
Malliavin calculus, exercises 2, 03.02.2011

1. Let W = (W1, . . . ,Wn) a random vector with independent standard gaus-
sian coordinates Xi ∼ N (0, 1), and A an n×m matrix.

Let X = WA. Show that X is gaussian. Compute the covariance and the
characteristic function

ϕX(t) = EP

(
exp
(√

(−1)t ·X
))

where t ∈ Rm and t · x =
∑m

i=1 tixi.

2. Let (X,Y ) jointly gaussian random variables, with E(X) = E(Y ) = 0.
Let Y ′(ω) = sign(X(ω)) Y (ω), where sign(x) = 1(x > 0)− 1(x < 0).

Show that Y ′ is gaussian but (X,Y ′) are not jointly gaussian.

3. Show that

z(µ, σ2) :=
∫ ∞
−∞

exp
(
− (x− µ)2

2σ2

)
dx =

√
2πσ2,

for µ, σ ∈ R. Hint: to compute z(0, 1)2 one can write it as an integral in
R2 and use polar coordinates.

4. Consider the one-dimensional gaussian random variable X with density

p(x) = p(x;µ, σ) :=
1√

2πσ2
exp
(
− (x− µ)2

2σ2

)
Find a value λ > 0 such that

EP (exp(λX2)) <∞

Show that for all λ, the moment generating function is �nite:

ϕ(θ) := EP (exp(θX)) <∞

and compute its value.

5. Let f a function in L2(R, γ), where γ(x) is standard gaussian density.
Assume that x 7→ f(x) is continuous has classical derivative f ′(x) at all
x ∈ R \C, where the exceptional set is �nite. De�ne g(x) = f ′(x) if x 6∈ C
and g(x) ≡ 0 when x ∈ C. Show that when g ∈ L2(R, γ) g is the derivative
in Sobolev sense of f ∈ L2(R, γ).

Hint: use integration by parts.

Assume now that x → f(x) is di�erentiable at all x 6= 0, with g = f ′ ∈
L2(R, γ) (where we de�ne arbitrarily g(0) = 0) but f is discontinuous at
0:

f(0−) = lim
x↑0

f(x) 6= f(0+) = lim
x↑0

f(x)
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Show that f 6∈W 1,2(γ) that is f does not have a Sobolev derivative.

Hint: show this for the indicator f(x) = 1(x ≥ 0), and see what goes
wrong when you integrate by parts. In this case the derivative exists only
as a generalized a Dirac mass which is not in L2.

6. Show that if A ∈ B(Rn), (a Borel set) then the indicator 1A is not in the
weighted Sobolev space W 1,2(Rn, γ⊗n).

Hint: f ∈W 1,2(Rn, γ⊗n) if and only if the random variable f(∆W1, . . . ,∆Wn)
is Malliavin di�erentiable, where ∆Wi are independent standard gaussian
random variables. You can assume �rst that A is a rectangle.

Use the identity 1A(x) =
(
1A(x)

)2
and assume that the Malliavin deri-

vative D1A which is the same as the Sobolev derivative exists, to �nd a
contradiction.
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