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Notation. Along this sheet, we will follow the following notation. If X is an
open subset of R™ with m a positive integer, then C*°(X) denotes the space
of smooth functions in X and C*°(X;R) denotes the space of real-valued
smooth functions in X. Additionally, C§°(X) is the subspace of C*°(X) such
that its elements have compact support in X. If M is an arbitrary subset
of R™, C§°(M) is the subspace of elements C§°(R™) such that its elements
have compact support in M. We also use the notations D’(X) for the space
of distributions in X and &'(X) for the subspace of D'(X) such that its
elements have compact support in X. Finally, S(R™) denotes the space of
rapidly decreasing smooth functions.

Exercises.

1. Let X; and X5 be two open subsets of R”! and R"?, respectively. Con-
sider a continuous linear map K from C§°(X2) to D'(X;). Prove that
for any compact set K; C X, the bilinear map

(¥,) € G5 () x C*(Kz) — (Ko, 9)
1S continuous.

2. Let v; belong to C§°(R™) with ¢; > 0, suppv; C {z; € R™ : |z;] <
1} and fan Yjdx; = 1. Let Y, be a open subset in R™ compactly
contained in X; and set, for any (z1,z2) € ¥; X Y3 and € > 0 small
enough,

Ke(z1,m2) = " 7" (Kba((22 — ) /2), ¥i((z1 — +) /€))-
Prove that:

(a) There exists a positive integer p such that |K.(x1,z2)| < Ce™# if
X S Y}



(b) For a fixed small 6 and & going to 0
: 1)
+
K. =Y (e= 0y KP /1 + (e W/K@MH4WWM
7=0
3. Show that there exists Ky € D'(Y] x Y3) such that K. converges to Ky

in /(Y] x Ya).

4. Prove that Ky (from Exercise 3) satisfies
Ko(v @ ¢) = (Ko,v) ¢ € CF(Xh), ¢ € (57 (Xa).
5. (a) Do the following functions converge in D'(R) as A goes to +o0?
u,\(x) _ /\Ne—z')\x’ v,\(x) _ )\1/2e_i’\’”2/2, wk(x) _ )\1/2(2“‘3”2/2.

(b) Let f belong to C*°(R;R) with f’(x) # 0 for all x € R. Then

answer the same question as in (a) for

uy(z) = )\Ne—i/\f(w)’ on(z) = AV/2p—iAF(2)2/2

6. Let x belong to S(R) such that x(0) = 1.

(a) Show the existence of a limit as e goes to 0 of

/ U (cy)dy, A€ R\ {0},
R

Show that the limit I = I()\) belongs to C*°(R\{0}) (as a function
of ).
Hint: chose asuitable differential operator L such that L(e=u+y*/3)) —

(b) Show that for every N, there exists a constant Cy > 0 such that
[T)] < Cn AT f A > 1.

Comments.

(i) Exercises from 1 to 4 complete the proof for the Schwartz Kernel The-
orem.



