
Matematiikan ja tilastotieteen laitos
Topics in geometric Fourier analysis
Exercise 5

Let d(n) be the infimum of the Hausdorff dimension of Besicovitch sets
in Rn.

1. Show that d(n) ≤ d(n + 1). Hint: Consider projections.

2. Show that d(m + n) ≤ d(m) + n.

3. Prove that there exists a Borel subset of R2 with positive Lebesgue mea-
sure whose orthogonal projections on all lines have empty interior. Hint:
Consider Besicovitch sets.

4. Peres and Schlag have proved that if B ⊂ Rn is a Borel set with Hausdorff
dimension dimB > 2k, then almost all projections PV (B), V ∈ G(n, k), have
non-empty interior. Use this to get another proof for Falconer’s theorem 8.3.

5. Prove that mδ is not an Lp-multiplier if p ≤ 2n
n+1+2δ

or p ≥ 2n
n−1−2δ

. You
can of course use the kernel Kδ and its asymptotic properties.
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