Introduction to Fourier-analysis

Home assignment 6

. Let 7 : [a, b] — R? be differentiable parametrization for the closed curve
I'. Prove that it is a parametrization by the arc-length if and only if
the length of the curve from 7(a) to v(s for all s is equal to s — a, i.e.

/ |/ (t)| dt = s —a, forall s € [a,b].

. Prove that any differentiable curve admits a parametrization by the
arc—length.

. Prove the second part of Weyl’s criterion: if a sequence (£)$2, is equi-

distributed then for all k € Z \ {0} we have
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Hint: Imitate the proof in the lectures by first considering an analogous
statement for a characteristic function of an interval.

. Prove that the sequence (alnn)$®, is not equidistributed for any a € R.

. Suppose that f : R — C is a continuous periodic function with period
1 and that (&,)%°, is an equidistributed sequence in [0, 1). Prove that
if in addition

/01f<:c>dm=o,

then unifromly in z,

Hint: Approximate with trigonometric polynomials.

. Let now f : R — C be a bounded measurable function and assume that

/Olf(:c)dx = 0.
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Prove that



