Introduction to Differential forms
Spring 2011
Exercise 12 (for Wednesday May. 4)

x1. Let (U, ) be a chart on a smooth manifold M; ¢: U — R",

© = (¢1,- -, ¢n). Show that (dp1)p, ..., (dpn)p, is a basis of Ty M for p € U.
Show also that {(der),: I = (i1,...,i),1 <i3 < ---ix <n} is a basis of
Altk(TpM), where do; = dp;, A --- Ady;,. Moreover, verify that

©*(dzy,) = doy, for every k.

*2. Let Sp: QF1(B" x R) — QF(B™) be the operator in the proof of
Poincaré homotopy operator, that is,

Sk frdt Ndar + 3, gadry)e =3, (fol fi(z,t) dﬁl(ﬂ) dxy.

1) Show that S'kwxvl,...,vk = lwwt 2 v1, ... v) dLC(t) for every
0 Y\ 5
w € QF(B" x R).

(ii) Let M be a smooth manifold and (U, ¢) be a chart on M. Show that

0" 0 S o ((p X idr) ™) (W)p(v1y - oy 0k) = [y Wy (2,1, .., ) ALY(2)
for w € Q¥(U x R), p e U and vy, ..., v, € T,M.

(iii) Show that, for every k > 0, there exists SM QLM x R) — QF(M)
so that ¢ — 1y = dSM + SMd, where 1;: M — M x R is the inclusion
p = (p,J)-

(iv) Let f and g be smoothly homotopic smooth maps M — N. Show
that, for every k > 0, there exists Sy: Q*1(N) — QF(M) so that
f*—g* =dSy + Sky1d.

3. Let M and N be smooth m- and n-manifolds, respectively. Suppose that
f: M — N is a continuous map.

(i) Show that there exists atlases {(U;, p;): ¢ > 0} of M and
{(Vi,9;): 5 € J} of N and sets K; C W; € W; C U; for i > 0 so that
for every i > 0 there exists j € J so that fU; C V}, and that Kj is
compact, W; open, ¢;U; = B™, and 9,;V; = B" for every ¢ > 0 and
j € J, and that cover {U;};>o is locally finite, and | J, K; = M.

(ii) Show that there exists a sequence of maps g,: M — N so that
il M \ Wi = gp_1|M \ Wi, g is homotopic to gx_; rel M \ W;,,! and
g is smooth in a neighborhood of Uf:o K;; we take g1 = f.

1F: X x [0,1] - Y is a homotopy rel A C X if F(x,t) =z for x € A.



(iii) Show that there exists a smooth map g: M — N homotopic to f.

4. An atlas = {(U;, p;): i € I} on a smooth manifold M is positive if
det D(yp; o gpj_l)(x) > 0 whenever = € ¢;(U; NU;). Show that the following
conditions are equivalent.

(i) A smooth n-manifold M has an n-form w € QF(M) so that w, # 0 for
every p € M.

(ii) A smooth manifold M has a positive atlas.

*9.
(i) Calculate H*(S™) for all n > 0 and k > 0; S = {41}.

(ii) Calculate H*(S? x S1) for all k > 0.

6. Let a: [0,1] — B% and 3: [0,1] — B? be injective paths so that
a(0) = —ey1, a(l) = e1, B(0) = —ey, and (1) = ep. Show that
a[0,1] N 8[0, 1] # 0.



