
E = C([0, 1])
‖x‖ = |x(0)| x ∈ E

‖ · ‖ E → [0,∞)

x, y ∈ E

‖x + y‖ = |(x + y)(0)| = |x(0) + y(0)| ≤ |x(0)| + |y(0)| = ‖x‖ + ‖y‖.
x ∈ E a ∈ R

‖ax‖ = |(ax)(0)| = |ax(0)| = |a||x(0)| = |a|‖x‖.
id : [0, 1] → [0, 1]

id(t) = t E ‖id‖ =
id(0) = 0 ‖x‖ = 0 &⇒ x = 0

C[0, 1] ‖x‖∞ := sup{|x(t)| : t ∈ [0, 1]} =
max{|x(t)| : t ∈ [0, 1]}

Rn |x| = |x|1 =
|x1| + · · · + |xn| |x|∞ = max(|x1|, · · · , |xn|) |x|∞ ≤ |x| ≤
|x|1 ≤ n|x|∞ x ∈ Rn |x|1 ≤

√
n|x| x ∈ Rn

x =
∑n

i=1 xiei

(|x1|, · · · , |xn|)
(1, · · · , 1) (a) x ∈ Rn kmax ∈ {1, . . . , n}

|xkmax | = max{|x1|, . . . , |xn|} = |x|0

|x|0 = |xkmax | =
√

x2
kmax

≤
√

x2
1 + . . . + x2

n = |x|,

x =
∑

xjej

|x| =

∣∣∣∣∣∣

n∑

j=1

xjej

∣∣∣∣∣∣
≤

n∑

j=1

|xjej | =
n∑

j=1

|xj | = |x|1.

|x|1 = |x1| + . . . + |xn| ≤ |xkmax | + . . . + |xkmax | = n|xkmax | = n|x|0.
(b) |x|1 = (1, . . . , 1) · (|x1|, . . . , |xn|)

|x|1 = (1, . . . , 1) · (|x1|, . . . , |xn|) ≤ |(1, . . . , 1)||(|x1|, . . . , |xn|)|

=
√

12 + . . . + 12
√
|x1|2 + . . . + |xn|2 =

√
n
√

x2
1 + . . . + x2

n =
√

n|x|.

‖ ·‖1 ‖ ·‖2

Rn a > 0
b > 0 a‖x‖1 ≤ ‖x‖2 ≤ b‖x‖1 x ∈ Rn



R2 S(a, 6) a = (−1, 2) d(x, y) =

2|x1 − y1|+ 3|x2 − y2| x = (x1, x2) y = (y1, y2)

S(a, 6) = {x ∈ R : d(a, x) = 6} x ∈ S(a, 6)

⇐⇒ x ∈ d(ax, 6)

⇐⇒ 6 = 2|−1−x1|+3|2−x2| ⇐⇒ 6 =
{

2(−1 − x1) + 3|2 − x2|. kun 1 − x1 ≥ 0
2(1 + x1) + 3|2 − x2|, kun −1 − x1 < 0

=






2(−1 − x1) + 3(2 − x2). kun −1 ≥ x1, 2 ≥ x2

2(−1 − x1) + 3(2 − x2). kun −1 ≥ x1 , 2 < x2

2(1 + x1) + 3(2 − x2), kun −1 < x1 ,−2 ≥ x2,
2(1 + x1) + 3(2 − x2), kun −1 < x1 , 2 < x2

=






4 − 2x1 − 3x2. kun −1 ≥ x1, 2 ≥ x2

−8 − 2x§ + 3x2. kun −1 ≥ x1 , 2 < x2

5 + 2x1 − 3x2, kun −1 < x1 ,−2 ≥ x2,
−1 + 2x1 + 3x2, kun −1 < x1 , 2 < x2

⇐⇒






2 = −2x1 − 3x2. kun −1 ≥ x1, 2 ≥ x2

14 = −2x§ + 3x2. kun −1 ≥ x1 , 2 < x2

1 = 2x1 − 3x2, kun −1 < x1 ,−2 ≥ x2,
7 = 2x1 + 3x2, kun −1 < x1 , 2 < x2

S(a, 6) (−4, 2), (2, 2), (−1, 0) (−1, 4)

‖x‖ = max{|x1| + |x2|, 2|x1|}
R2 S = {x ∈ R2 | ‖x‖ = 1}

x ,→ ‖x‖ R2 → [0,∞)

x = (x1, x2), y = (y1, y2) ∈ R2

|x1 + y1| + |x2 + y2| ≤ (|x1| + |x2|) + (|y1| + |y2|) ≤ ‖x‖ + ‖y‖

2|x1 + y1| ≤ 2|x1| + 2|y1| ≤ ‖x‖ + ‖y‖,

‖x + y‖ = max{|x1 + y1| + |x2 + y2|, 2|x1 + y1|} ≤ ‖x‖ + ‖y‖.



x = (x1, x2) ∈ R2 a ∈ R

‖ax‖ = max{|ax1| + |ax2|, 2|ax1|} = max{|a|(|x1| + |x2|), |a|(2|x1|)}
= |a|max{|x1| + |x2|, 2|x1|} = |a|‖x‖.

‖x‖ = 0 |x1| + |x2| = 0
|x1| = 0 = |x2| x = (x1, x2) = (0, 0)

E = raj([0, 1],R)
A = {fn : [0, 1] → R | fn(x) = xn, n ∈ N} B = {f :

[0, 1] → R | f on vakiofunktio} d(A, B)
d(A, B) = 1/2.

g0(x) = 1/2 x ∈ [0, 1] g0 ∈ B
|fn(x) − g0(x)| = |xn − 1/2| ≤ 1/2 0 ≤ xn ≤ 1 n
x ∈ [0, 1]
|fn(0) − g0(0)| = |0 − 1/2| = 1/2 |fn(1) − g0(1)| = |1 − 1/2| = 1/2

d(fn, g0) = 1/2..
g ∈ B g &= g0 d(fn, g) > 1/2

d(fn, g) = supx∈[0,1] |fn(x) − g(x)|
= supx∈[0,1] |fn(x) − c| ≥ |fn(0) − c| = |0 − c| = c > 1/2

d(fn, g) = supx∈[0,1] |fn(x) − g(x)| supx∈[0,1] |fn(x) − c|
≥ |fn(1) − c| = |1 − c|− > 1/2

F E x ∈ E
y ∈ F a > 0

d(y + ax, F ) = a d(x, F ).

u ∈ F z = a−1(u − y) u =
az + y ∈ F u, y ∈ F F

d(y + ax, u) = ‖y + ax − u‖ = ‖ax + y − (az + y)‖ = ‖ax − az‖

= |a|‖x − z‖ = ad(x, z) ≥ ad(x, F )

=⇒ d(ax + y, F ) = inf
u∈F

d(ax + y, , u) ≥ ad(x, F )

z ∈ F u = az + y z = a−1(u − y) ∈ F
u, y ∈ F F

ad(x, z) = |a|‖x − z‖ = ‖ax − az‖ = ‖ax − a(a−1(u − y))‖

= ‖ax + y − u‖ = d(ax + y, u) ≥ d(ax + y, F )

=⇒ ad(x, F ) = a inf
z∈F

d(x, z) ≥ d(ax + y, F )

!


