1 Introduction

The content of these notes is also covered by chapter 4 section A of [1].

2 White noise

In applications infinitesimal Wiener increments are represented as
dwt = dt

The stochastic process 7; is referred to as white noise. Consistence of the definition requires 7; to be a Gaussian
process with the following properties.

e Zero average:
<n==0
Namely we must have
0 =< wygr —wg ===<1n > dt
e J-correlation: at any instant of time
< g == 0?5Vt~ 5) o? >0

as it follows from the identification

d d
Jids < WiWs === MiNs = 2.1)
Namely, writing the correlation of the Wiener process in terms of the Heaviside step function
< wyws == o?[s H(t — s) +t H(s — t)] (2.2)
and observing
iH(t —s)=6W(t—ys)
dt
we obtain, upon inserting (2.2) into (2.1)
d d d d
T 7e < wiws = 0—2%[H(t —5)—s0M(t—s)]+ 02@}1(5 — 1) —t6W (s —1)]
By construction the J is even an even function of its argument: the right hand side can be couched into the form
d d

d
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G s < Wiws ==0 [26 (t—s)+(t—-s) dt5 (t s)]

In order to interpret the meaning of the derivative, we integrate the right hand side over a smooth test function
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We conclude that

d d — o260
£$-<wtws>-—a5 (t—s)

the identity determining the value of the white noise correlation.

3 Paley-Wiener-Zygmund integral
Definition 3.1 (Paley-Wiener-Zygmund integral). Let
g:[0, 7] - R

a continuously differentiable function such that

The random variable

T
GT:/ dwy g(t)
0

is defined as

T T
d
/dwtg(t):/ dtwtd—?(t)
0 0

The Paley-Wiener-Zygmund integral can be tackled resorting to standard Lebesgue-Stieltjes integration theory.
We can prove

Proposition 3.1. i <Gr>=0
ii < G2 o-= [Tdtg?(t)
Proof. i it follows by exchanging the order between integral and average.

ii By definition we have

2 T T dg, dg T T £
- d ds — ()~ s m= dt ds g(t s
=< GT - /0 /0 S dt( )dS (3) < WWs > A /0 Sg( )g(s)dtds < wpwg >

If we now use the calculation of section (2), we get into

T T T
< G2 >=/0 dt/o dsg(t)g(s)5(1)(t—s):/0 dt (1)

(for 02 = 1) which proves the claim.



4 Gaussian statistics and J-correlation

Gaussian statistics and d-correlation imply that 7, is independent of 75 for any ¢ # s. The claim is verified by
inspection of the characteristic function of the white-noise. The Paley-Wiener-Zygmund integral allows us to write
for some smooth g chosen as in section 3

~ ez)\foT dtneg(t) — erOT dwig(t) N 672)‘[(;[ dtwig' (t) -
e leftmost integral can be computed using e.g. the Karhunen-Lo¢ve representation of the Brownian motion
The leftmost integral b ted the Karh L tat f the B t
< efmeT dtweg'(t) o =AY, en S dtyn(t) g () o

here we used the shorthand notation

q =4
Tt

Randomness is stored in the {c,}, -, which form a sequence of independent Gaussian random variables with zero
average and variance for c,, equal to the n-th eigenvalue of the operator defined by

R(t,s) =< wpws >
Thus we obtain

LM dtung (6 = S0 Jol d [ ds i n (0n(5) ' (09 (5) — o= Ji db [ ds R(t,s) g/ ()9 (5)

since by construction
[e.9]
R(t ) 8) = Z Tn wn(t)wn(s)
n=0

The lemma in 3 then guarantees us
2
BION S dtmg(t) NP\ S dwig(t) - o T dt g2 (t)

We can read the result in two ways.

e Characteristic function of

T
Gr ::/ dwy g(t)
0
We have just proved that
) et AGT .- e—§<G2T>

i.e. that G7 has a Gaussian distribution.

e “Characteristic function” of the white noise. Let us set A equal to unit and inspect

< erOTdtmg(t) pa— e_%fontgz(t) 4.1)



Interpreting integrals as sums

T
/O dtne g(t) ~ Y dtm, g(tr)
k

were the 7, a collection of random Gaussian variables with correlation
=< NNy == Cha
we would write

< et 2k dtng 9(te) o — e*% Do dt> o dtg(ty)Crig(ty)

Contrasting this latter result with (4.1) it is tempting to identify
atjo [T T
D dty ditg(ty)Crig(t) = [ dt [ dsg(t)C(t—s)g(s)

and
Ot —s)=6W(t—s)
This is in agreement with the claim that white noise is "Gaussian” with zero average and J-Dirac covariance.

From (4.1) we can also read all the moments of the white noise. In order to do so we need to take functional derivatives
with respect to g(t) (see appendix A, in practice treat the function argument as an index and replace d-Kroenecker
with §-functions). Forany 0 < s < T

T 5 1 T 2
< tJo dtgme o o3 o dtg ()
dg(s) 5g(s)

1 2 r 1 0T 5, o
=—e 2)o U9 (t)/ dt g(t) 6D (t — s) = —g(s)e~2 Jo dg*(®)
0

implies
<ns>==0

Furthermore for0 < su < T
52
6g(s)dg(u) 6g(u)

implies
< Neny == 6 (u — s)

which recovers for 02 = 1 the result obtained in section 2



A Functional derivative (for practical purposes)

Consider a functional space of continuous/smooth functions ¢ (eventually also satisfying certain boundary conditions)
and a functional F'[¢]. We define the functional derivative of F', denoted d F'//d¢ (), as the distribution 6 F'[¢] such

that for all test functions f:

/Rd dlx gg([f) f(x) = %F[qﬁ—l—ef]

e=0

Thus if

the definition yields

/R ' m fl) =2 /R da () (@)

Alternatively, we can define

with ¢, specified by

For the the example (A.1) this means
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