
1 Independence

Definition 1.1 (Conditional probability). Let (Ω ,F , P ) a probability space and F1 , F2 two events in F . Suppose

P (F1) > 0

Then the probability of the event F2 given the occurrence of F1 is

P (F2|F1) =
P (F2 ∩ F1)

P (F2)

A clear interpretation of this definition see [1] pag. 17.

Definition 1.2 (Independence). F2 is said to be independent of F1 if

P (F2|F1) = P (F2) ⇐⇒ P (F2 ∩ F1) = P (F1)P (F2)

Definition 1.3 (Independence of random variables). The random variables

ξi : Ω → Rd

i = 1, . . . are said to be independent if for all integers 1 ≤ k1 < k2 < km and all choices of Borel sets {Bki}
m
i=1 ⊂

Rd the factorization property

P (ξk1 ∈ Bk1 , ξk2 ∈ Bk2 , . . . , ξkm ∈ Bkm) =
m∏
i=1

P (ξki ∈ Bki)

holds true.

The definition implies that if there exists a PDF

pξk1 ... ξkm
: Rd × Rd︸ ︷︷ ︸
m times

→ R+ (1.1)

such that

P (ξk1 ∈ Bk1 , ξk2 ∈ Bk2 , . . . , ξkm ∈ Bkm) =

∫
Bk1×Bkm

m∏
i=1

ddxkipξk1 ... ξkm
(xk1 , . . . ,xkm)

then

pξk1 ... ξkm
(xk1 , . . . ,xkm) =

m∏
i=1

pξki
(xki)

Furthermore the characteristic function ofm-independent random variables is equal to the product of the characteristic
functions.

2 Čebyšev’s inequality

Proposition 2.1 (Čebyšev’s inequality). If ξ is a random variable and 1 ≤ n <∞, then

P (||ξ|| ≥ x) ≤ 1

xn
E ||ξ||n ∀n

Proof.

E ||ξ||n =

∫
Ω
dP ||ξ||n ≥ xn

∫
||ξ||≥x

dP ≡ xn P (||ξ|| ≥ x)

1



3 Excursus: Dirac-δ and its uses

Example 3.1 (Dirac mass and Dirac δ-function). Let x be the coordinate of a point inRd. Define for any B ∈ B

Px(B) =

{
1 if x ∈ B
0 if x ∈/ B (3.1)

then (Rd ,B , P ) is a probability space. The probability P is the Dirac mass concentrated at x. The ”density” associ-
ated to P is the Dirac δ-function (distribution). A possible definition of the Dirac δ-function on R

δ(x− y)
w
:= lim

σ↓0
gy σ(x)

The definition must be understood in weak sense. Namely, let

f : R → R

a bounded Lebesgue measurable test function then∫
R
dx δ(x− y) f(x) = lim

σ↓0

∫
R
dx gy σ(x)f(x) = lim

σ↓0

∫
R
dx g0 1(x)f(σx+ y) = f(y)

The above chain of equalities show that the Dirac δ is not a density with respect to the standard Lebesgue measure as
it has support on a set of zero Lebesgue measure. A consequence is that indefinite integral

Hy(x) =

∫ x

−∞
dz δ(z − y) =

1 + sgn(x− y)

2

yields

Hy(y) =


1 x > y
∗ x = y
0 x < y

meaning that the result is not defined on the zero measure set x = y. The result may be interpreted in weak sense as
the definition of the Heaviside distribution.

Properties of the Dirac δ distribution

In weak sense (i.e. applied to suitable test functions), the Dirac δ over R satisfies

i localization of the integral: ∫ y+ε

y−ε
dx δ(x− y) f(x) = f(y)

ii derivative of the Dirac δ:∫ y+ε

y−ε
dx

d

dx
δ(x− y) f(x) = − df

dy
(y) ⇒ f(x)

dδ

dx
(x− y)

w
= − df

dx
(x)δ(x− y)

iii for h(x) having a simple zero x = x? and otherwise non-vanishing and smooth in (x?− ε , x? + ε) with ε > 0∫ x?+ε

x?−ε
dx f(x)δ(h(x)) =

f(x?)∣∣dh
dx(x?)

∣∣ ⇒ δ(h(x))
w
=
δ(x− x?)∣∣dh
dx(x?)

∣∣
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iv The d-dimensional Dirac-δ

δ(d)(x− y) =

d∏
i=1

δ(xi − yi) (3.2)

maybe defined by repeating the limiting procedure on each variable e.g.

δ(d)(x− y)
w
=

d∏
i=1

lim
σ↓0

gyi σ(xi) (3.3)

v Let

h : Rd → R (3.4)

such that

h(x) = 0 (3.5)

describes a smooth d− 1-dimensional hyper-surface Σ embedded in Rd, then∫
Rd
ddx δ(h(x)) =

∫
dΣ

f(x)

||∇h||
(3.6)

3.1 Expectation of the Dirac distribution and probability density

Let
ξ : Ω → Rd

with PDF pξ(·). From the properties of the δ function we have

E δ(d)(ξ − x) =

∫
Rd
ddy pξ(y)δ(d)(y − x) = pξ(x)

This relation allows us to derive the relation between the PDF’s of functionally dependent random variables

3.2 Derivation in one dimension

Suppose the random variable has the

Pξ(x < ξ < x+ dx) = pξ(x) dx

Functional relation between random variables

φ = f(ξ) (3.7)

again

Pφ(y < φ < y + dy) = pφ(y) dy

From

Pξ(x < ξ < x+ dx) = Pφ(y < φ < y + dy)

one gets into

pξ(x) = pφ(f(x))
df

dx
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3.3 Multi-dimensional case using the δ-function

Suppose f is one-to-one and write

pφ(y) = E δ(d)(φ− y) = E δ(d)(f(ξ)− y)

It follows

pφ(y) =

∫
Rd
ddx δ(d)(f(x)− y)pξ(x) ≡ lim

σ↓0

∫
Rd
ddx

e−
||f(x)−y||2

2σ2

(2π σ2)
d
2

pξ(x)

Since f is one-to-one

f−1(y) = x? (3.8)

is globally well defined. Taylor-expanding the argument of the exponential we get for the i-th component of y

yi = f i(x?) + (xj − xj?)
∂f i

∂xj
(x?) +O((xj − xj?)2)

Call

Aij :=
∂f i

∂xj
(x?)

zi =
xj − xj?
σ

the integral becomes

pφ(y) = lim
σ↓0

∫
Rd
ddz

e−
ziAliAljz

j+O(σ)

2

(2π)
d
2

pξ(x? +O(σ)) =
pξ(x?)

|detA|
(3.9)
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