Exercise set 1

Exercise 1

Let £ : 2 — R, be a random variable with density

e

pe(x) = - 0.1)

8118

e Compute the characteristic and the generating functions of . The generating function is defined as

ge(t) =< e '& = t>0

e Explain what is the relation between the generating and the characteristic function. Given the generating func-
tion ge, is it possible to reconstruct the density p¢?

e Consider a sequence {;};-, of i.i.d. random variables with density specified by (0.1). What is the asymptotic
distribution of
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Exercise 2

Prove the following proposition:

Definition 0.1 (Chernoff inequality). Let & any random variable such that
ge(t) =< et - < o0
then
P(¢ > a) < mine™"'ge(t)

Give the explicit expression of the bound for ¢ a Gaussian random variable with zero average and variance 0.



Exercise 3

Let &£ :  — N a Poisson random variable:

Pe(i; M\ t) = ngfr)zl)e“

It P¢(i; A) describes the probability of i events of the same type occur simultaneously while being mutually indepen-
dent and having the same probability per unit of time A\. Compute

e the characteristic function
e the mean value

e the variance of the Poisson distribution.

Exercise 4

Consider a random variable & : 2 — [0, 1] with uniform density

pe(z) =1
Find an invertible function f
f:00,1] — Ry
such that the random variable
n=f()

is exponentially distributed (i.e. according to (0.1))

Exercise 5

Let A; ; a strictly positive definite matrix in d-dimensions (A € R? x R?).

e Prove that for any m = (my ... my) € R?

1A (z—m)||
Vdet Ae™ 2

pe(®) =
(2m)?
d
1A (@ —m)||* =D (zi —ma) Aij(a; — my)
ij=1
is the probability density of the sequence & = (§; ... &) Gaussian random variables.

e Compute the average of &;
e Compute the second order correlation < §;§; > (i, j arbitrary)

e Compute the fourth order correlation < §;;§& = (4, j, 1, k arbitrary)



Exercise 6

Let (€2, F, P) a finite dimensional probability space 7 an arbitrary random variable onitand P} C P, C--- C P a
growing sequence of partitions of Q. Prove that the sequence {¢;};"_; whose elements are defined by

& == n|Pr == E(n|Px)

is a martingale.



