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½�q¥ ° ¬�¬�µw¾&¶g¸J® ° ²g²¹±J²=©?®=¨&¸q¬Y§�§=¬�¬Yµ ° ¨&¶g§�§H®=¨&§�¸q¬Y¬�µ�ªq®¿J¨aJ§�¥ ° ¥?¸r¬�¬�µwÀ

n ∈ N:
(n + 1)(n3 + 2009)

(n3 + 1)(3n + 2009)
=

(1 + 1

n
)(1 + 2009

n
3 )

(1 + 1

n
3 )(3 + 2009

n
)

n→∞−→

(1 + 0)(1 + 2009 · 03)

(1 + 03)(3 + 2009 · 0)
=

1 · 1
1 · 3 =

1

3
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¬�±r¥�§¹¶gÃVJ¥?¬YµCµ&¶�ªq®=©?©?®¼ÄZ¬�¸r¥ ° f ©·®=¨&¸r¬�¬YµC§=¶=Ã�J®g® e §¹²4½�K² °¼° ¬»µ&¬�©Åªq²=¸rq¥�Æ fÇ ¶g¸q§H®3©?®=¨&¸q¬WÁ f,Â ¶gµ\ÈO³�¬�©0§�§H²g²´ªr¶g¸q¸r¥0qq¬�©0¨�®HÉK¾�J®=± º ¥0q¸q¥ °¼° ¬¼ÄZJ¬YÃVK² º ²=¸q¸q²z¸q®=©?©0¥0rJ¨Hªq®VÆ©?²=ÃVJÊ=q¥?¬AJ¶Hªq®¿¸r¨&³&³�¬�µ&¬ º ¥0¸rJ®´ªr¶gµ&¶=¥?¸rJ®�À

1 → 1 , 3 → 3 , 2009 → 2009 , 1

n
→ 0 ,

§�¨&µ
n → ∞ f=Ë ¨&¶ ° ®g® º ¥?¬Y©·²�¾H¬YrK²�½�©0©·²�³�¥0J¥VJ®=±q§�¥?¸tK®g®a¾¹¬AqK²�µ&¥ ° ¥0rK²�ªq²=µ�±J®(ªq® ¯ ®=± º ¶ÄZ¬�©0¥
(1 + 03)(3 + 2009 · 0) = 3

Æi¶gµ
0
À�¸rK®�³�¶=¥?§�§=¬�® º ®�Ä/Á f�Â À�µ\§¹¶gÃ&Ì�®=µ\Á¼¶=©?¬Yq¨&¸KÆ f�Í

Î ®¹¸rK®¹¨&¸�À
1/3

f

Ïaf}Ð ©0§=¶�¶gµ
ε > 0 ° ¥?¬Y©?¥ º ®¹©0K®¹¥?µ&¬Yµ f Ä Ç ¨&µCÃ&®=©?¨�J®g®=µ�³�¬Y±q¨&¸tJ¬Y©?©·®Ñ±J®(ªq® ¯ ®=± º ¶gµ�¶g©0¬ ° ®=¸q¸q® ¯¶=©?¶ ° ²g²=±q¥DJ¬Y© ° ²g²Ò§H²4½�qK²¹¬�µ�¾�¶gµ�¸q¬Y©?§¹¬4²g²`©·²=ÃVq¬4²WK²¹¸rK² f Æ

n ∈ N:

∣

∣

∣

∣

n2 + 1

n2
− 1

∣

∣

∣

∣

=

∣

∣

∣

∣

1

n2

∣

∣

∣

∣

=
|1|
|n2| =

1

n2
≤ 1

n
.
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ÞtÚ�àKÕ�ú0Ù/ßH÷�÷¹Þr×�ÞtÖ�Ú,ÙZÛUÝ8÷HÝAß�à(Ù/ÞqÙmÙ_ÝYü�Þrù(ÞqÙ&å_Ý8ê/ÝKõ�Ý8å_âAØ4ØA×�ýwÔaØAà4Ú�Û_ÕYÙmÙ_Õ

(1+ 1

n
3 )(3+ 2009

n
) 6= 0

àKÝ8Ú�à4ÚÜá�á�Þ
n ∈ N

ã
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� ²=Ã&Ì�²=²=µ\Ã�¬�©?³�¶g¸tJ¥_¾a¬YrK²
1/n < ε

¾&§�¨&µ
n > 1/ε

f
Î ®¹©?¥0J®g®=µ{©?¨�¶gµ&µ&¶g©0©?¥0µ&¬�µ{©?¨�§�¨

nε

J®=¥
k
µ&¥?¥0µ�¾.¬YrK²�¸q¬3¶gµ º ²=Ã&¥?µVJ²g²=µP±r¬4®g®¹©?¥?©0¨ º ¨&µ

1/ε
¸q¨�¨&±q¨&¥0µ&¬�µ f���� ¶g¸´µV½�

n > k
¾�¶gµ

n > k ≥ 1/ε
©?¨ º ¨&µ

k
º ®=©?¥0µ&µ�®=µ\µ&¶Hªq®=©0©·®�¾

ªr¶=©?©?¶=¥?µ
n > 1/ε

ªq®Ñ½=¶&ÀÜµCµ&¶Hªq®=©0©·® |n2+1

n
2 − 1| ≤ 1/n < ε

faÐ µC¸q¥?¥0¸�©?Ê(½�Ì&¬Yr~½
k ∈ N

¾
ªr¶=©?©?¬k³�²¹J¬Y¬=À

� ¶g¸
n > k

¾z¶gµ ∣

∣

∣

∣

n2 + 1

n2
− 1

∣

∣

∣

∣

< ε .

� ²=¥?µ�¶=©?©?¬Yµ�¾&ªq®�§=¶g¸r§H®�®=©0¨&µ�³�¶g¸q¥DJ¥0¥ º ¥?©0¨&§�¨
ε
¶=©?¥ ° ¥0¬�©?¥ º ®=©0J®=¥?µ&¬Yµ�¾ ° ²g²=±r¥0J¬Y© ° ²=µ 19

¬YÃVJ¶`K²4½�q~½�½z¸q¥0©?©?¬¹¾�¬AqK²B¶gµ�¶g©0¬ ° ®=¸q¸q® limn→∞

n
2+1

n
2 = 1

f
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l
�m��'4	���	�%�	�'(!a	��/�4��n Ð ©?§¹¶a¶=µ
ε > 0 ° ¥?¬Y©?¥ º ®¹©0K®¹¥?µ&¬Yµ f Ç ¶g¸q§H® |

√
x2 + 1−

√
2|¶=µT¸J®g®¹J® º ®BÈO³&¥0¬�µ&¬Y§�¸r¥DÉ�J¬Y§=¬ ° ²=©0©·² |x − 1| È~³&¥?¬Yµ&¬�§�¸q¥ ÉK¾ ° ¨&¶g§�§H®g® °�° ¬Ò©?®=¨&¸q¬Y§=¬AqK®µ�¥?¥?µw¾(¬YqJ² |x−1| q¨&©?¬Y¬�¬�¸r¥?¥0µW¸q¶=³&¥ º ®=¸tJ¥��(§¹¶g§=¬Y¥?©0¬ °�° ¬�J¨�rJ¨�®�ÈOµ&¬Y©?¥0ÊHªr¨&¨&±r¥0J¬ ° ³�³&¨�®HÉ¬Y©?¥�ÄZ§�¨ º ¥0qq¬�©0¬ °�° ¬�µ�¥ ° ¥0qJ²�ªq²=µ 1

ªq®VÆ�©?® º ¬�µ&µ&® °¼° ¬´¸q¨ °¼° ®=©?©?® √
x2 + 1 +

√
2
À

x 6= 1: |
√

x2 + 1 −
√

2| =

∣

∣

∣

∣

x2 + 1 − 2√
x2 + 1 +

√
2

∣

∣

∣

∣

=
|x + 1| · |x − 1|√

x2 + 1 +
√

2
.

Ä	�»²=¸q¸q²�¶=µ¿J¬�ÃV~½B¸ f
�VÏ ° ²g²=±q¥DJ¬Y© ° ²=µ ° ¨&§H®=¥?µ&¬YµB±J®�ªr¶=¥0J¨�¸ x 6= 1
¾ º ®=¥?§�§¹¬�¥�¸q¥0©?©?²}K²¹¸ ¯¸q²WK®=³&®=¨&§�¸q¬Y¸q¸J®`¶g©0¬�§H®g®=µ º ®=¥0§�¨�J¨&¸tK® f Æ � ½�»Ã�®=©?¨aK®g®=µ¼µ�²=Ã&Ì&²�¾�¸q®g®=Ì�®g®¹µ&§=¶B©?®=¨&¸q¬Y§=¬

³�¥?¬�µ�¬ °�° ²=§�¸r¥y§�¨&¥0µ�®=©?¨�µ
ε
q¬�§¹¬ ° ²=©?©?² |x − 1| §V½a©0©?¥0µP³&¥0¬�µ&¬Y§�¸r¥ f �»²=¸q¸q²T®=¨�rK®=¥0¸q¥¸r¨&¨&±r¬�¸rq¥_¾¹ªr¶g¸ º ¶g¥?¸r¥ °�° ¬�©?Ê(½�K²g²B©·®¹¨&¸q¬Y§�§¹¬�¬Y©?©?¬Ñµ&¸ f 9�;rS4LHIr;=M�Nm<�M ° ¨&¶=J¶g®

º ®=§�¥?¶ · |x − 1| .
� ¶&¾
µ&¥ ° ¥0rK²�ªq²3¶gµ ° ¨�J§�¥0§¹®¹¸�¾ ° ¨�rK®�®¹¥?µ�®z¸q¨&¨�±q¬ ° ³&¥�§�¨&¥?µ f�f�f ¸J®=µ&¶=§¹®=® °¼° ¬ 1

f
Ð ¸r¶g¥0rK®�ªq®=¸r¸J® |x + 1| ¶gµ�ÈOµ�¶g¥?µaÉ 2

¾�§�¨&µ
x
¶gµ�È~µ&¶g¥?µ�É

1
¾Vªr¶=q¬�µ |x + 1| ¬�¥^q¨&¶=J®¶=µ��g¬�© ° ®=® f �
¬�§�µ&¥?¸r¬�¸tJ¥_À Î ®¹©?¥0J®g®=µ�¸q®=µ�®=µ��µ&¶=¥?µ�� ° ¬�±r§�¥D~½�§�¸r¬�§�¸q¥}K²=¸r¸J² º ®¹¥?§�§H®=³�®�®=©0©?¬

1
À�µ�³�²g²=¸r¸J²��DÀ � ¶g¸ |x − 1| < 1

¾�¶gµ��UJ¸q¬Y¥?¸q®=± º ¶g©?¬ °¼° ®=µ�µ&¶Hªq®¹©?©·®

−1 < x − 1 < 1 ,

ªr¶=©?©?¶=¥?µ¼Ä/©0¥?¸J²=² ° ²¹©?©·²�³�¨&¶g©?¥DqJ®=¥?µ 2
Æ
¸q®g®=Ì�®=®=µ�¾H¬YqJ²

1 < x+1 < 3
ªq®k¸r¥?¥?¸ |x+1| < 3ÄZ¥0q¸q¬�¥0¸J®=± º ¶gµ ° ²g²=±r¥0J¬Y© ° ²=µ 6

µ&¶�ªq®=©?©?®VÆ f � ½�}¸J®g®=Ì&®g®=µ�½�©?Êg¸r³�²=¥?¸r¬Y}®=± º ¥?¶=

|x + 1| · |x − 1|√
x2 + 1 +

√
2

� |��
≤ |x + 1| · |x − 1|

1
= |x + 1| · |x − 1|

� Í �
≤ 3 · |x − 1|

Ç ¶gÃVK®�Ä e Æ�³�¬�±r¨&¸rq¨&¨�§H®=¥?§�¥0©?©?¬
x ∈ R

q¶=qJ®\¶g©0¬ º ®g®=µ�§¹®¹Ã�q¬�¬Yµ�®=¸q¥?®g®=µ�À
¶g¸q¶=¥0qJ®�ªq®
¶=µ\¬Y³�²=µ&¬��V®¹J¥0¥ º ¥?µ�¬�µÒªq®Bµ&¥ ° ¥0rK²�ªq² √

x2 + 1 +
√

2 > 1
f Ç ¶=Ã�J®�Ä Ï Æ�¸q¬Yµ�¸r¥«ªq®g®=µ�¶=µ

²¹¸q§=¬Yµ�³�¶gÃ&Ì�¥0J¨�µ ° ¨&§H®g®=µFJ¶¹qK®a¾w§�¨&µ |x − 1| < 1
f�� ¥?©0©?¶g¥0µ�µ�²¹¬Y |x + 1| < 3

ªq®
§¹¬�±tJ¶Hªq® |x − 1| ¬�³�²¹µ&¬��V®HJ¥?¥ º ¥?µ&¬Yµ f
� ²=¥?µu©?Ê(½�¸q¥ °¼° ¬�� J¶=¸q¥?µu±J®(ªr¶g¥0q¨&§�¸q¬�µ |x − 1| < 1

Ã&¥0µ&µ�®=©0©·®�� J¶=¥ º ¶¹J¨&µ&©?®=¥?¸r¬�µ
° ®�ªr¶g±q®=µVJ¥0µ�À

|
√

x2 + 1 −
√

2| ≤ º ®=§�¥?¶ · |x − 1| ,
° ¥?¸r¸J² º ®=§�¥?¶g§�¸r¥�§H²(½�®=¥?µ�®¹§�¥0µz©?¨&§�¨ 3

f
� � Ùrã
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Û_ÕAáÜá,Õ�à�ßHå_Ù_Ù/Ú�á�á�ÝyÛ_ÝAåmâ4Ú�×�×�Þ"âKÕ8á�Ú�ÛmÛ_ÕAÕHã

Ï



� ½�Wµ�²¹¬ °�° ¬¹¾�¬YrK²�½a§�¸r¥�¸r¶g³&¥ º ® º ®=©?¥0µVK®3¶gµ δ = min{1, ε/3} f�� ¥0©?©0¶g¥?µ\µ�²=¬Y�¬Yµ ¯¸r¥?µ&µ&²
δ > 0

Ä/§¹¶g¸q§H®
1 > 0

ªq®
ε/3 > 0

Æ f�� ¥0¸J²=§�¸r¥.³�²¹J¬Y¬ S4L(>K>A<�NmN~@A7:G v

0 < |x − 1| < δ ⇒ x 6= 1 , |x − 1|
�

< 1 , |x − 1| < ε/3

⇒ |
√

x2 + 1 −
√

2|
���

≤ 3 · |x − 1| < 3 · ε/3 = ε .

Ç ¶gÃ&Ì�®¹¸q¸J® ∗∗ §¹²4½�J¬AK²g²¹µFÃV½ º ²=§�¸r¥#¬�¶ f ° ®�ªr¶g±J®¹µ�rJ¥DK®=±r§¹®¹¸rJ¬Y©?¨Hªq®}ªq®�¬�³�²4½�ÃVK²=©0ÊV² ∗ fÇ ¶g¸q§H® ° ¥0¬�©0¥ º ®=©0J®=¥?¸r¬�©0©0¬ ε > 0
¶=µ�©0Ê(½aÌ�¬Yq~½

δ > 0
Ä/µ&¥ ° ¥DqK²¹¥?µ δ = min{1, ε/3} Æ8¾ªr¶=©?©?¬Ò½g¶ f ªr¶g¸r¸q¥0rJ¬Y©?¨{³�²¹q¬�¬=¾�¶gµ ° ²g²=±q¥DJ¬Y© ° ²=µ 32 ° ¨&§H®g®=µ{J¨�©?©?¨aÑ¶g¸q¶g¥DJ¬AJ¨&§�¸q¥m¾�¬YrK²¶=µ\¶g©0¬ ° ®=¸q¸q® limx→1
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