
Quantum Probability: Solution to Exercise 8.1

1. Let Φ : B(H) → B(H), with dim(H) = n, be a completely positive superoperator. Show
that two Krauss representations

Φ(ρ) =
a�

α=1

MαρM †
α =

b�

β=1

NαρN †
α ,

are related by an unitary matrix U ∈ Cn2×n2 so that

Mα =
n2�

β=1

UαβNβ ,

where Mα = Nβ = 0 for α ≥ a + 1 and β ≥ b + 1. Since the dimension of unitary matrices
in Cn is n2 this shows that there can not be more than n4 Krauss representations for Φ.

Let {sj} and {ej} be arbitrary but fixed ON-bases of HS and HE respectively. Define and
unnormalized maximally entangled vector:

Ψ :=
�

i

|si, ei�

By using the two Krauss decompositions one gets

ρSE := (Φ⊗ 1E)|Ψ��Ψ| =
a�

α=1

|Ψ̃α��Ψ̃α| =
b�

α=1

|Ω̃β��Ω̃β| ,

where Ψ̃α, Ω̃β ∈ HS ⊗HE are defined by

Ψ̃α := (Mα ⊗ 1E)Ψ and Ω̃β := (Nβ ⊗ 1E)Ψ .

These are not assumed to be normalized nor even linearly independent.
Now, there is the general trick: Any operator A acting on HS satisfies

Aφ = (1S ⊗ �φ
∗
|)(A⊗ 1E)Ψ ,

where φ∗ :=
�

i φ
∗
i ei ∈ HE for φ =

�
i φisi ∈ HS . We will use the this trick to write

Mαφ = (1S ⊗ �φ
∗
|)Ψ̃α and Nβ = (1S ⊗ �φ

∗
|)Ω̃β . (0.1)

Let us purify these be in terms of the vectors in HS ⊗HE ⊗HR:

A :=
a�

α=1

Ψ̃α ⊗ rα and B :=
b�

β=1

Ω̃β ⊗ rβ ,

Here {rγ} is a ON-basis for a Hilbert space HR. Since a, b ≤ n2 we may take dim(HR) = n2 and
define |Ψ̃α� = |Ω̃β� = 0 for α ≥ a + 1 and β ≥ b + 1. Since ρSE = Tr R(|A��A|) = Tr R(|B��B|)
there exists an unitary transformation U acting on HR such that

A = (1SE ⊗ U)B ,
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where 1SE := 1S ⊗ 1E . Now expressing U =
�

α,β Uαβ |rα��rβ| one gets
�

α

Ψ̃α ⊗ rα = A = (1SE ⊗ U)B = (1SE ⊗ U)
�

β

Ω̃β ⊗ rβ

=
�

α

��

β

Uαβ Ω̃β

�
⊗ rα .

By the ON property of {rα} each α term above is ortogonal to the others. Thus we get

Ψ̃α =
�

β

Uαβ Ω̃β for each α = 1, 2, . . . , n2

By using the representation trick, i.e., (0.1), this implies

Mαφ = (1S ⊗ �φ
∗
|)Ψ̃α =

�

β

Uαβ (1S ⊗ �φ
∗
|)Ω̃β =

�

β

Uαβ Nβφ .

Since |φ� ∈ HS was arbitrary this completes the proof.
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