
Introduction to Differential forms
Spring 2011
Exercise 12 (for Wednesday May. 4)

?1. Let (U,ϕ) be a chart on a smooth manifold M ; ϕ : U → Rn,
ϕ = (ϕ1, . . . , ϕn). Show that (dϕ1)p, . . . , (dϕn)p is a basis of T ∗pM for p ∈ U .
Show also that {(dϕI)p : I = (i1, . . . , ik), 1 ≤ i1 < · · · ik ≤ n} is a basis of
Altk(TpM), where dϕI = dϕi1 ∧ · · · ∧ dϕik . Moreover, verify that
ϕ∗(dxk) = dϕk for every k.

?2. Let Ŝk : Ωk+1(Bn × R)→ Ωk(Bn) be the operator in the proof of
Poincaré homotopy operator, that is,

Ŝk(
∑

I fIdt ∧ dxI +
∑

J gJdxJ)x =
∑

I

(∫ 1

0
fI(x, t) dL1(t)

)
dxI .

(i) Show that Ŝk(ω)x(v1, . . . , vk) =
∫ 1

0
ω(x,t)(

∂
∂t
, v1, . . . , vk) dL1(t) for every

ω ∈ Ωk(Bn × R).

(ii) Let M be a smooth manifold and (U,ϕ) be a chart on M . Show that

ϕ∗ ◦ Ŝk ◦ ((ϕ× idR)−1)
∗

(ω)p(v1, . . . , vk) =
∫ 1

0
ω(x,t)(

∂
∂t
, v1, . . . , vk) dL1(t)

for ω ∈ Ωk(U × R), p ∈ U and v1, . . . , vk ∈ TpM .

(iii) Show that, for every k ≥ 0, there exists ŜM
k : Ωk+1(M × R)→ Ωk(M)

so that ι∗1 − ι∗0 = dŜM
k + ŜM

k d, where ιj : M →M × R is the inclusion
p 7→ (p, j).

(iv) Let f and g be smoothly homotopic smooth maps M → N . Show
that, for every k ≥ 0, there exists Sk : Ωk+1(N)→ Ωk(M) so that
f ∗ − g∗ = dSk + Sk+1d.

3. Let M and N be smooth m- and n-manifolds, respectively. Suppose that
f : M → N is a continuous map.

(i) Show that there exists atlases {(Ui, ϕi) : i ≥ 0} of M and
{(Vj, ψj) : j ∈ J} of N and sets Ki ⊂ Wi ⊂ W̄i ⊂ Ui for i ≥ 0 so that
for every i ≥ 0 there exists j ∈ J so that fUi ⊂ Vj, and that Ki is
compact, Wi open, ϕiUi = Bm, and ψjVj = Bn for every i ≥ 0 and
j ∈ J , and that cover {Ui}i≥0 is locally finite, and

⋃
iKi = M .

(ii) Show that there exists a sequence of maps gk : M → N so that
gk|M \Wk = gk−1|M \Wk, gk is homotopic to gk−1 rel M \Wk,1 and
gk is smooth in a neighborhood of

⋃k
i=0Ki; we take g−1 = f .

1F : X × [0, 1]→ Y is a homotopy rel A ⊂ X if F (x, t) = x for x ∈ A.
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(iii) Show that there exists a smooth map g : M → N homotopic to f .

4. An atlas = {(Ui, ϕi) : i ∈ I} on a smooth manifold M is positive if
detD(ϕi ◦ ϕ−1

j )(x) > 0 whenever x ∈ ϕj(Ui ∩ Uj). Show that the following
conditions are equivalent.

(i) A smooth n-manifold M has an n-form ω ∈ Ωk(M) so that ωp 6= 0 for
every p ∈M .

(ii) A smooth manifold M has a positive atlas.

?5.

(i) Calculate Hk(Sn) for all n ≥ 0 and k ≥ 0; S0 = {±1}.

(ii) Calculate Hk(S2 × S1) for all k ≥ 0.

6. Let α : [0, 1]→ B̄2 and β : [0, 1]→ B̄2 be injective paths so that
α(0) = −e1, α(1) = e1, β(0) = −e2, and β(1) = e2. Show that
α[0, 1] ∩ β[0, 1] 6= ∅.
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