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Exercise 1

Solutions

1. Prove that R", n € N equipped with standard topology and addition of
vectors

(Cbl,CLQ,...,CLn)+(b1,b2,...,bn> = (a1+b1,a2+bg,...,an—i—bn)
is a topological group.

Solution: R" is Hausdorff, in particular 77.
Addition mapping p: R™ x R” — R"™ defined by

,u((aba% s aan)a <b17b27 s 7bn)) = (al + b17a2 + an R ) + bn)

is clearly continuous, since its components are combinations of projections
and addition of real numbers, which is known to be continuous.
Inverse element mapping ¢: R” — R" is defined by

t((ay, a9, ... a,) = (—ay, —ag, ..., —ay,).
Again the components of this mapping are compositions of projection and in-
verse element-mapping for the group (R, +), which is known to be continuous.

2. Consider R? as the set of complex numbers C, equipped with the standard
multiplication of complex numbers defined by

(a,b) - (¢c,d) = (ac — bd, ad + bc).

Show that C* = C\ {0} is a topological group, if equipped with this mul-
tiplication and standard topology as a subset of R2. Why did we have to
exclude 07

Solution: R? is Hausdorff, in particular T3, so its subset R?\ {0} is also T3.
Multiplication of complex numbers is clearly a continuous mapping R? x
R? — R?, since its components are combinations of projection mappings,
multiplication, addition and subtraction of real numbers, which are known to
be continuous.

It remains to probe that the inverse .: C* — C* is a continuous operation.
From algebra it is known that an inverse element of the complex number
(a,b) # 0 is the complex number (b/(a® + b*), —a/(a® + b*)). Hence

t(a,b) = (b/(a® +b°), —a/(a” +b%)).
This clearly is a continuous mapping R?\ {0} — R?\ {0}.

3. Topological space X is called homogeneous if for every pair of points x,y €
X there exists a homeomorphism h: X — X such that h(z) = y. Prove that
every topological group is homogeneous as a topological space.

Conclude that the unit interval I = [0, 1] (equipped with its standard topo-
logy) cannot be given a structure of a topological group.



Solution: Suppose z,y € G, G a topological group. Left translation [,,-1: G —
G defined by l,,-1(g) = yz~'g is a homeomorphism (Lemma 1.2) and

lyw—1(2) = y.
Hence G is homogeneous.

The unit interval I is not homogeneous space, since there is no homeo-
morphism f: I — I such that f(0) = f(1/2). Let us prove this via counter
assumption. Suppose f is such a mapping. Then f defines by restriction a
homeomorphism between spaces I \ {0} and 7\ {1/2}. But I\ {0} =]0,1] is
an interval, hence connected space, while I\ {1/2} = [0,1/2[U]1/2,1] is not
connected.

. a) Suppose G is a topological group, U an open neighbourhood of the neutral
element e € G and W an open neighbourhood of e such that

Ww=tcU.

Prove that W C U. (Hint: W is a neighbourhood of any point x € W).

b) Topological space X is called regular if for any x € X and any open
neighbourhood U of z there exists a neighbourhood W of z such that W C U.
Prove that every topological group is regular as a topological space.

Solution: Suppose x € W. Since W is a neighbourhood of e, zW is a
neighbourhood of x in G. From the definition of the closure it follows that
cWNW # (. Hence there exist wy, wy € W such that zw; = w,. This implies
that

T = wgwfl eWW=tcU.

Hence z € U.

b) Suppose G is a topological group and z € G. Suppose U is a neigh-
bourhood of z. Then 271U is a neughbourhood of the neutral element e. By
Lemma, 1.7 there exists a neighbourhood W of e such that WW ! C 271U.
By a)

W ca U
Now W = [,(W) is a neighbourhood of x in G. The left translation [, is a
homeomorphism, hence
aW = 1,(W) =1, (W) =aW C zz”'U = U.
. Suppose X is a T and regular topological space. Prove that X is Hausdorff.
Conclude that every topological group is Hausdorff as a topological space.

Solution: Suppose X is Ty and regular. Suppose x,y € X. Since X is 7] the
singleton {y} is closed in X, hence U = X \ {y} is an open neighbourhood of
2 in X. Since X is regular, there exist an open neighbourhood W of x such
that W C U. It follows that W and X \ W are disjoint open neighbourhoods
of x and y. Hence X is Hausdroff.

Every topological group G is T7 by the definition. Also the previous exercise
shows that G is regular topological space. Hence G is Hausdorff.
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6. A topological space is said to be Ty-space, if for every pair of points z, y there
exists a neighbourhood U of one of the points, that do not contain the other
point.

a) Suppose X is Ty and regular. Prove that X is Hausdorff.
b) Suppose (G, -, T) is a triple, where (G, ) is a group and 7 is a topology in
the set G. Denote by f: G x G — G the mapping defined by

fle,y) =ay™.

Prove that G is a topological group if and only if G is T as a topological
space and f is continuous.

Solution: a) Prove is similar to the proof in the solution of the previous
exercise. Suppose X is Ty and regular. Suppose x,y € X. Since X is Tj one
of the points x or y has a neighbourhood U which does not contain the other
point. By the symmetry we may assume x € U. Since X is regular, there
exist an open neighbourhood W of = such that W C U. It follows that 1V
and X \W are disjoint open neighbourhoods of z and 5. Hence X is Hausdroff.

b) Suppose G is a topological group. Then G is 17, hence in particular
To (Topology II). Also f can be written as the composition p o g, where
p: G — G is a multiplication, p(z,y) = zy and g: G x G — G x G is
defined by g(z,y) = (z,y ') = (x,¢(y)), where .: G — G is inverse element
mapping, t(z) = z~'. Now p is continuous by assumption, also ¢ is, so it is ea-
sy to see that g is also continuous (its projections are). Hence f is continuous.

Conversely suppose f is continuous and G is Ty. Let us prove first that
algebraic operations p: G x G — G, u(z,y) = zy and v: G — G, 1(z) =
=1 are continuous. Now ¢ can be written as the composition f: h, where
h: G — G x G, h(z) = (e, x). The mapping h is clearly continuous (here e is
the neutral element of the group G), hence ¢ is continuous.

Now we see that p can be written as the composition of the continuous

mappings k: G x G — G x G and f, where
k(a,y) = (z,y7") = (z,u(y)).

Since we have already shown that ¢ is continuous, & is continuous, hence also
4 18.

It remains to show that G is T3. Since G is Ty by a) it is enough to show it
is regular. We have to go through the prove of regularity of every topological
group (see exercise 4) and verify that it does not use Tj-assumption. First of
all mapping f is continuous, so for every neighbourhood U of identity element
e € GG there exists a neighbourhood W of e, so that

WW= = f(W x W) C U.

In other words Lemma 1.7 is still true. Next we notice that W C U - the
proof is the same as in exercise 4. Finally since multiplication is continuous all
left translations [, are continuous. Moreover every translation is bijection and
translation [,-1 is the inverse of translation [,. It follows that every translation
I, is a homeomorphism. Hence for every = the set W is a neighbourhood of



x and

W = aW C zU.
Now for arbitrary neighbourhood V of z U = 27 'W is a neighbourhood of e,
hence xU =V and we are done.



