5% Sheet of Exercise

28th March 2012

Notation. Along this sheet, we will follow the following notation. S(R"),
with n a positive integer, denotes the space of rapidly decreasing smooth
functions and S&’'(R") stands for the space of tempered distributions. L?(R")
is the space of measurable function such that their modulus are square inte-
grable functions, its associated norm is

2
Jul2. = / fuf? de.

H*(R™) denotes the space of u € S'(R") such that (.)*a € L*(R").Its norm

is defined by
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Here (¢) = (1 + [£]*)/2. If K is an compact subset of R" &'(K) stands
for the space compactly supported distributions such that their support are
contained in K.

Exercises.

1. If s € N, show that H*(R") = {u € L*(R") : D* € L*(R")|a| < s}
and that for some C' = C(n, s):
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2. Let x = (2/,2") with 2’ € R"? and 2” € R?. If s > d/2 show that the
operator
u € S(Rn> — U‘x/l:() - S(Rgfd)

can be extended to a bounded operator H*(R") — H*~%2(R"~9).



3. Show that the inclusion H*(R")N&'(K) < H* (R") is compact if K is
compact and s > .
(Hint: Let x € Cg°(R"), x = 1 in a neighbourhood of K and u € £'(K).
Then yu = v and @ = (27) 7"y * 4. Show that if (u;) € H¥(R")NE'(K)
is a bounded sequence, then there exists a subsequence u;, converging

in H*'(R").)

4. Let a be a smooth positive function in R and p(z, &) = 1+a(xy)EF +1is,
= (21,22) and £ = (&, &2).

e Show that for all ., 8 € N? and every compact K C R?, there
exists C' = C(K, a, ) such that

050 p(x, )] < Clp(x, "> (2,6) € K x R®.

o Let q(x,€) = 1/p(x,€). Show that for all a, 3 € N? and every
compact K C R?, there exists C' = C(K, a, ) such that

0507 a(, &) < Clp(x, 7 M2 (2,6) € K x R%,

Deduce that ¢ € Sl_/lz’o(IE{2 x R?).

5. Consider P(z,D) = 1 — ai(x)d7, + 0,, on an open subset  of R
Let ¢(z, D) € L;/120(Q) be properly supported operator with symbol
q(z,€). Show that ¢(x,D)o P(z,D)=1—-R, RE€ L1_/12/§(Q)

6. Following the same notation:

e Show that there exists ) € Lf/12,0(9> such that Q(z, D)oP(x, D) =
[ — K with K € L~=(Q).

e Let u be a distribution in 2. What can be said about u if Pu is
smooth in Q7 What can be said if Pu € H} .(Q)?
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