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An object moYes ;rlolg a straight line. Instea<J of continuing in one direction, it movesback a'd fbrth' oscirL,rng u6o.-,r';-..",r,,i n","r. ca, rh-e';:;irut puint,r:0 andiilil'":1"'Jiiii::ix]::::;::jgil..l" o"in,. r *trre acil.,otion is a consrant

tu(t): _k.u(t), [>0,
then the object is said to be in sitnple httrnrortit.ruotiort.

Since, by ciefinition,

Lt(l ) : -Ytt(t),

in simple hannonic motion, tve have

.r"(t): */r_r(l),

ii hie lr is thu' sarne us

,u"(t)+ft,y111 :g.

ffi#h:1i::t,fJ'r:;;tive' we set t : ro:' wrrcre a: '[i > 0. he equation or

(r8.7.1)
.r"1t1 +ro2_r(1):6.

.fiff"iff:1fil;Til';r]'near difrerential equation with constanr coerficients. rhe

12+.2*0.
,rcl the roots are +rr,' Therefbre, the generar sorution of EqLration (1g.7. 1)is

.y(1) : C', cos rol * C, sin rol.

calcuration shows that the gcncrar sorution can be rvritfen (Exercise 2g,

r(l) - ..1 sin(rr.rt * y',r,,),

ru Jrcre ..1 anci r,6,, are

. Now, lct's analv
llcrcase or * rb,, I.:ty

i his rr.rcans thaf thc I

ailclin,rr )irf oto t we

,,\ routine
Scction l8

(18.7.2)

constants ii,ith ..1 > 0 ancl rho € [0. 2r\.zc lltc ltttrtion rrreirstrri tg 1 ilt scc()n(ls. Ily

/ r .-r
r,tlr+- -"1 r-,.'"\' ;)'(b't =r,tt 1,b,,. )ir.

rtotitrn is ltt,t.iorlit.with lter.iot/ f givcrr by:

)
7- -i
I

' (t)
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A complete oscillation takes 2rf o seconds. The reciprocal of the period gives the
number of complete oscillations per second. This is called the./requencv J':

The number ar is called the ungulur.fi'equency. Since sin(cot + rlo) oscillates between
-l and 1,

'r(r; : '4 sin(ar * $")

oscillates between -A and A. The number I is called the untplitude of the motion.
In Figure 18.7.I we have plotted r against r. The oscillations along the.r-axis are

now \.vaves in the "vt-plane. The period of the motion , 2rf a, is the I distance (the time
separatior-r) between consecutive wave crc-sts. The amplitude of the motion,,4, is the
height of the waves measured in.r Lmits fiom -r : 0. The number rfo is known as the
phuse constant, or phu,se:;hi/i. The phase constant determines the initial clisplacement
(in the,r/-plane the height of the wave at time / : 0). lf d0 : 0, the object starts at the
center o1'the interval of motion (the wave starts at the origin of the .rt-plane).

simple harmonic motion

Figure I8.7.1

Exomple I Find an equation for the oscillatory motion of an object, given that the
period is2rl3 and, at time /: 0, r(0) : l, r,(0) :.r'(0) .- 3.

SOLUTION We begin by setting

.r(l) : .{ sin(ctrr + .fo).

ln general the period is 2rla, so that here

ancl thus ot : 3.

The eqLration of rnotion takes the tbrm

Ily dilfcrcntiation

.r-(r1 : ,4 sin(3r * ,bil.

r (l) : 3..1 cos(--il + (ro)

(t)

' ')-

')* -)-

a3
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The conditions at / : 0 give

l:r(0):Asing11,
and therefore

l:lsin<btl,
Adding the squares, rve have

3 : v(0) :31 cos @o

I : .-l cos <fn.

2 : .12 sin2 dq * 12 cos2 Qo : A2

Sincel >0,,4:Jr.
To find @o we note that

| : ,tE sin @u, I

These equations are satisfied by setting <f,, :
rvritten

"r(r;: $sin(3t+

: 
'fi cos go.

I r. The equation of motion can be

Irl. t

Undomped Vibrotions

A coil spring hangs naturally to a length /0. when a bob of mass i?? is attached to it,
the spring stretches / 

' 
inches. The bob is later pulled down an additional .r,, inches and

then released. What is the resulting motion? Throughout we refer to Figure lg.J.2,
taking the downward direction as positive.

natural
iength

I

We bcgin by
tV). First thcre

equrlrbrium
lvith mass rr

tl

Figure 18.7.2

analyzing the fbrces acting on the bob at gcneral position r (stage
is the rveight.oltlre bob:

[:' : tttg'

I ater

.:-,it'Au
@
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This is a clownward force, and by our choice of coordinate systent, positive. Then
there is the restoring lorce of the spring. This force, by Hooke's law, is proportional
to the total displacenrent 1, *.r and acts in the opposite direction:

F. : -/r(/r * .v) rvith /r > 0.

lf we neglcct resistance, thcn thcsr- iue the on ly lorce s acting on the bob. Under thesc
conditions tlre totlrl Ibrcc is

F : Fr + F.: rig - A'(/, *,r').

ivhich rve rervrite as

( l) l; - (rrtg * kl1) - k,u.

At stage II (Figure 18.7.2) there r.vas ccluilibrir"Lm. Thc fbrce olglavity. rna, plus the
fbrce of the spring, -Al,, mr.rst have been 0:

trtg- kl ,-0.
Equation ( l) can thcrefore be sinrplific-d to

Using Nervton's second law

rve have

L- -- l.-,I - n-t.

F: mu

rntt : -k-v ancl thus o : -L.r.
ftt

At any time t,

r"(1) ._- -1 rf r t'
1tl

Since i/in ) 0, we clrn sct ,: ffi and write

'\'"(l) : -io2'i(1)'
The rnotion of the bob is sirrplc harmonic rnotion with period 't:2rla. J

There is something rernarkable about harmonic rlotion thirt rve lrave nt,rt I'ct
specifically pointed oLrt; rrarucly. that the {i'cclLrcncy l': ul2n is coll-
pletely independcttt of the anrplituclc of the rr-rotion. T'he oscillations of the bob r-rccur

rvith frcqucncy

(lorce - rnass X acccleration)

11.,a,-",r.. 
"i,.ar)

t-

/\.
:77

By adjusting the spring constallt /i lnd thc rnass ol the bob /n. \ve ean calr-
brate the spring bob systcm so tltat thc rrscillatrrlis takc place cractl\' oncc ;1

se cond (at lcast alrnost cractl5; ). Wc then have a ltrinritive tirncpicce (;r lirst
cousin of the ri.intlup clockl. \\,ith thc passing ol tirrrc, fl'iction urrd .rir lc:is-
tartcc rcducc the antplitudc ol tlre oscillatiorrs llut ltot thcir tl-cclucncy. Ilv girrltg
the bob a little pttsh or ptrll ortcc in a *lrile {by lr--ilinrlinq our elock). \1 a ('illl
rcstorL' thc atnplitLrdc ot' the oscillations und thus rnaintain the stcrd)'
"ticking. "
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Domped Vibrotions

We derived the equation of motion

.." l1t-o
LN

lrom the fbrce equation

F: -kr.
Unless the spring is fiictionless and the motion takes place in a vacuum, there is a
resistance to the motion that tends to clampen the vibrations. Experiment shows that
the resistance fbrce R is approxirnately proporlional to the velocity -v':

R -- -c'-Y'' ('' > o)

Takirrg this resistance tenn into account, the fbrce cquation reads

F:-kx-t'r'.
Newton's law F: ntu : nt,\" then gives

. rtt.t" : -cx' - kx,

, rvhich rve can write as

( r 8.7.3)

I
t
3r iras roots
';
:f

:ii

i
', , I'here arc thlce possibilitics:

.r-"fa,r'+Ir:0

'fhis is the eqtration of motion in the presence of a duntping factor To study the

nrotion we analyze this equation.
The charactelistic cquation

,.'kr-*-rf-:0
nt t?1

, rn
-t' - ,'/ ('' - +KItt

2m

t:2 4kn<0, c'2-4km>0, t2-4km:0
t ('rse l. r'r lkm < 0

:ir,

In this case the characteristic eqr-ration lias trvo conrplex conjugate roots:

( (' , vtA--i,', - -, * iru, ,'.: --_ it,.t rvhCrC ,u - )n 
.

.:

-lhc u,.ncral solutiou ol ( 18.7.3 ),

, I " ', 
l/tr)/(('r cos ol * t,. sin tr-rl),;.:'.

a :::i.

tti:.
'ij:
4ril
t-*Et

W,



I25O I CHAPTER I8 ELEMENTARY DIFFERENTIAL ESUATIONS

can be written

(18.7.4)

( r 8.7.5)

where, as before, A and Q() are constants, A> 0, 60e10'27r). This is

called the tmderelamped cuse. The motion is similar to simple harmonic

motion, except that the damping 1s1111 st-ci2m)/ ensures that x ---+ 0 as / ---+ r.
The vibrations continue indefinitely with constant frequency af2n but di-
minishing amplitude Aet ctzni)t. As l--"c, the amplitude of the vibrations

tends to zero; the vibrations die down. The rnotion is illustrated in Figure

18.7.3. E

x(t1 : 1r1 t']ritr 5i11u,1 + d,),

X-Cret'ttlCrerzl

damped harmonic motion

Figure 18.7.3

Case 2. c2 * 4km ) 0

In this case the characteristic equation has two distinct real roots:

*' + nli'- +t'^
,, : ____ 

Z* , rz

The general solution takes the form

-c -,1;;4km

t
.i
,a4

2m

Tlris is called the oturdumpetl t'use. The rnotion is nonoscillatory.

Since nft - +tt a Jr' : c, both r, and 11 are negative. As 1* r'
-r --+ 0. --1

Case 3. c2 - 1km : 0

In this case the characteristic equation has only one root

C

' lltl
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and the general solution takes the fbrrn

( r 8.7.6)

Tlris is called the critit'ull.t,rlumpetl t'u.te. Once again the rnotion is nonoscil-
Iatory. More-over. as 1 + z. ,v + 0. I

In both the or.,e rclarnped and critically clarnped cases, the mass movc-s slo,,vly back
to its ecluilibriuur position (.v + 0 as r + T). Depending upon the side conditions, the
Illass lllay move through thc eciuilibrium once, but only once; there is no oscillatory
motion. Trvo typical cxir''ples olthe moti.n .re sho,,vn in Figure 1g.7.4.

Figure 18.7.4

Forced Vibrotions
'fhe vibrations that tvelrave been considering rcsult fiorn the interplay of three fbrces;
the fbrce of gravity, the clastic tbrce of the sprrng, and the retarciing force of the
surrourrding r.nedium. Such vibrations are calleci .fi.ee r;ihrutions.

The application of alr extemal fbrce to a lreely vibrating systern modifies the
t'ibrations arrd results itt rvhat are called,/il'r'er/ t,ibrcttions. tn *trat lollolvs we exam-
ine the effbct ola pulsating forcc F. cos 7/. withoLrt loss olgenerality we can take
both tr, and 7 as positive.

In an unclanrpecl systern the fbrce cqlration re-acls

F : -kr * F,, cos 7/
rnd the equation ol rrotion takes the fbrnr

(18.7.7)

\s r-rsrral vue sct ,u : i't ,* antl rvritc

K h,,f 1 -.\ : 
-cos 

vl_llt ttt

. /t,,\ r- o)-.r : - c()s y/.
tll

( r 8.7.8)

'g

#&ru.



1252 I CHAPTER I8 ELEMENTARY DIFFERENTIAL EQUATIONS

As you'll see, the nature of the vibrations depends on the relation between the applied
,frecluenc:.t,, yf2r, and the ncttut'al .li'equencv of the system , otl2r.

Casel. y*at
In this case the tnethod of undetetrr ined coefficients gives the particular
solution

F,f rttri/,: 
{dl - lcos Yl'

The general cquation olrnotion can thus be rvritten

(18.7.e)

If aly is rational, the vibrations irre perioclic. Il. on
rational, then the vibrations are not peliodic and the
by

r:.J sin( utr - cbr\ 1 l't nr 
-e()s y1.@--y-

tlte other hand, r,.,/7 is not
motion, though boundeii

i.-1 +
F,,f nr 

I-- 
'ltt--f-l

can be highly irregular

Case 2. l: to

In this case the

and the general

method ol undetennined cocfficients gives

Ft,
.\,, - l- l sil1 rdl' '@nt

solLrtion takes the lonn

.r : .4 sin(t.r t * <bo) * *r,sin rr.rr.

:l

(r8.7.r0)

The undanrped system is said to Lte in re.srtrtttnt:e. 'Ihe rnotion is oscillator,v".
but. becaLrse of the cxtra / prese.nt in the second surnmand, it is lar llrui
perioclic. As I+:c, the antplitude of Iibration incrcases I,vithoLrt hounc[.

The nrotion is illustratcd in F'isure. 18.7.5. l

Undanrped systcnrs ancl unbounded vibratiorrs are mathcntatical fictitins. \o rcal

rnechanical sVStel.l-l is totally unclatrpecl. ilttl unLrounded I'ibrations do not r,!Ltlt'ill
ltattlrc. Ncl'erthcless a fblm tllresonance can ()ccur in a rcal rncchanical sr,stcnt. {S*r.'

[:xercises 24- 28.) A pcriodic cxtcrnal ibrce appliecl to a nrccharrical ry,stern tltrrl i:
instrfficicntly clamllccl con sct up r ibrations ol vcrv lalgc rrrlplitude. SLrch viirlatiotls
Itavc cattsed the rlcstructit'rtt o1-sclme firinridablc rnan-rladc stl.trctul'cs. ln lS--<() the

sttspcnsion blidge lt.,\ngcrs, Frarrcc. ri'us tlcstr<tvcrl by r.ibrations sct trp b1 tlrc Lrniticd

stctrl ola colunru of rnarching soltlicrs. \lorg than tlro Itunclrcd l'rerrch iclldicrs \\!rrc
killcd in that catastrophe. (solclicrs todav urc toltl to brcak ranks lrcli,r'c.t'rr:rittg.I

.,, :' t"_a
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Figure 18.7.5

bridge.) The collapsc'orthe bricrge at Tacoma, washington, is a rnore recL-ut e'ent.Sleucler in constrr-rction anci grn.efi l in clcsign, the taloma rrri,rg" r.vas openc-d totratficonJuly l,l9'10. Thcthircllongcstsuspensionbriclgeinthe;,orlcl.rvithamain
span of 2800 feet. the bridge attracted trany aclmirers. o*n Novernber I of that sameyear. after less than ti'u,e rlonths of sen,icer, the rrain span of the briclge broke loosefl'om its cables and crashcd into tlte rvater below. ( Luckily rxly one person rvas on rhebridge at the time. and he rvas able'to cra,"vl to saf'ety.) 

"A 
d;ivi;g wi'cl had set upv'ibrations in rc-sonance rvith the natural vibration-s utiti. ronJ*"y,-r"cr the stiff-eninggirclers of the bliclge had not providetl sufficient clamping to L."p it.r. vibrations fromreaching destructiv e r.nagnitucle.

EXERCISES I8.7

l. An objcct is in sirrple harmonic nrotion. Firrd an equa-
tion tbr the motion given that thc pcriod is Izrancl. ar tinic
I : 0,.r : I and r.' : 0. Wlrat is the anrplitLrclc,,, What is
the fie-qucncy'.)

2. ,\n objcct is in siurple liar.rrronic motion, Fincl an cclua_
tion lor thc nrotion gii'cn that the licquency is l;,;iarrd. at
tintc /,= 0, r:0 anrl r,: -1. What is ihe aniplitudc,?
What is the pcriodl)

3. ,,\n rlb.jcc't rs itr sirnplc harnronic rrrotron ri,.ith pcriod f and
aniplitirtle ..1. What is thc vclocitv at thc c:cntral point
.r - 0'r

7. Wlrat is .r(/) fbr the bob of rr:rss ,t,.)

8. Firrd the positions olthe bob rvher.c rhe bob atrains; (a)
maximunr speed; (b) zero spcc-tl; (c) rriaxi'rum accclera-
Iropl 111y rcr() ilccclcralioll.

9. Whcre cloes the bob take on hallof its nraxirrum speed,l
10. Find rhc rna.xirnal kinetic e-nergy obtainccl by tlre bob.(Rctttctttbcr: KF - lrrrr,: w6crc, is thc rnass ot.the ob-

.jcct and z is thc rp...t.,)

I L trirrd thc tinte a\,cragc ol thc kinctic cncrgv ol the bob
during onc pcriod I

J. ,\n o[-r.icct is irr sirnplc har.rnonic rnotiorr
I-incl thc anrltlitude sivcn that r. : ,L r.,, lrt

12. lirpress thc r.clocity ol the bob in
r(1).

lJ. (iivcrr thlt \ "(t) - 9 -- -lr(r)
.\-'(()) ,= 0. shou. f hat the rrotiorr is
tiorr cctrtercd at .r. .= 2. Fincl thc
riod.

tcrnts rtl'1. llr,.r,,. ltnd

$, ith r'(0 ) '= () antl
si rtrltic hlrrrnorr ic n.rtr-

rrnrpli{uclc arrcl thc pr.-

n.rlh pcliod i,.

I
I

F

I
I

t

5, .,\n ob-icct rn sirtrplc l'rrr''uic 
'r.li.' p.sscs lhr.uth thc

ccntral point.r - () rrt tirtrc t - 0 rrrrtl crcrr, _J scuonrls
llrt'r.';rlj..r'. l irrrl tlrc trluiltir)n {)l nt()tiolt .:i, irr tlt,,Lri()):5

fi. Shou tlrlrt sirnltlc hlrrrnonic llro{iorr .r {1) .- 1 sin(t,.r1 t_ rb,, )
can.jLrst.ts lellhc ri.r.rtten: l.l )\{1) .Ieos1 ,,,t t ,1,,t.lb}
.r(f l ' lJ sin r'r1 F ('cos o/.

l.rcrcisr.s 7 lf rrr.c c()lccnrL,rl rrirh tirc nlr)ti()n trl.thc lroh
'.:pictctl in FisLir.c lS.7.l.

lJ' 'lhc llurrrc .lru*.s 
' PcntrtrrLrr' .r'rrrss rii srr irsing Lr.r rr'r

lirnr rrf lcnsrir 1". 'l-lre 
irrrslc // is nrcasurc(l c,,tintcicl,.,ck-*isc. Ncglcctirrg lirction a.cl thc rrcisht,l'.thc ilr.t. \\c

cln tlc-.clibc lhc nrotion bv thc ctlulti,rir

ntl.0''(rr: ntq \in /l(/)


