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4 On quantum groups

A building block of quantum groups

This section discusses a Hopf algebra H;, which is an important building block of quantum groups
— a kind of “quantum” version of a Borel subalgebra of the Lie algebra sl,.

g-integers, g-factorials and g-binomial coefficients

For n € N and 0 < k < n, define the following rational (in fact polynomial) functions of ¢:

: 2 n—1 1- qn
the g-integer [#n] =1+g+q +---+4"" = T=q (4.1)
the g-factorial [=]0' =[01002] - [n— 11 =] (4.2)
o - n| (-]
the g-binomial coefficient |[ K ]l = 7[[1{11 [ =Kl (4.3)

and when g € C\ {0}, denote the values of these functions at g by

[nl,, el |[ ' ]L,

respectively.
Remark 1. When q = 1, one recovers the usual integers, factorials and binomial coefficients.

As simple special cases one has

[o] = o, [1] =1 and o = M1 = 1
and for alln € N

l[gﬂ=l[ZH=1 and ﬂ?]l=|[n’_ll]|=[[n]1.

When q is a root of unity, degeneracies arise. Let p be the smallest positive integer such that ¥ = 1.
Then we have
[mpl, = 0 VYmelN and [nl,! =0 Vnx>p.

The values of the g-binomial coefficients at roots of unity are described as follows: if the quotients and
remainders modulo p of n and k are n = p D(n) + R(n) and k = p D(k) + R(k) with D(n), D(k) € N and
R(n),R(k) €{0,1,2,...,p — 1}, then

nl| _ D(n)) o« | R
k|, — \Dk) Rk |,

In particular l[ Z ]I is non-zero only if the remainders modulo p of n and k satisfy R(k) < R(n).
q

The Hopf algebra H,

Let g € C\ {0} and let H, be the algebra with three generators a,4’, b and relations

7’ 7’

aa’ =a'a =1 , ab = qba.

Because of the first relation we can write @ = a~! in H,. The collection (b™ a")ueN, nez is a vector
space basis for H;. The product in this basis is easily seen to be

[u(bml anl ® meanz) — qnlmz bml +mzan1 +ny .
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Exercise 1. Show that there is a unique Hopf algebra structure on H, such that the coproducts of a and b
are given by
A@) = a®a and Alb) = a®b+b®1.

Show also that the following formulas hold in this Hopf algebra

A("a") = Zﬂ ’;j ]I Vg @ kg (4.4)
k=0 q

e("a") = omo (4.5)

7/(bman) — (_1)m q—m(m+1)/2—nm p g, (46)

We will assume from here on that g # 1. Then the Hopf algebra H, is clearly neither
commutative nor cocommutative. In fact, H, also serves as an example of a Hopf algebra where
the antipode is not involutive: we have for example

yy®) = —q ' yba) = q7'b # b

About the restricted dual of H,

Let us now consider the restricted dual H;. By Corollary 13 (Section 3), it is spanned by the repre-
sentative forms of finite dimensional H;-modules, so let us start concretely from low-dimensional
modules.

Exercise 2. Let A be an algebra and consider its restricted dual A°. Show that for a linear map f : A — C
the following are equivalent:

- The function f is a homomorphism of algebras.
(Remark: This has the interpretation that f is a one-dimensional representation of A.)

- The element f is grouplike in the coalgebra A°.

One-dimensional representations of H,

Suppose V = Cv is a one-dimensional H; module with basis vector v. We have
av = z0
for some complex number z, which must be non-zero since a € H, is invertible. Note that
a.(bv) = qb.(av) = gz by,

which means that b.v is an eigenvector of 4 with a different eigenvalue, gz # z. Eigenvectors
corresponding to different eigenvalues would be linearly independent, so in the one dimensional
module we must have b.v = 0. It is now straighforward to compute the action of b"a",

b"a"v = 042" v,

from which we can read the only representative form Ay,; € Hy in this case. We define g, € H; as
the representative form
(8z/V"a") = bmp 2".

By the exercise above, the one-dimensional representations correspond to grouplike elements of
Hy, and indeed it is easy to verify by direct computation or as a special case of Equation (3.4) that

1(g:) = 8:®g:
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To compute the products of two elements of this type, we use Equation (4.4):

m

(A*(g: ® gu), b"a") = (g2 ® gu, A(b"a")) = Z|[ 7: ]I (g2, a1y (g, b 0™y
k=0 q

m
m -
= Z|[ k ]l 6k,0 6m—k,0 Z" e w" = 6m,0 (Zw)” = <gzw/ bma”>/
k=0 q
that is, the product in Hy of these elements reads

A*(gz®gW) = Szw-

We see that the linear span of (g:):ec\jo} in Hy is isomorphic to the group algebra of the
multiplicative group of non-zero complex numbers C[C*].

We also remark that there is the trivial one-dimensional representation, explicitly determined
by Equation (4.5),
b"a" v = e(b™a")v = Omov = (g1,0"a") v,

and the corresponding grouplike element of the restricted dual is the unit of the restricted dual
Hopf algebra, g1 = €'(1) = 14;.

Two-dimensional representations of H,

Let V be a two-dimensional H;-module, and choose a basis v1, v; in which a is in Jordan canonical
form. Letzi,zo € C\ {0} be the (different or equal) eigenvalues of a. Recall that if v is an eigenvector
of a of eigenvalue z, then either b.v = 0 or b.v is a nonzero eigenvector of 2 with eigenvalue gz. Let
us now suppose that g # —1 (and as before we continue to assume g # 0 and g # 1) so that in the
latter case b has to annihilate at least one eigenvectors of a and let us without loss of generality
suppose that

av, = 2101 and bov, = 0.

There are a few possible cases. Either a is diagonalizable or there is a size two Jordan block of a (in
the latter case the eigenvalues of 2 must coincide), and either b.v, = 0 or b.v; is a nonzero multiple
of v1 (in which case we must have z; = gz, # z, by the above argument).

Consider first the case when a is diagonalizable and b.v; = 0. Then a.v, = z; v; and we easily
compute
b"a".v1 = Omp 2] V1 and b"a" vy = Oup 2, V2.

We read that the representative forms are of the same type as before,

M1 =8z, Ay1 =0, Ao =0, Arp = &)
Consider then the case when a is not diagonalizable. We may suppose a.v1 = z;v; and

a.v, = z1 U2 + v1. We observe like before that

(a—z)v =0 = (a —qzl)2b.02 = b(ga - qzl)z.vz =0

which means that b.v, would have a generalized eigenvalue gz;, which is impossible, so b.v; = 0,
too. It is now easy to compute the action of the whole algebra on the module,

b"a" v1 = Oup 2} V1 and b"a" vy = Omp (z{‘ U+ 1 zg”l 01).
Here we find one new representative form, we define g/ € H;;, forz € C\ {0}, by

(go, b"a"y = Opon 271
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Then the representative forms are

M1 = gz, A1 =0, Mp =g, Ao = gz,

The coproduct in Hy of the newly found element can be read from Equation (3.4) with the result

H(g) = 8:®8: +8:®g:
This could of course also be verified by the following direct calculation
<”*(g;), pgh @ bmzam) — <g;, pmgh bmzanz> — qnlmz <g;’ bm1+mzan1+nz>
= g Sy, 0 (1 + 1) 2127
= 4% 8y0 Oy 0 (n1 27 2 4 2"y z”z’l)
=(g\®g: +8.®g.,b"a" @b™a™).
Consider finally the case when a is diagonalizable and b.v; is a nonzero multiple of v;. As
was shown earlier, this requires z; = gz, and we may assume a normalization of the basis vectors

such that
a.v; = qzp vy, a0y = Zp Uy, bv, =0, b, = vy

We then have
b"a".v1 = Omo (g22)" v1 and b"a" vy = Oup 25 V2 + Oy 25 U1,

so we find one new representative form again. Defining hY e H, forz € C\ {0}, by

<h;1), bman> — 6m,1 Z”,
the representative forms in this case read

M1 = oz Ay1 =0, Ap = hi?, Ao = gz,
From Equation (3.4) we get the coproduct

wd)) = gpohl’ +hlVeg..

Since Hj is also a Hopf algebra, we would want to know also products of the newly found
elements. We will only make explicit the subalgebra generated by hY, leaving it as an exercise to
compute the products for elements g7. It will turn out useful to define for any k € N and z € C\ {0}
the elements /%) of the dual by

(HD,b"a") = S, 2",
of which we have considered the special cases hg) and hgo)
follows, using Equation (4.4),

= g,. The products are calculated as

(N (1 @ HD), b"a"y = (hY @ ), A"a")) = Zﬂ i ]I (h®, ba" ) (W), by
j=0 q

— Zl[ m ]] 5]',]( SM—j+n 6m—j,l W' = l[ kl-:l ]] Zl+;1 w"
J q q

j=0
il I l]l (WD, v"a",
q
with the result
W90 = z’|[ o ]I n. 47)
q

We are ready to prove the following.
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Lemma 1. Let g € C\ {0} be such that qN # 1 for all N € Z \ {0}. Then the algebra H, can be embedded
to its restricted dual by the linear map such that b"a" + b"@", where

a=g and b = h(ll).

This embedding is an injective homomorphism of Hopf algebras.

Proof. First, i is grouplike and thus invertible. Second, one sees from Equation (4.7) that

ab = th,l) = qba,

which shows that the needed relations are satisfied, and the given embedding is an algebra
homomorphism. Denote by 1 = €*(1) = g; the unit of the restricted dual Hopf algebra. From the
earlier formulas we also read that

i) = aeb+b®1,

and by the earlier exercise the values of the coproduct u*, the counit " and the antipode y* on
the elements 04" are uniquely determined by these conditions. Finally, the images of the basis
elements can be computed using Equation (4.7), and we get

pman 1 7,(m)
b"a [m1,! hqn ,

which are non-zero and linearly independent elements of the dual when g is not a root of unity,
so the embedding is indeed injective. ]

Braided bialgebras and braided Hopf algebras
In this section we discuss the braiding structure thatis characteristic of quantum groups in addition
to just Hopf algebra structure.

Recall that if A is a bialgebra, then we’re able to equip tensor products of A-modules with an
A-module structure, and the one dimensional vector space C with a trivial module structure. The
coalgebra axioms guarantee in addition that the canonical vector space isomorphisms

(V1 ® Vz) ® V3

Il

Vi® (Vz ® V3)

and
VeC =z V =2CeV

become isomorphisms of A-modules. If A is cocommutative, A’ = A, and if V and W are
A-modules, then also the tensor flip

Syw: VW - WeV

becomes an isomorphism of A-modules. The property “braided” is a generalization of “cocom-
mutative”: we will not require equality of the coproduct and opposite coproduct, but only ask
the two to be related by conjugation, and we will be able to keep weakened forms of some of
the good properties of cocommutative bialgebras — in particular we obtain natural A-module
isomorphisms

Cyw : VW ->WeV

that “braid” the tensor components.
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The braid groups

Let us start by what braiding usually means.
Definition 1. For n a positive integer, the braid group on n strands is the group B, with generators
01,072...,0,1 and relations
0j0j+10j =0j+10j 0j+1 fOVlSj<TZ (4.8)
0j 0k =0k 0j f01’|j—k|>1. (4.9)

To see why this is called braiding, we visualize the elements as operations on n vertical
strands, which we draw next to each other from bottom to top

1 2 cee n

The operations are continuation of the strands from the top, the generators and their inverses
being visualized as follows

oj = X and a]fl = X

J J

Having visualized the generators in this way, the equations 0;1

the following kinds of pictures

oj=e=0, 0;1 tell us to identify

G 19

The braid group relations tell us to identify pictures for example as shown below

/ “8 f

49
and @9

N

J

Remark 2. [n the symmetric group S,, the transpositions of consequtive elements satisfy the relations (4.8)
and (4.9). Such transpositions generate Sy, so there exists a surjective group homomorphism B, — S, such
that oj + (j j +1). In other words, the symmetric group is isomorphic to a quotient of the braid group.
In this quotient one only keeps track of the endpoints of the strands (permutation), forgetting about their
possible entanglement (braid).

The Yang-Baxter equation

A collection of complex numbers (r’f]l )i ik el1,2,..4y is said to satisfy the Yang-Baxter equation if

d d
Im bn ac _ mmn la cb ..
E Ty Tei r’ll P = E Tab Tic Tk foralli, jk,1,mmne{1,2,...,d}. (YBE)
a,b,c=1 a,b,c=1

Observe that there are d® equations imposed on d* complex numbers.
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Let V be a vector space with basis (v;)., and define

d
R:VeV-VeV by Rwev) = er,';vk@w,.
k1=1
Then the Yang-Baxter equation is equivalent with
Riz 0 Rys 0 Riz = Roz 0 Rip 0 Ry, (4.10)

where Rip,Ry3 : VOV ®V - V@V ®V are defined as Ry = R®idy and Ry; = idy ® R. This
equation has obvious resemblance with Equation (4.8).

Example 1. If we set R(v; ®vj) =v;®vjforalli,j€(1,2,...,d}, that is rf]’ = 0;x0;1 and R =idygy, then
R satisfies the Yang-Baxter equation since both sides of Equation (4.10) become idygyey.

Example 2. If we set R ® vj))=v;®u;foralli,je€{l,2,...,d}, that is rf]l = 0,0 and R = Svy, then
R satisfies the Yang-Baxter equation, as is verified by the following calculation on simple tensors

S\/y@idv idv@Svlv Suv@idv
0; ®V; ® Uk — Vi ®0; ® U = Vi ®@ U ®U; = Uk ®V; ®U;

idy®S Syy®id idy®S
0 ®V; ® Uk IVHVIV i ® Uk ® U v,\(_;v Uk ®0; ®U;j IVHV'V Uk ®0V; ®0;.
Exercise 3. Let g € C \ {0} and set
q0i®v; ifi=]j
R(ZJ[@Z)]‘) =1 0;®0; Zfl <j
ViU +(g-q Hvi®v; ifi>]

Verify that R satisfies the Yang-Baxter equation. Show also that (R — ) o (R +471) = 0.

The notations R = R ® idy and Ro3 = idy ® R are a special case of acting on chosen tensor
components. More generally,if T: V® V — V ® V is a linear map, then on

Ve = VeVe---V
—— —

n times

wedefine Tjj, 1 <i,j <n,i# j,as the linear map that acts as T on the ith and jth tensor components
and as identity on the rest. Explicitly, if

d
Lr
T ®vp) = Z tk,k’ Uy,
LI=1

then (assuming i < j for definiteness)

d
L
Tii(or, ® - ®0vp,) = Z e Ok @ @V, O U@ Ty, B+ BV, BV BV, B BV,
=]

As an exercise, the reader can check that if we set R = Syy o R, then Equation (4.10) is
equivalent with the equation
R12 o R13 o R23 = R23 o R13 o R12. (411)
Note that here we could have taken the following as definitions

Ry =R®idy
Ry =idy ® R
Riz = (idv ® Syy) o (R®idy) o (idy ® Syv).
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Proposition 2. IfR: V®V — V ® V is bijective and satisfies the Yang-Baxter equation (4.10), then on
V®" there is a representation of the braid group By, p : B, — Aut(V®"), such that p(o)) = Rj j+1 for all
ji=12,...,n-1

Proof. First, if R is bijective, then clearly R; j,1 € Aut(V®") for all j. To show existence of a group
homomorphism p with the given values on the generators ¢, we need to verify the relations (4.8)
and (4.9) for the images Rj j+1. The first relation follows from the Yang-Baxter equation (4.10),

and the second is obvious since when |j — k| > 1, the matrix Rj j+1 acts as identity on the tensor
components k and k + 1, and vice versa. ]

Universal R-matrix and braided bialgebras

The universal R-matrix is an element of algebra, which in representations becomes a solution to
the Yang-Baxter equation. Let A be an algebra (in what follows always in fact a bialgebra or a
Hopf algebra), and equip A ® A and A ® A ® A as usually with the algebra structures given by
componentwise products, for example (1®a’) (b®1') = ab®a’b’ for alla,a’,b,b’ € A. Suppose that
we have an element R € A ® A, which we write as a sum of elementary tensors

r

R = ZS[@L‘,

i=1

with somes;, t;i€ A,i=1,2,...,r. Then we use the notations

Ry, = ZSi@ti@lA Rz = ZSi@lA@ti Ry = ZlA®Si®ti-
i

1 1

Definition 2. Let A be a bialgebra (or a Hopfalgebra). An element R € A® A is called a universal R-matrix

for A if

(RO) R is invertible in the algebra A ® A

(R1) forall x € A we have A°P(x) = R A(x) R™!
(R2) (A® idA)(R) = Ri3 Ro3
(R3) (idA ® A)(R) = Ry3 Rqp.

A pair (A, R) as above is called a braided bialgebra (or braided Hopf algebra, if A is a Hopf algebra).

Instead of the terms “braided bialgebra” or “braided Hopf algebra”, Drinfeld originally used
the terms “quasitriangular bialgebra” and “quasitriangular Hopf algebra”, which are therefore
occasionally used in literature.

Example 3. If A is a commutative bialgebra, A = A°P, then R = 14 ® 14 is a universal R-matrix. Thus
braided bialgebras generalize cocommutative bialgebras.

Exercise 4. Let A = C[Z/NZ] be the group algebra of the cyclic group of order N, generated by one
element O such that ON = 14. Denote also @ = exp(27i/N). Then the element
=

N
k=0

R = o Ok ® 6

is a universal R-matrix for A. (Hint: To find the inverse element, Proposition 7 may help.)

Lemma 3. If R is a universal R-matrix for a bialgebra A, then Ry} = Saa(R™) is also a universal
R-matrix for A.



Lecture sketch: “Hopf algebras and representations” Kalle Kytola

Proof. Exercise. ]

The promised isomorphism of tensor product representations in two different orders goes as
follows. Let A be a braided bialgebra (or braided Hopf algebra) with universal R-matrix R € A®A,
and suppose that V and W are two A-modules, with py : A — End(V) and pw : A — End(W) the
respective representations. Recall that the vector spaces V ® W and W ® V are equipped with the
representations of A given by pyew = (pv ® pw) © A and pwev = (pw ® pv) o A.

Proposition 4. The linear map cyw : V@ W — W ® V defined by

cvw = Syw o ((pv @ pw)(R))
is an isomorphism of A-modules.
Proof. The map (pv ® pw)(R) : V® W — V ® W is bijective, with inverse (pv ® pw)(R™?). Since

Syw: V®W — W® V is obviously also bijective, the map cy,w is indeed a bijective linear map.
We must only show that it respects the A-module structures. Let x € A and compute

cuw 0 praw(®) = Suw o ((ov ® pw)(R)) @ ((pv ® pw)(A)))
= Syw o ((ov ® pw)(RAW)))
= suw o ((pv ® pw)AF(R))
= Syw o ((pv ® pw)(AP () © ((pv & pw)(R))
= ((pw ® pV)(AW)) © Syw © ((pv ® pw)(R))
= pwev(x) © cyw.

This shows that the action by x in the different modules is preserved by cy . ]

A few more properties of braided bialgebras are listed in the following.

Proposition 5. Let (A, R) be a braided bialgebra. Then we have

e (e®idy)(R) =14 and (ida®€)(R) =14
® Rip RizRo3 = Roz Riz Ryp.

Proof. To prove the second property, write

Rz Rz R23 = RlZ A® ldA)(R) (AOP ® ldA)(R) Rz
=((Saa®ida)o(A® idA)(R)) Rp & ((SA,A ®id)(Ri3Rz3)) Rz
= Ry3 Ri3 Rq2.

To prove the first formula of the first property, we use two different ways to rewrite the
expression

(e®idg ®idy) o (A ®ida)(R). (4.12)
On the one hand, we could simply use (¢ ® id) o A = id to write (4.12) as R. On the other hand, if
we denote r = (€ ®idg)(R) € A and use property (R2) of R-matrices, we get
(4 12) (€ ®ids ® ldA)(ng,Rzg,) = (1A ® 1’) R.

The equality of the two simplified expressions, R = (14 ® r)R, implies 14 ® r = 14 ® 14 since R is
invertible, and therefore we get r = 14 as claimed.

The case of (id4®¢)(R) is handled similarly by considering the expression (id®id®e) o (id®A)(R)
instead of (4.12). O
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Suppose that py : A — End(V) is a representation of a braided bialgebra A. The vector space
V®" is equipped with the representation of A

p=(vepr®---®py)oA”,
where A®™ denotes the n — 1-fold coproduct, defined (for example) as
A" = (A®ida®---®ida) o -0 (A®ida) o A,

although by coassociativity we are allowed to write it in other ways if we wish. Combining the
second property of Proposition 5, the observation that Equations (4.11) and (4.10) are equivalent,
and Proposition 4, we have proved the following.

Theorem 6. Let A be a braided bialgebra (or a braided Hopf algebra) with universal R-matrix R € A®A, and
let py : A — End(V) be a representation of A in a vector space V. Then the linear map R : V@V — V@V
given by

~

R = cuy = Syvo((pv® pr)(R))

is a solution to the Yang-Baxter equation. Moreover, on the n-fold tensor product space V", the braid
group action defined by R as in Proposition 2 commutes with the action of A.

Braided Hopf algebras

Let A = (A, u,A,n,€,7) be a Hopf algebra, and suppose that there exists a universal R-matrix
R e A® A, ie. that A can be made a braided Hopf algebra. We will now investigate some
implications that this has on the structure of the Hopf algebra and on the universal R-matrix..

Proposition 7. For a braided Hopf algebra A we have
(y®ida)R) = R and  (y®))R) = R.

Proof. Exercise. (Hint: For the first statement, remember Proposition 5. For the second, Lemma 3
may come in handy:.) m]

We can now prove a statement analogous to the property that in cocommutative Hopf algebras
the square of the antipode is the identity. Here we obtain that the square of the antipode of a
braided Hopf algebra is an inner automorphism.

Theorem 8. Let A be a braided Hopf algebra with a universal R-matrix R = ) ;s; ® t;. Then, for all x € A

we have

y(y() = uxu,

whereu € A is

u = po(y®ida)oSaaR) = Zy(t,-)s,-.

We also have
Y ) = uy)u.

Proof. We will first prove an auxiliary formula, Y ,) y(x@2)) u xq) = €(x) u for all x € A. To get this,

10
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calculate

Z y(x@)uxq = Z Z y(x@)y(t)sixq = Z Z Y(tix@)sixq)

() () i (0 i

= Y'Y wo(y®ida)(xeti @ sixg)
() i

= o (y ®ida) 0S4 4(RAW))
o (y@ida) o Saa(APR)

= ZZV(X(M:‘)XQ)S;’ = ZZV(ti)V(X(l))X(z)Si
® ® 1

(H3)

="¢e(x) Zy(ti) lasi = e(x) u.

We will then show that y(y(x))u = ux. To do this, use the auxiliary formula for the first component
“x@1)” of the coproduct of x € A in the third equality below

Yo u oY ey re)u = Yy et u
() ()

auxiliar
=" Z Y(r(x@)) y(x@) uxq)

()
double coproduct

= Z y(x@y(x@) uxa)

()
double coproduct

(H3)
= Z e(x) y(la) uxa)
()

) yAa)ux = ux.

Now to prove the formula y(y(x)) = uxu™" it suffices to show that u is invertible. We claim that

the inverse is
i = 1o(ida®)?) 0 Saa(R) = Yt (s).
i

Let us calculate, using the property y?(x)u = ux,
u = Z ti)/z(si) u = Z tius;, = Z tiy(tj)sjsi
i i i,j
" Z Y y(E)siy(s) = Z (tjti)sjy(si)
i ij
= u o (ida @ )( ) si7(s) ® )

ij

Prop 7
= %o (ida®y)(RR) = y(la)la = 1a.

Likewise,
uii = Z ut; )/Z(Sj) = Z yz(ti) u 7/2(51‘)/

which by Proposition 7 equals }; t; us;, and this expression was already computed above to be 14.

It is an exercise to derive the last statement from the first. ]

11
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The Drinfeld double construction

There is a systematic way of creating braided Hopf algebras, the Drinfeld double construction.

Let us assume that A = (A, u, A, 1,€,y) is a Hopf algebra such that y has an inverse y‘l, and
B c A° is a sub-Hopf algebra. We denote the unit of A simply by 1 = 1(1), and the unit of A° (and
thus also of B) by 1*. Thus for any a € A we have (1*,a) = e(a). For any ¢ € B we use the following
notation for the coproduct

wip) = Z(Pa) ® P
@)

Theorem 9. Let A and B C A° be as above. Then the space A ® B admits a unique Hopf algebra structure
such that:

(i) The map 14 : A — A® B given by a — a ® 1* is a homomorphism of Hopf algebras.
(ii) The map 1 : B°°P — A ® B given by ¢ +— 1 ® @ is a homomorphism of Hopf algebras.

(iii) Foralla € A, ¢ € B we have
@1 (1®p) = a® .

(iv) Foralla € A, ¢ € B we have

(leop)@el) = Z((Pa), a@)) (P@), Y Haw)) ae) ® Qo).
(@) (p)

This Hopf algebra is denoted by D(A, B) and it is called the Drinfeld double associated to A and B.

Example 4. When A is finite dimensional, A° = A" is a Hopf algebra. It can also be shown that the
antipode is always invertible in the finite dimensional case. The Drinfeld double associated to A and A* is
then denoted simply by D(A).

Example 5. When q is not a root of unity, we showed in Lemma 1 that the Hopf algebra H, can be embedded

to its restricted dual by a map such that a v &, b + b. We will later consider in detail the Drinfeld double
associated to the Hopf algebra Hy and the sub-Hopf algebra of Hy which is isomorphic to H,.

Proof of uniqueness in Theorem 9. When one claims that something exists and is uniquely deter-
mined by some given properties, it is often convenient to start with a proof of uniqueness, in the
course of which one obtains explicit formulas that help proving existence. This is what we will do
now. Denote the structural maps of D(A, B) by uop, Ap, 1o, €p and yp, in order to avoid confusion
with the structural maps of A (and of A°).

In order to prove that the product ugp is uniquely determined by the conditions, it suffices
to compute its values on simple tensors. So let a,b € A, ¢, € B and use the propertiy (iii) to
write(@® @) = (@®1)(1® @) and (b ® ) = (b®1")(1 ® ¢). Then calculate, assuming that pp is an
associative product,

@ep)(hey) =@e1)(1e9)(bel) (1Y)
Y o) ( Z Py b)) (Pe) ¥ (b)) by ® p)) (1 © )
().(b)
C e 1) (Y nbe) (pe,r " bn) o ©1) 1 pw)) 18 §)
().(b)
i) and (ii _ *
02l @ Z (P, be) (@), 7~ (b)) (abe ® 1) (1@ Py ).
().(b)
By (iii) this simplifies to
@2)(boP) = Y (pa)be) (Pe), 7 (bw)) abe ® peyy, (4.13)
().(b)

12
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and we see that the product pp is indeed uniquely determined.

The unit in an associative algebra is always uniquely determined, and it is easy to show that
it has to be given by

no(l) = 11" (4.14)

The coproduct has to be a homomorphism of algebras. Thus using (iii): (21®¢) = (a®1*)(1®¢) =

ta(@) ts(), and (i): Ap(ta(@)) = L) talaq)) ® tala) and (ii): Ap(ts(@)) = Ly ts(@@) ® (@) we
get

Ap(a® (p) = Z (0(1) ® (P(z)) ® (ﬂ(z) ® (p(1)). (4.15)
(a),(p)

The counit, too, has to be a homomorphism of algebras, so as above we easily get
ep(a® @) = el {p,1). (4.16)

Finally, the antipode has to be a homomorphism of algebras from D(A, B) to D(A, B)°P, so again
by (iii) we must have yp(a ® @) = y(15(9))y(ta(a)). From (i) we get the obvious y(ta(a)) = y(a) ® 1*.
Recall that the antipode of the co-opposite Hopf algebra is the inverse of the ordinary, and
that the antipode of the restricted dual is obtained by taking the transpose. Then (ii) gives
yo(i(@)) = 1® () L(¢). Now using (iv) and the homomorphism properties of antipodes, and
properties of transpose, we get

yo@®e) = Y {pa,y @@ (pena0) Y@e) & () (pe). (417)
(@),(p)

O

Before we turn to verifying the existence part of the proof, let us already show how the Drinfeld
double construction yields braided Hopf algebras. Assume here that A is a finite dimensional
Hopf algebra with basis (¢;)7,, and let (&")Z, denote the dual basis for A*, so that

i ) _ 1 1fl=]
0e) = { 0 ifizj

We have already met the evaluation map A*® A — C given by ¢ ® a = (¢,a). Let us now
introduce the coevaluation map coev : C — A ® A*, which under the identification A ® A* =
Hom(A, A) corresponds to A = Aid4. We can write explicitly

d
coev(l) = A Zei@)éi.
i=1

Below we will frequently use the formula

Zd"«s", byej = b,
i=1

valid for any b € A. The combination of counitality with the defining property of the antipode is
repeatedly used abusing the notation for multiple coproducts, for example as

Z (@) @by @ @ bijr) @ bijazy ® - @ by = Z (14) @by ® - @ bua),
® ®

and analoguously in other similar cases, also with y~! in the opposite or co-opposite cases.

13
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Theorem 10. Let A be a finite dimensional Hopf algebra with invertible antipode, and let (e;)", and (&)L,
be dual bases of A and A*. Then the Drinfeld double D(A) is a braided Hopf algebra with a universal

R-matrix
d

R = (14 ® ta-)(coev(l)) = Z(ml*)@(l@é’).
i=1

Proof. Let us start by showing (R0), i.e. that R is invertible. The inverse is given by
R =Y (leye1)edes),
i
as Proposition 7 requires. We compute

RR =(}(@e1r)ee) (Y 0e)el)e1es)
i ]

= ) (e @ 1)@ (1850
7

We would like to show that this elements of D(A) ® D(A) =AQRA*®A®A*is the unit 1pQ 1p =
1®1"®1®1". Consider evaluating the expressions in A ® A* ® A ® A" in the second and fourth
components at b € A and ¢ € A. By the above calculation we see that R R evaluates to

Y (e @1 (1,b) 5, c) =e(b) Y| Y enle) @1,y (0,
ij ij (©
=et) ) caylca)®1 = eb)e(@) 1®1.
©

But the unit 1® 1" ® 1 ® 1* would obviously have evaluated to the same value, so we conclude that
Risarightinverse: RR =1®1*®1®1*. To show that R is a left inverse is similar.

To prove property (R1), note that the set of elements that verifies the property
S = {xeDA) : AF®R = RAp()}

is a subalgebra of D: indeed the unit 1p = 1 ® 1" has coproduct Ap(lp) = 1p ® 1p = A%(1p) so it
is clear that 1p € S, and if x, y € S, then

Apy)R = AFOASHR = AFx)RA(Y) = RAp(x) Ap(y) = RAp(xy).

By the defining formulas for the products in a Drinfeld double, elements of the form 4 ® 1* and
1® @ generate D(A) as an algebra, so it suffices to show that the property (R1) holds for elements
of these two forms.

Consider an element of the form 4 ® 1*. We only need the easy product formulas in the
Drinfeld double to compute

AF@ R = )Y (e ® 1) (e ®17)® (@ 1) (180))
i (a)

= Z Z ((Cl(z)@i ® 1*)) ® ((a(l) ® 6i))/

i @

but for the other term we need the more general products

RAp@®1) = Y Y (ee1)@ne1))e(1ed) @y 1))
)

- Z Z (e ©17)o( Z ()@ 77 @e)) (), aw) a6 ® ()e)
T @

(6"

14
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To show the equality of these two expressionsin D® D = A® A*® A ® A", evaluate in the second
and fourth components on two elements b, c of A. The first expression evaluates to

Z Z e(b) <6i, C> apei ®awy = Z e(b) ap)c ® agn)
R

(a)

and the second to

Z Z Z e(b) <(5i)(2), C> <(5i)(3), 7/71(11(2))> <(5i)(1), 11(4)) eia() ® ag)

i (@) (6)
= e(b) Z Z <(Si, g C )/71 (ﬂ(z))) eiac) ® a)

T @
_ (H3) for A°P
=e(b) Z agcy 1(&(2)) aw)  ae) = e(b) Z ap) ¢ ®agu),
(a) (a)

which is the same as the first. We conclude that for all 2 € A the equality A°?(a® 1")R = RA(a ® 1%)
holds.

Showing that elements of the form 1 ® ¢ satisfy the property is similar. We have then shown
that the set of elements S for which A°P(x)R = RA(x) holds is a subalgebra containing a generating
set of elements, so S = D(A). Since we have also shown that R is invertible, we now conclude

property (R1).

Properties (R2) and (R3) of the R-matrix are similar and they can be verified in the same way.
We leave this as an exercise. O

We should still verify that in the Drinfeld double construction the structural maps up, Ap,
Np, €p and yp, given by formulas (4.13 - 4.17), satisfy the axioms (H1 - H6). This is mostly routine
and we will leave checking some of the axioms to the dedicated reader. In view of formulas (4.13
—4.17) it is also clear that the embedding maps 14 : A — D(A, B) and p : BP — D(A, B) are
homomorphisms of Hopf algebras.

For checking the associativity property we still introduce a lemma. Note that the product
(4.13) can be written as

Up = (U®A)o(idag®T®idp) : ASB®A®B - A®B, (4.18)
where 7: B® A — A® Bis given by
wp®a) = Y (P ae) (pe, Y @) a0 © )
@)

Lemma 11. We have the following equalities of linear maps

To(idpg®u) =(u®idp)o(ida® 7)o (tT®ids) : BRA®A - A®B
To(A"®idy) =({da®A")o(t®idp) o (idg®7T) : BRB®A > A®B

Proof. Consider the first claimed equation. We take ¢ € B and a,b € A, and show that the values
of both maps on the simple tensor ¢ ® a ® b are equal. Calculating the left hand side, we use the
homomorphism property of coproduct

(¢ ® ab) Z (pay, @b)a)) (P, Y ((@b)ay) (b)) ® pe)

(), (ab)

Z (P, aebe) (Pe), Y @nbw)) sabe) ® Po-
(@)@, b)

15
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We then calculate the right hand side using in the second and third steps coassociativity and
definition of the coproduct u*[p in B C A°, respectively,

(u®idp) o (ida® 1) 0o (T®ida) (@ ®a®b)

= (u®idp) o (ida ® T)( Z (Paya@) (@@, Y @aw)) ap ® pe) ® b)
(),(@)

=ue® idg)( Z (Pay ) (e, v @w)) (P, be) (P, Y (bay)) ap) ® be) ® (P(3))
(¢),(a),(b)

= Z (P, a6)be) (Pe, b)Y ™ (@) aebe © P
@) @,0)

By the anti-homomorphism property of !, the expressions are equal, so we have proved the first
equality. The proof of the second equality is similar. |

Sketch of a proof of the Hopf algebra axioms in Theorem 9. Let us check associativity (H1) of D(A, B).
Using first Equation (4.18), then the second formula in Lemma 11, and finally changing the order
of maps that operate in different components, we calculate

lp o (p ®idp) = (L®A") o (ids ® T®ids) o (4 ® A" ®ida ®ids) o (ids ® T ® idp ® ids ® ids)
= (y ® A*) o (idA ®ida®A" ® idB) o (idA ®TRidp® idB) o (idA idp®T® idB)
o (y ®idp ®idp ®ida ®id3) o (idA ®TRidg®ids ® idB)
= (@A) o (u®ida) ® (A ®idp)) o (ids ®ids ® T ® idp ® idp) o (ids ® T ® T ® ids).

Likewise, with the first of the formulas in the lemma, we calculate
Up o (idz) ® [Jz)) = (y ®A)o (idA ®T ®id3) o (idA ®idB[J QU A") o (idA ®idp®ida® 1T ®id3)
=(u®A")o(idr®u®idp®idp) o (ida ®ida ® T®idp) o (ids ® T ®ids ® idp ® idp)

o(ida®idp®idy ®ida @ A*) o (idy ® idp ® idg ® T ® idp)
=(u® Ao ((ida ® we (idp ® A")) o (idy ®ida ® T ®idp ®idp) o (ids ® T ® T ® idp).

Using associativity (H1) for both algebras (4, 1, 17) and (B, A*, €*) we see that these two expressions
match and associativity follows for the Drinfeld double D(A, B).

Some of the other axioms are very easy to check. Consider for example coassociativity (H1")
of D(A, B). In view of Equation (4.15), and coassociativity of both A and B, we have

(Ap®idp) o Apa® @) = Z Z Z Z (am)@) ® (@) ® ([a1)2) @ (Pe)w) ®ae) ® Pa)
@ (@) (@) (Pe)

=Y. 2 ) ) s ®ee ® @) ® (o) ® @) ® (Pm)y

@ (@) (@) ()
=(dp ®Ap) o Ap(a® (P)

A Drinfeld double of H, and the quantum group U,(sl,)
A Drinfeld double of H, for g not a root of unity

Let g € C\ {0}, and assume throughout that qN # 1 for all N # 0. Recall that as an algebra, H, is
generated by elements a, a~!, b subject to the relations

aa ' =1, aa=1 , ab=gqba.
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The Hopf algebra structure on H, is then uniquely determined by the coproducts of 2 and b,

Aa)=a®a , Ab)=a®b+b®1.

We have considered the elements 1%,4,47!,b € H;’ given by
(1, b"a") = Omo @, v"a"y = oumpo g, (b, b"a"y = 1.

Let H; c H; be the Hopf subalgebra of H; generated by these elements. By Lemma 1, Hy is
isomorphic to H, as a Hopf algebra by the isomorphism which sends a — dand b — b. In
particular, (E’” A")meN nez 1s a basis of H;

For the Drinfeld double we need the inverse of the antipode. This is given in the following.

Exercise 5. In H,, the antipode y is invertible and its inverse is given by
yfl(bman) — (_1)m q—%m(mfl)fmn prgmn

Therefore we can consider the associated Drinfeld double, D; = D(H,, H). Both H; and Hj
are embedded in Dy, so let us choose the following notation for the embedded generators

a=@=a01l" B =ub =bel" a=y@=10i = ub=1sb
We have, by properties (i), (ii), (iii) of Drinfeld double
pratpra’ = va" @b
and these elements, for m,m’ € N and n,n” € Z form a basis of D,.

Let us start by calculating the products of the elements a, 8, & € D,. Among the products
of the generators of D, property (i) makes those involving only « and g trivial, and property (ii)
makes those involving only & and f trivial. Also by property (iii) there is nothing to calculate for
the products a @, E, pa,p B For the rest, we need the double coproducts of a and b,

(A®idp,) o A(a) =a®a®a
(A®idp,)oA(b) =a®a®b+a®b®1+b®1®1,

and of 4 and b for which the formulas are the same. We also need particular cases of Exercise 5:
i@ =at YT = ~ba
The products that require short calculations are

aa = {da) 4,y ) a®i = ad
e

=q :q*
and
ap = (aby @y Ya)ya®di+ @1y @y ') bea+ (@1) @y (b)) 1ed
~—— ——— SN~ N—— S~ —,——
=0 =1 =1 =1 =1 =0
=4 pa
and
Ba = (a,a) b,y (@) a®a+ @a) (1',y (@) a®d+ (bay (1I',y () a®a
N~ ———— N~ —,— — SN~ ——
=q =0 =q =1 =0 =1
=qap

17
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and

@by b,y a)ya®a+ a1y, y a)ybed+@1) b,y ()10
+4a,by (15, y @)y a®b +(a,1) (1,7 @)y b b+ (a,1) (1,7 (b)) 1®b
+(b,b)y (1,7 Y a))a® 1" +(b,1) (1",y M a)y b 1" + (b, 1) (1,7 (b)) 1®1"

—a+pp+a

=
=
Il

We get the following description of D,.

Proposition 12. The Hopf algebra D, is, as an algebra, generated by elements a, ™', B, &, a"', B with
relations

! =1 = ala ar' =1 =a'a
ap =q pa ap =qpa
ap =q7 pa ap =q7' pa
ad@ = aw pB—pB =a-a.

The Hopf algebra structure on Dy is the unique one such that
Aa) = a®a A@) = a®a AP) = a®p+pe1l AP = fea+1sp.

Proof. 1t is clear that the elements generate D,;, and we have just shown that the above relations
hold for the generators. Using the relations it is possible to express any element of D, as a linear
combination of the vectors f"a"f™ @' Since these are linearly independent in Dy, it follows that
the algebra D, has a presentation given by the generators and relations as stated. The coproduct
formulas for a, @, B, p are obvious in view of requirements (i) and (ii) of Drinfeld double, and it is
a standard calculation to show that the structural maps are determined by the given values. O

The quantum group U, (sl) as a quotient of D,

To take quotients of Hopf algebras we need the notion of Hopf ideals. A vector subspace ] in a
Hopf algebra H is a Hopf ideal if | is a two-sided ideal of H as an algebra (i.e. u(J® H) C | and

U(H®J) Cc J), and ] is a coideal of H as a coalgebra (i.e. A(J) CJ®H+H® Jand €|; = 0) and |
is an invariant subspace for the antipode (i.e. y(J) C J). These requirements are precisely what
one needs for the structural maps to be well defined on the equivalence classes x + | that form the
quotient space H/].

Lemma 13. The element k = a & is a grouplike central element in Dy, and the two-sided ideal ], generated
by x — 1 is a Hopf ideal.

Proof. We have
Ax) = Alad) = A(@)A@) =(a®a)(@®d) = (@ad®@ad) =k ®K,

so k is grouplike. To show thatitis central, it suffices to show that it commutes with the generators,
but this is easily seen from the relations in Proposition 12: for example

aK =aad = ada = Ka
px = pad = q_l apa = q_l qaap = xp,

and similarly for commutation with & and 3. The two sided ideal generated by x — 1 is spanned
by elements of the form x(x — 1)y, where x, y € D,. To show that it is a coideal, we first compute

Ak-1) = x®@x-1801 = (k-1)®x+1®(k-1) € [;®D;+D;®],.

18



Lecture sketch: “Hopf algebras and representations” Kalle Kytola

Then, using A(x(x — 1)y) = A(x) A(x — 1) A(y), the more general result A(J;) C |, ® D; + D; ® ],
follows. To show that J; is stable under antipode, we first compute

yk-1) = alal-1 = atall-aa) = -alal(x-1) € Jg-

Then, using y(x(x—1)y) = y(y) y(x—1) y(x), the more general result y(J;) C J; follows. To show that
€l;, = Onote thate(k—1) = e(x)—€(1) = 1-1 = 0 and thus also e(x(k—1)y) = e(x) e(k—1) e(y) = 0. O

We can now take the quotient Hopf algebra D,/];. Let us summarize what we have done,
then. We’ve taken two copies of the building block, or the “quantum Borel subalgebra” H, and
put them together by the Drinfeld double construction as Dy = D(H,, H;) — one of the copies has

generators @ and B, and the other has generators @ and . Then we have identified their “quantum
Cartan subalgebras”, generated respectively by @ and &, by requiring a = @' (which is equivalent
to x —1 = 0). This is a way to obtain essentially U, (sl,), although, to be consistent with common
usage, we redefine the parameter g and use g* instead.

If we use the notations K, E and F for the equivalence classes in D /], of &, % [3 and S,
respectively, then the relations in Proposition 12 become the ones in the following definition of
(L{q(glz).

Definition 3. Let g € C\ {0, +1, —1}. The algebra U,(sly) is the algebra generated by elements E, F, K, K1
with relations

KK!' =1 = K'K KEK' =¢E
1
q-q!
We equip U,(slx) with the unique Hopf algebra structure such that

EF-FE = (k-x1) KFK' =42F.

AKK) = KoK , AE) = E®K+1®E , A(E) = K'®F+F®1.

An easy comparison of the above definition with Proposition 12 and Lemma 13 gives the
following.

Proposition 14. When q is not a root of unity, then the Hopf algebras Uy(sly) and Dz ]2 are isomorphic.
A convenient Poincaré-Birkhoff-Witt type basis of U,(sl,) is

(F"™ K* E")py neN ez

For working with the above parametrization, with ¢* replacing what used to be g, it is
convenient to use the following more symmetric g-integers and g-factorials, which we denote as

m =T (4.19)
q-4q
[n]! =[n][n—-1]---[2][1] (4.20)
n| __ [n]!
[ k ] GACEL] (4.21)

when considered as rational functions of g, and as

nly Ikt [ZL :

respectively, when evaluated at a value g € C \ {0}.

Exercise 6. Show the following properties of the g-integers, g-factorials and g-binomials
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(@) [n] =g +q" %+ + g7 + g7 and [n], = 9" [n]
(b) [m+n] =q"[m]+q" [n]=q" [m]+q" [n]

(© [lm=nl+[m][n—1+[n][l-m]=0

(@ [n]=1[2][n-1]-[n-2]

Representations of D. and U,(sh)

Let us now start analyzing representations of U,(slz) and the closely related Hopf algebra D,p.
The general story is very much parallel with the (more familiar) case of representations of sl,. In
particular, in a given U, (slz)-module V we will attempt to diagonalize K, and then notice that if v
is an eigenvector of K with eigenvalue A,

Kv=Awv,
then E.v and F.v also either vanish or are eigenvectors of eigenvalues g*2A,
K(Ew)=KEv=¢ EKv=¢’AE0v , K.(Fv) = KFv =g FKv = g A Fo.

The situation is nicest if 4% is not a root of unity, so that repeated application of E (or F) on an
eigenvector produces other eigenvectors with distinct eigenvalues.

Another useful observation for studying representations is the following, very much ana-
loguous to the quadratic Casimir element of ordinary sl,.

Lemma 15. The elements C € Uy(sh) and v € D . given by

C =EF+ g K+qK™)

1
(q- q*)Z(

=FE+ gK+q' K"

1
=gl

and

jot}

|
=™
=
+
Q
+
jol)

are central.

Proof. Let us first show that the two formulas for C are equal. Their difference is

1

EF-FE+ ———((@'-9)K+(g—g HK™).
(q—q‘l)Z(q i 1 )

After canceling one factor ¢ — 7! from the numerator and denominator, this is seen to be zero by

one of the defining relations of U (sl).

To show that C is central, it suffices to show that it commutes with the generators K, E and
F. Commutation with K is evident, since KEF = ¢q* EKF = EFK and the second term of C is a
polynomial in K and K!. To show commutation with E, calculate CE using the first expression
for C to get

CE = EFE+ g KE+qK'E)

1
T
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and EC using the second expression for C to get

1

EC = EFE+ ———(qEK+q " EK™).
(q—q7') ( 7 )

Then it suffices to recall the relations KE = ¢g*> EK and K™'E = 72 EK™! to see the equality CE = EC.

The commutation of C with F is shown similarly.

The verification that v is central in D, is left as an exercise. For g not a root of unity, the first
statement in fact follows from the second by passing to the quotient U (sk) = D /] . m|

On representations of D,

We will start by analyzing representations of D, because every representation of U,(sl,) can be
interpreted as a representation of D2, where x = ad@ acts as identity. Note that we thus assume g
is not a root of unity, so that D, is defined and U, (sk) = D2/],». The case when g is a root of unity
is more complicated in terms of representation theory and has to be treated separately anyway.

We will first look for irreducible representations of D, i.e. simple D;.-modules. Note first of
all the following general principle (essentially the same as Schur’s lemma).

Lemma 16. If V is a finite dimensional irreducible representation of an algebra A, and if c € A is a central
element, then thereis a A € C such that c acts as Aidy on V.

Proof. It is always possible to find one eigenvector of ¢, with eigenvalue that is a root of the
characteristic polynomial. Call the eigenvalue A and note that ¢ — Aidy is a Dp-module map
V — V with a nontrivial kernel. The kernel is a subrepresentation, so by irreducibility it has to be
the whole V. ]

Because of the above principle, we will in what follows consider only representations of D,
where x = ad acts as Aid. As a consequence & has the same action as A a™*.

Suppose now that V' is an irreducible representation of D2, and denote the (only) eigenvalue
of k by A # 0. Take an eigenvector v of a, so a.v = u’ v for some y’ # 0. Now an easy computation
shows that the vectors f/.v are either eigenvectors of & with eigenvalue q7%/1’, or zero vectors.
Since these eigenvalues are different and eigenvectors corresponding to different eigenvalues are
linearly independent, we see that if V is finite dimensional, then there must be a j > 0 such that
the vector wy = p/~1.v satisfies

Bwy =0 and a.wy = W Wy,

where p = g*1=)y’. Denote w; = pl.wy. Again, w; are eigenvectors of a with eigenvalues %/, so
for some 4 € N we have

Wi = ,Bd’l.wo # 0 but Wy = pwiq = ,Bd.wo = 0.

We claim that the linear span W C V of {wy, w1, w», ..., w41} is a subrepresentation, and thus by
irreducibility W = V. We have

aw; = ¢y w; and aw; = qzj% wj,

so W is stable under the action of a, & and . We must only verify that 3 preserves W. Calculate
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the action of f on w; commuting f3 to the right of all 8, and finally recalling that f.wy = 0,

Baw; =pplawy = (BB +a—a)p Lwo
)&)

= BEBI o + (29D — g2 . gL,

- : ) Y N
= B(BF + & = B0 + (g7 D g0 D) By

o . . i i AN
= BB 0 + (477 + 0P = (70 + ) T) B

= ﬁ]ﬁwo + ((qz(]_l) + qz(j_z) + -4 qz + 1)[1 — (q_z(j_l) + q_z(j_z) + -+ q_z + 1)%) ﬁ]‘_l.wo

=1y (97 - g %) w1,

This finishes the proof that W is a subrepresentation. We will finally obtain a relation between
the values of i, A and d. For this, note that ﬁd.wo = wy = 0. Thus also E,Bd.wo = 0. But the above
calculation is still valid and it says that fp%.wy is a constant multiple of w,_;, with the constant
[d]; (¢ ' = ¢*~?A/ ). This constant must therefore vanish, ans since the g-integers are non-zero,
we get the following relation between the parameters A, u and d

p? = P, (4.22)
Given A € C\ {0} and 4 € IN, the two solutions for p are
u = iql_d VA

In particular, the eigenvalues of a on W are of the form g% u and those of & are g72/1/u, so the
spectra of both consist of

+VAg", VAP, L, VA, VA

Note also that the action of f simplifies a bit,
paoj = =VA@ =) [l 14 = [ly w0y

We have in fact found all the irreducible finite dimensional representations of qu.

Theorem 17. For any nonzero complex number A and a choice of square root VA, and d a positive integer,
there exists a d-dimensional irreducible representation Wfiﬁ) of D, with basis {wo, w1, wy, . .., w41} such
that

aw; = VAg Y w; aw; = VAg Y w;

Bawj =wj Bawj = VALl = fly (47" = 9) .

Any finite dimensional Dg-module contains a submodule isomorphic to some W;ﬁ), and in particular
there are no other finite dimensional irreducible D modules.

Proof. To verify that the formulas indeed define a representation is straightforward and the calcu-

lations are essentially the same as above. To verify irreducibility of W;ﬁ), note thatif W’ C W;ﬁ)
is a non-zero submodule, then it contains some eigenvector of a, which must be proportional to
some w;. Then by the repeated action of § and f we see that W’ contains all w;, j =0,1,2,...,d-1

(note that the coefficient VA [ jlg[d = jl; (g7 — q) is never zero for j = 1,2,...,d — 1). Above we
already showed that any finite dimensional D> module V must contain a submodule isomorphic

to W;i ﬁ), so it follows indeed that these are all the possible irreducible qu—modules. ]
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Since any representation of U,(sl,) is a representation of D> such that A = 1, we have
also found all irreducible representations of U,(sk). To get the explicit formulas, recall that the

generators K, E, F correspond to the equivalence classes of &, q_—l f and g modulo the Hopf ideal

,q*l
J generated by the element x — 1.

Theorem 18. Let q be a non-zero complex number which is not a root of unity. For any positive integer
d and for € € {+1,-1}, there exists a d-dimensional irreducible representation W, of Uy(sk) with basis
{wo, w1, wy, ..., wa_1} such that

Kw; = quflfzj wj
F.ZU]‘ = w]‘+1
E.w]- =& []]q [d - ]]q Wj-1.

There are no other finite dimensional irreducible U,(slp)-modules.
Proof. Follows directly from Theorem 17. m|

Using the formulas in Lemma 15 one computes that on W¢

g+
the central element C acts as ¢ ——— idwz. (4.23)

(q—qh?

Since the numbers +(q¢ + g7%) are distinct, we see first of all that none of the W are isomorphic
with each other (of course for different dimension d they couldn’t be isomorphic anyway). Thus
the value of C distinguishes the different irreducible representations.

On semisimplicity

Definition 4. Let A be an algebra. An A-module W is called simple (or irreducible) if the only submodules
of W are {0} and W . An A-module V is called completely reducible if V is isomorphic to a direct sum of

finitely many simple A-modules. An algebra A is called semisimple if all finite dimensional A-modules are
completely reducible.

The terms “simple module” and “irreducible representation” seem standard, but we will also
speak of irreducible modules with the same meaning.

Definition 5. An A-module V is called indecomposable if it can not be written as a direct sum of two
nonzero submodules.

In particular any irreducible module is indecomposable. And for semisimple algebras the
two concepts are the same.

The following classical result gives equivalent conditions for semisimplicity, which are often
practical.

Proposition 19. Let A be an algebra. The following conditions are equivalent.

(i) Any finite dimensional A-module is isomorphic to a finite direct sum of irreducible A-modules (i.e.
A is semisimple).

(ii) For any finite dimensional A-module V and any submodule W C V there exists a submodule W c V
(complementary submodule) such that V.= W @ W’ as an A-module.

(iii) For any finite dimensional A-module V and any irreducible submodule W C V there exists a
submodule W' C V such that V.= W & W’ as an A-module.
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(iv) For any finite dimensional A-module V and any submodule W C V there exists an A-module map
1tV — W such that ntlw = idw (an A-linear projection to the submodule).

(v) For any finite dimensional A-module V and any irreducible submodule W C V there exists an
A-module map 1t : V. — W such that ntlyy = idw.

Proof. Clearly (ii) = (iii) and (iv) = (v).

Let us show that (ii) and (iv) are equivalent, in the same way one shows that (iii) and (v) are
equivalent. Assume (ii), that any submodule W C V has a complementary submodule W’, that is
V = We W’. Then if it is the projection to W with respect to this direct sum decomposition, we
have that forallwe W, w’ e W,ae€ A

n@-(w+w')) = n@a-w+a-w') =a-w = a-n(w+w'),

which shows that the projection is A-linear. Conversely, assume (iv) that for any submodule
W C V there is an A-linear projection 7t : V — W. The subspace W’ = Ker (7) is a submodule
complementary to W = Ker (1 — n).

We must still show for example that (iii) = (i) and (i) = (ii).

Assume (iii) and let V be a finite dimensional A-module (we may assume immediately that
V # {0}). Consider a non-zero submodule W; C V of smallest dimension, it is necessarily
irreducible. If Wi = V we’re done, if not by property (iii) we have a complementary submodule
Vi € V with dim V; < dim V and V = W; @ V;. Continue recursively to find the non-zero
irreducible submodules W,, C V,,_1 and their complementaries V,, in V1, thatis V,.1 = W, ® V,,.
The dimensions of the latter are strictly decreasing,

dim V >dim V; >dim V, > .-+,
so for some 1y € N we have W,, = V,,_1 and
V=WioW,& - ®&W,,

proving (i).

Let us finally prove that (i) implies (ii). Suppose V = P, Wi, where I is a finite index set and
for all i € I the submodule W; is irreducible. Suppose W C V is a submodule, and choose a subset
J c I such that

Wm[@ w]-] = {0}, (4.24)

jel

but thatforalliel\]

wn [wl- o(P wj] # {0}. (4.25)

jel

Denote by W = P jej Wj the submodule thus obtained. By Equation (4.24) the sum of W and W’
is direct, and we will prove that it is the entire module V. For that, note that by Equation (4.25) for
alli e I'\ | there exists w € W \ {0} such that w = w; + w’ with w; € W; \ {0}, w’ € W’. Therefore the
submodule W@ W’ contains the nonzero vector w; € W;, and by irreducibility we get W; c W W’.
We get this inclusion for alli € I'\ ], and also evidently W; c W& W’ for all j € ], so we conclude

V= @wi c WaW,

i€l

which finishes the proof. ]
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We will verify complete reducibility of U, (slz) (for g not a root of unity) using the following
criterion.

Proposition 20. Suppose that A is a Hopf algebra for which the following criterion holds:

e Whenever R is an A-module and Ry C R is a submodule such that R/Ry is isomorphic to the
one-dimensional trivial A-module, then Ry has a complementary submodule P (which then must be
one-dimensional and trivial).

Then A is semisimple.

Remark 3. Actually the criterion can be stated in a superficially weaker form: it suffices that whenever R
is an A-module and Ry C R is an irreducible submodule of codimension one such that R/R is a trivial
module, then there is a complementary submodule P to Ry. Indeed, assuming this weaker condition we can
perform an induction on dimension to get to the general case. If Ry is not irreducible, take a nontrivial
irreducible submodule So C Ro. Then consider the module R/Sy and its submodule Ry /Sy of codimension
one, which is trivial since (R/So)/(Ro/So) = R/Ro. The dimensions of the modules in question are strictly
smaller, so by induction we can assume that there is a trivial complementary submodule Q/So of dimension
one so that R/So = Ro/So ® Q/So (here Q C R is a submodule containing Sy, and dim Q = dim Sp + 1).
Now, since Sy is irreducible, we can use the weak form of the criterion to write Q = So @ P with P trivial
one-dimensional submodule of Q. One concludes that R = Ro © P.

In the proof of Proposition 20, we will consider the A-module of linear maps
Hom(V, W) : (a.f)v) = Za(l).f(y(a(z)).v) forac A, veV, f e Hom(V,W)
@

associated to two A-modules V and W. The subspace Homu(V, W) ¢ Hom(V, W) of A-module
maps from V to W is

Homyu(V,W) = {f : V — Wlinear | f(a.v) = a.f(v) forallv eV, a e A}.

Generally, for any A-module V, the trivial part V4 of V is defined as

VA = (ve V0|av=e(@)v forall a e A}.
The trivial part of the A-module Hom(V, W) happens to consist precisely of the A-module maps.
Lemma 21. A map f € Hom(V, W) is an A-module map if and only if a.f = e(a) f for all a € A. In other
words, we have Hom4(V, W) = Hom(V, W)A.
Proof. Assuming that f is an A-module map we calculate

@HE) = Y a0-fOapo) = Y any@e)f() = @) f(o),
(a) (a)

which shows the “only if” part. To prove the “if” part, suppose thata.f = e(a) f foralla € A. Then
calculate

flav) = f( Z e(anap)-v) = Z €(aw) f(a)-0)
@ @

= Y @0 N@er0) = Y aa-f(rae)aeo)

(@) (@)

- Z“<1)'f(€(“(2>)v) = a.f(v).
@
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The observation that allows us to reduce general semisimplicity to the codimension one
criterion concerns the module Hom(V, W) in the particular case when W is a submodule of V. We
are searching for an A-linear projection to W.

Lemma 22. Let V be an A-module and W C V a submodule. Let
r: Hom(V, W) — Hom(W, W)

be the restriction map given by r(f) = flw for all f : V. — W. Denote by R the subspace of maps whose
restriction is a multiple of the identity of W, that is

R = rY(Cidw).

Then we have

(a) Im (1’|R) = Cidw
(b) R c Hom(V, W) is a submodule
(c) Ker (r|r) C R is a submodule

(d) R/Ker (r|r) is a trivial one dimensional module.

Proof. The assertion (a) is obvious, since Im (1]g) € Cidw by definition and the image of any
projection p : V. — W is idyw. It follows directly also that R/Ker (r|r) is a one-dimensional vector
space. All the rest of the properties are consequences of the following calculation: if f € R so that
there is a A € C such that f(w) = Aw for all w € W, then for any a € A we have

(@.f)w) = Zam-f (y(a@)w) = Zﬂ(n-(/\ Y(a).w) = /\Zﬂ(ny(ﬂ(z))-w = Ae(a) w.

(a) (a) (a)

Indeed, this directly implies (b): (a.f)lw = Ae(a)idw. For (c), note that Ker (r) corresponds to the
case A = 0, in which case also (a.f)|w = 0. For (d), rewrite the rightmost expression once more to
get (a.f)lw = €(a) flw and thus a.f = €(a) f + g where g = a.f — €(a) f and note that glw = 0. o

We are now ready to give a proof of the semisimplicity criterion.

Proof of Proposition 20. Assume the property that all codimension one submodules with trivial
quotient modules have complements. We will establish semisimplicity by verifying property (iv)
of Proposition 19. Suppose therefore that V is a finite dimensional A-module and W c V is a
submodule. Consider R ¢ Hom(V, W) consisting of those f : V. — W for which the restriction
flw to W is a multiple of identity, and Ry consisting of those f : V. — W which are zero on W.
By the above lemma Ry ¢ R € Hom(V, W) are submodules and R/R, is the one dimensional
trivial A-module. By the assumption, then, Ry has a complementary submodule P, which is
one dimensional and trivial. Choose a non-zero © € P normalized so that nt|yy = 1idw. Then
1 : V — W is a projection to W. Since P is a trivial module, we have a.7t = e(a) 7, so by Lemma 21
the projection 77 : V. — W is an A-module map. Thus property (iv) of Proposition 19 holds, and
by the same Proposition, A is semisimple. |

Let us then check that U, (sly) satisfies the criterion when g is not a root of unity.

Lemma 23. Let g € C\ {0} not a root of unity. If V is a finite dimensional U,(slp)-module and W C 'V
is an irreducible submodule such that V/W is a trivial one dimensional module, then there is a trivial one
dimensional submodule W C V such that V. =W e W’.
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Proof. Theorem 18 lists all possible irreducible U, (sl,)-modules, they are W for d a positive integer
and ¢ € {£1}. So we have W = W{ for some d and ¢. We first suppose thatd # 1 or ¢ # +1 — the
case when W also is trivial (i.e. W = W) is treated separately. By Equation (4.23), the central
element C acts as multiplication by the constant c;. = ¢(¢? +¢%)/(q — g7')?> on W. On the quotient
V/Witactsasciy = (9+971)/(q—q1)* Therefore

1

7(C —C1.1 idv)
Cde —C11

is a projection to W which is also an U, (sl)-module map. This implies that W has a complementary
submodule Ker (C —¢; 1 id).

The case when both W and V/W are trivial has to be treated separately, but it is very easy to
show thatin this case V is a trivial 2-dimensional representation and any complementary subspace
to W is a complementary submodule. m]

Corollary 24. For q not a root of unity, the algebra U,(sly) is semisimple.

Proof. Use Proposition 20, Remark 3 and Lemma 23. ]

Solutions to YBE from infinite dimensional Drinfeld doubles

Let us pause for a moment to see where we are in finding solutions to the Yang-Baxter equa-
tion, Equation (4.10). The overall story goes smoothly — by Theorem 6 any representation of any
braided Hopf algebra gives us a solution of YBE, and by Theorem 10 the Drinfeld double construc-
tion produces braided Hopf algebras. We have even concretely described an interesting Drinfeld
double D, and a quotient U,(sly) of it, and we have found all their irreducible representations in
Theorems 17 and 18.

There is just one issue — to obtain the universal R-matrix which makes the Drinfeld double
a braided Hopf algebra, we had to assume finite dimensionality of the Hopf algebra whose
Drinfeld double we take. Unfortunately, the Hopf algebra D, is a Drinfeld double of the infinite
dimensional building block Hopf algebra H,2, so we seem to have a small problem.

Although we can’t properly make D, and U,(slx) braided Hopf algebras, in that we will not
really find a universal R-matrix in the second tensor power of these algebras, we can nevertheless
find solutions of the Yang-Baxter equation by more or less the same old receipe. Let us first
describe the heuristics, and then prove the main result, and finally give example applications with
the representations of D and U (sl).

Heuristics and formula for the R-matrices

Assume that A is a Hopf algebra with invertible antipode, and O = D(A, A°) is the Drinfeld
double. Recall that D = A ® A° as a vector space, and the Hopf algebras A and (A°)*P are
embedded to O by the maps

W:A—->D tpe : A° > D
aa®l P 1.

We would like to set, as in Theorem 10,

RZ Y ales) @ 1ae(5°), (4.26)

a

where (e,) is a basis of A, and (6%) is a “dual basis” of A°. This is of course problematic in the
infinite dimensional case.
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Let us first fix some notation. Since A embeds to D as a Hopf algebra, we can consider
restrictions on A of elements ¢ € D° of the restricted dual of the Drinfeld double: define |4 € A°

by
(Pla,a)y = (P, ta(a)) foralla € A.

Furthermore, since A° embeds to D, we can interpret the above as an element of . We define
¢ = 1as(Pla) €D for any ¢ € D°. (4.27)

If the bases (e,) and (6%) were to be dual to each other, we would expect a formula of the type
Z((p, e 0% Z
to hold for any ¢ € A°. So in particular when ¢ = ¢|4, we expect

Y (Olse) (6" 2 1w(9la) = .

Returning to the heuristic formula (4.26) for the universal R-matrix of D, let us consider how
it would act on representations. If V is a O-module with basis (v]-);?:1 and representative forms

Aij € D° such that
d
xXvj = Z(/\i,;‘, x)v;  foranyxeD
i=1
we would like to make the R-matrix acton V ® V by

R(v; ® ZJ]‘) < Z ta(eq).vi ® lA"((Sa)'Uj

24

[+~

d
Z Z (Arista(ea)) (Axj, 1a=(6%)) v ® vk

@ k=l ————
=(Ayilasea)

Z Ak jr (A1)") 01 ® V.

Lk=1

We have found a formula that is expressed only in terms of the representative forms, and therefore
it is meaningful also when A is infinite dimensional. We are mostly using R = Syyv o R, so the
appropriate definitions are

d
RVeV-sVeV R(v; ® v}) =er';vk®vl
k=1
= (g, (). (4.28)

Proving that the formula gives solutions to YBE

We now check that Equation (4.28) indeed works. We record a small lemma, which is needed
along the way.
Lemma 25. For any ¢ € D° and x € D, the following equality holds in D
YY) (b o) xplba) = Y)Y (e ra) @) xe-
@ ® @ ®
When x = ¢’ with 1 € D° we have

Z Py, W) W) (Pe) = Z (@), W) (Pa)) Wy
(§).(psi) ()W)
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Proof. The proof of the first statement is an exercise. The second statement follows as a particular
case of the first, when we observe that for x = ¢" the coproduct of x can be written in terms of the
coproduct of i as

Y xm®x0) =An() = Ap(te@la) = (e @ L) (W)IPWL) = Y We) & Ww)-
() @)

O

Theorem 26. Let A be a Hopf algebra with invertible antipode and B C A° a Hopf subalgebra of the
restricted dual, and let D = D(A, B) be the Drinfeld double associated to A and B. Let V be a D-module
with basis (vj)’;l:l, and assume that the representative forms A;; € O° satisfy A;jla € B. Then the linear

map R : V@V — V@V defined by Equation (4.28) satisfies the Yang-Baxter equation (4.10). Furthermore,
the associated braid group representation on V" commutes with the action of D.

Proof. The proof is a direct calculation — besides the definitions, the key properties to keep in
mind are the coproduct formula of representative forms y*(A;;) = Yk Aix ® Ay ; and the formulas
of Lemma 25. Let us take an elementary tensor v, ® v; ® v, € V® V ® V. Applying the left hand
side of the YBE on this, we get

Ryz 0 Ryz 0 Rya (05 ® v ® 0y,)

Z P @0, ® v,

ik Tju st

i,jk1mn

= Z ks i)"Y s (An, )Y {Aigs (Ajs)") 01 @ O @ Vn

i,jk1mn

= Z Atpir i) (A )Y (g, (A)s)) 01 @ Uy @ Uy

i,jlmn

=Y ) M () (M) )Y (A, (An)@) ) 01 @ 0y @ 0y,

Lm,n (Am/t )/(An,s )

where in the last two steps we used the coproduct formula for representative forms. Similarly, the
right hand side of the YBE takes the value

Ro3 0 Rz 0 R3(vs ® v ® 0,)
- Z PR T @ 0 ® 0,

kj "si'tu
i,jk1mn
= Y s A iy ) i (432 0190, 00,
i,jk1,mn
= Y s (") s e (130 0190, D0
jk1mn
- (A ay, ((Ans) 1)) A, (Ans)@) (Amd)@)") 01 @ Uy ® V.
I,m,n (Am,t),()\n,s)

The equality of the two sides of the Yang-Baxter equation then follows from the second formula
of Lemma 25 above.

To prove that the associated braid group representation commutes with the action of D, it
is enough to show that on V ® V the matrix R commutes with the action of OD. Let x € D, and
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calculate on elementary tensors

x.(R(vi ® v;)) = x.( Z(Ak,j/ (A1) o ® Uz)

ol
= Z Z(Ak,j/ A1) () o6 ® X 01)

(x) k1l

= Y ) i () (A, X)) (At X)) 0 ® 0

(x) klmmn

= Z Z(Am,;‘, xay (A1)") (Ani, X)) U ® Uy

x) Lmn

= Z Z Z<Am,j/ xay (An))@)) {(Aniday, X@)) Um ® .

(®) (i) mn

This is to be compared with

R(X.(U,‘ &® U])) = Z R(X(l).vi ® X(z).l)]‘)
(x)
= Z Z(Ak,i/ X)) (Arj, x@) R(ve ® v)

® ki
= Z Z Akir X)) Arj, X@) Aty (Aug)") Om ® Uy

(x) klmn

= Y Y i Xy} oy () X)) O @ 0

(x) kmmn

= Z Z Z«An,i)(z)/x(l)) A jr ((Ani)) X@)) Om @ V.

() (Awi) mn

The two expressions agree by virtue of Lemma 25.
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