Introduction to Differential forms
Spring 2011
Exercise 9 (for Wednesday Apr. 6)

# #
*1. Suppose that 0 A* ! B* 0 is an exact sequence

of chain complexes and chain maps. Show that, for every k € Z, the map
Oy H¥*(C*) — H*T'(A*), constructed in the lecture notes, is linear.

2.
(i) Show that the function ¢: R — R, p(t) = X(0,000¢ /!, is C®-smooth.

(ii) Show that,for every —oo < a < b < 0o there exists a C*-smooth
function ¢: R — [0, 1] so that ¢(¢) =0 for t < a and ¥ (t) = 1 for
t>b.

(iii) Show that for every x € R™ and £ > 0 there exists a C*°-smooth
function 0: R™ — [0, 00) so that B"(x,e) = 671(0, 00).

3. Let U C R” be an open set and V = {V; };c; an open cover of U. Show
that there exists a sequence By = B™(xy, 7)) of open balls so that (1)

U = Uiy Bk, (2) for every k exists i € I so that 2By, = B"(xy, 2r) C V;
and (3) {k: x € 2By} is finite for every z € U.

k)

*4. Let U C R™ be an open set and V = {V };c; an open cover of U. Show
that there exists C*°-functions ¢;: U — [0,1], ¢ € I, satisfying the following
conditions:

(1) spty; C V; for every i € I, (2) every « € U has a neihborhood W so that
{i € I: p)|W # 0} is finite, and (3) > ,.; i = L.

(Hint: Use Problems 2 and 3 to find balls By = B"(xy, ) and functions 6y
so that By = 6, '(0,00). Consider 6 = Y, 6y and vy, = 0;,/6.)

*5. Let f: X — Y and g: X — Y homotopic continuous maps between
topological spaces.

(i) Show that the map f.: Ci(X) — Ci(Y) defines a homomorphism
fer Hy(X) — Hy(Y), [o] = [f.0].

(ii) Show that for every 1-cycle o € C(X) there exists a 2-chain
7 € C5(Y) so that f.o — g.0 = 0T,

(iii) Conclude! that f, = g.: Hx(X) — Hp(Y) for k =0, 1.

6. Show that every vector space has a basis. (Hint: Given V', consider
pairs (W,e: I — W), where W C V is a subspace and (e(i));ecs is a basis of
W. Use Zorn’s lemma on partial order < defined by

Wye: I =W))< (W' e: J-WHitWcCW IcCJ, and €|l =e.)

'Naturally, this conclusion holds for every k.
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