Introduction to Differential forms
Spring 2011
Exercise 10 (for Wednesday Apr. 13)

*1. Fill in the following details to the proof of exactness of the sequence
0——= QKU U Ts) —2% QX)) @ QF(Us) 2> Q5 (U, N U) — 0 .

(i) Show that I, = (I;) and Jy = (Ji) are chain maps.

(ii) Show that, in the proof of surjectivity of J, that w; = pow € QF(UY)
and wy = —p1w € Q¥(Uy) when w € QF(U; N Uy).

2. Find three different ways to calculate H*(R?\ L) for k > 0, where
L ={(z,0,0): z € R}.

3. Let S ={(x,9,0,...,0) € R": 22 + y? = 1}. Calculate H*(R" \ S) for
every k > 0.

*4. Let S = S' x {0} C R and B? = {(z,y) € R?: 22 +y?> < 1}. Let
@: B%? x S — R3 be an embedding so that ¢(S') = S. Let
T = o(B? x S'). Calculate H*(T) and H*(T \ S) for k > 0.

*5. Given open sets U C V' C R" the inclusion ¢: U — V defines a natural

direct homomorphism for compactly supported forms (or push-forward)
L QF(U) — QF(V) by

(1) = Wy, €U
e = 0, z¢U.

Use push-forwards to show that there exists an exact sequence
0 —— QE(UL N Uy) — Q5(U) @ Q(Uy) = QU1 U Up) —0

where U; and U, are open maps in R” and Iy = (I;) and J, = (Ji) are
chain maps.

6. Let U C R” and V C R™ be open sets and A C U a closed set. Suppose
that f: U — V a continuous map that is C*°-smooth in a neighborhood W
of A, and e: U — (0,00) a continuous function. Show that that there exist
a C*-smooth map ¢g: U — V so that g|A = f|A and |f(z) — g(z)| < e(x)
for every x € U.



