g} i.e.
L z=y,

Notice that x, is continuous, since G has discrete topology.

Then x4 = Ry-1Xe, 50 1(x(g)) = I(x.) = ¢ € R for every g € G. Since
1= X
geG
linearity of Haar integral implies that
1=1(1) = ZI(XQ) = cn,
geG

where n = |G| is the cardinality of G. Hence ¢ = L. For an arbitrary f €
Map(G, R) we notice that
F=>Y_f@)xe

geG

f
=%
geG

This both proves the uniqueness and prov1des with the precise formula for
the Haar integral in this case.

SO

It remains to show that if we define I: Map(G, R) — R by the formula

f
=9
geG

then mapping [ satisfies condition for Haar integral. Obviously [ is linear and
positive. Also
Z L

geG

zf zf -
6 & e
for any h € G.

6. Suppose G is a compact group and assume the existence and uniqueness of
Haar integral on G. Let f: G — R be continuous. Prove that

/G f(g)dg = /G Flg™")dg



(Hint: uniqueness of Haar integral.)

Solution: By uniqueness of Haar integral it is enough to prove that the
mapping /: Map(G,R) — R defined by

1(f) = /G F(g™")dg

satisfies all conditions for Haar integral. This is an easy verification and left
to the reader.

Bonus points for the exercises: 25% - 1 point, 40% - 2 points, 50% - 3 points,
60% - 4 points, 75% - 5 points.



