Quantum Probability: Solution to Exercise 8.1

1. Let ® : B(H) — B(H), with dim(H) = n, be a completely positive superoperator. Show
that two Krauss representations

a b
®(p) = ZMaPMc]: = ZNCMPN;E’
=1

a=1

are related by an unitary matrix U € C"**"* 5o that

2

n
Mo = UasN;,
=1

where My, = Ng =0 fora > a+1 and 8 > b+ 1. Since the dimension of unitary matrices
in C™ is n? this shows that there can not be more than n* Krauss representations for ®.

Let {s;} and {e;} be arbitrary but fixed ON-bases of Hg and Hpg respectively. Define and
unnormalized maximally entangled vector:

U = Z ‘Si, €i>
i

By using the two Krauss decompositions one gets

a b
psp = (@@ 1) W) = > |[Va)(Ta| = > 2){Qpl,
a=1

a=1

where U, Qﬁ € Hs ® Hp are defined by

U, = (Ma®1)¥  and Q5 := (N3 1g)0.

These are not assumed to be normalized nor even linearly independent.
Now, there is the general trick: Any operator A acting on Hg satisfies

Ap = (15 ® (¢")(A® 1p)V,
where ¢* := )", ¢7e; € Hp for ¢ =), ¢is; € Hs. We will use the this trick to write
Map = (1s@(¢")Ta  and Ny = (15 @ (¢*)p. (0.1)

Let us purify these be in terms of the vectors in Hg @ Hrg ® Hg:
a_ b ~
A = Z\Ila@)ra and B = ZQg@frﬁ,
a=1 B=1

Here {r,} is a ON-basis for a Hilbert space Hp. Since a,b < n? we may take dim(Hg) = n? and
define |¥,) = |Q23) =0 for « > a+1 and B > b+ 1. Since psg = Tr g(|A)(A]) = Tr g(|B)(B|)
there exists an unitary transformation U acting on Hg such that

A= (Isg®U)B,



where 1gp 1= 15 ® 1p. Now expressing U = 3, 5 Uap|ra)(rs| one gets

Z‘i’a@”’a = A= (lgg@U)B = (15E®U)Zf~2g®7’g

_ Z{ZUMQB}Gém.

a B

By the ON property of {r,} each a term above is ortogonal to the others. Thus we get

U, = ZUaﬁﬁﬁ for each a=12,...,n°

By using the representation trick, i.e., (0.1), this implies

Magp = (15 @ (¢"]) ¥ ZUQB Ls ® (¢*))92 ZUaﬂNw

Since |¢) € Hg was arbitrary this completes the proof.
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