
Matematiikan ja tilastotieteen laitosTransformation GroupsSpring 2012Exer
ise 123-29.01.20121. Prove that Rn, n ∈ N equipped with standard topology and addition ofve
tors
(a1, a2, . . . , an) + (b1, b2, . . . , bn) = (a1 + b1, a2 + b2, . . . , an + b

n
)is a topologi
al group.2. Consider R2 as the set of 
omplex numbers C, equipped with the standardmultipli
ation of 
omplex numbers de�ned by

(a, b) · (c, d) = (ac− bd, ad+ bc).Show that C∗ = C \ {0} is a topologi
al group, if equipped with this mul-tiplu
ation and standard topology as a subset of R2. Why did we have toex
lude 0?3. Topologi
al spa
e X is 
alled homogeneous if for every pair of points x, y ∈
X there exists a homeomorphism h : X → X su
h that h(x) = y. Prove thatevery topologi
al group is homogeneous as a topologi
al spa
e.Con
lude that the unit interval I = [0, 1] (equipped with its standard topo-logy) 
annot be given a stru
ture of a topologi
al group.4. a) Suppose G is a topologi
al group, U an open neighbourhood of the neutralelement e ∈ G and W an open neighbourhood of e su
h that

WW−1 ⊂ U.Prove that W ⊂ U . (Hint: xW is a neighbourhood of any point x ∈ W ).b) Topologi
al spa
e X is 
alled regular if for any x ∈ X and any openneighbourhood U of x there exists a neighbourhoodW of x su
h thatW ⊂ U .Prove that every topologi
al group is regular as a topologi
al spa
e.5. Suppose X is a T1 and regular topologi
al spa
e. Prove that X is Hausdor�.Con
lude that every topologi
al group is Hausdor� as a topologi
al spa
e.6. A topologi
al spa
e is said to be T0-spa
e, if for every pair of points x, y thereexists a neighbourhood U of one of the points, that do not 
ontain the otherpoint.a) Suppose X is T0 and regular. Prove that X is Hausdor�.b) Suppose (G, ·, τ) is a triple, where (G, ·) is a group and τ is a topology inthe set G. Denote by f : G×G → G the mapping de�ned by
f(x, y) = xy−1.Prove that G is a topologi
al group if and only if G is T0 as a topologi
alspa
e and f is 
ontinuous.



2Bonus points for the exer
ises: 25% - 1 point, 40% - 2 points, 50% - 3 points,60% - 4 points, 75% - 5 points.


