
Malliteoria

Harjoitus 2

1. Show that there exists R ⊆ R2 such that for all countable X, Y ⊆ R , if
X ∩Y = ∅ , then there is z ∈ R such that (z, x) ∈ R for all x ∈ X and (z, y) 6∈ R
for all y ∈ Y .
Fact: |{X ⊆ R| |X| ≤ ω}| = |R| = 2ω .

2. Show that there are no {f} -theory T , #f = 1, such that A = (A, f) |= T iff
for all x ∈ A there is n ∈ IN − {0} such that fn(x) = x , where f0(x) = x and
fn+1(x) = f(fn(x)).

In the rest of the exercises, U ⊆ P(ω) is such an ultrafilter that for all n ∈ ω ,
{x ∈ ω| x ≥ n} ∈ U .

3. Suppose that for all i ∈ ω , Ai is a finite structure. Show that |Πi∈ωAi/U | 6= ω .

4. For all i ∈ ω , let Ai = (Q, <). Show that there is f : (R, <) → Πi∈ωAi/U
such that for all x, y ∈ R , x < y iff f(x) < f(y).

5. Suppose that for all n ∈ ω , An = (n + 1, <). Show that Πi∈ωAi/U is not a
well-ordering.
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