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1. Let ������� and let �	� R
n be an open set. A positive, continuous

function 
����� ����������� is called a � -Harnack function if the inequality�����
B �! #"%$ &(' 
*),+.-0/ �2143�5

B �  #"%$ &(' 
*),+.-
holds whenever B 6.)87 �:9<; -=�>� . Well known examples of functions satisfy-
ing Harnack’s inequality are positive harmonic functions in the plane.

(a) Let 
*),+.-@?BADCFEG+ and �H? C ���<7JI R � x �
0 � . Find a constant���K� such that 
*),+�- is � -Harnack in � .

(b) Let L �2� be compact and 
*)M+�- as in (a). Does there exist a
constant N depending on O�)PLQ-SR�O�)PL �UT �@- such that
*),+VW-=/XNY
*),+<Z:-
for all +V � +�Z[I\L ? Hint. Show that in the domain of part (a) there are
compact sets L such that the quasihyperbolic diameter of L does not have
a majorant in terms of O�)PLQ-SR�O])^L �UT �@-`_

(c) Let La�X� be compact. Show that 
*)87b-c?\d:e � )Sfhgjik),7 � LQ-S- satisfies
the Harnack inequality.

Solution

(a) We investigate the problem in � �l? C �m�DnWojVqp�n � ��� , where+srft� ADCFEu+ is continuous. Let +s?v) ;uw!x �`y �F; � 143 y -zI{� , n@|�� such that
B 6}),+ �:9 n�-��X� . Let ~ be as in the figure.

Assume y Iq)^� �F� R 9 - . Since B 6.),+ �:9 nS-��X� , we have that n���) ; R 9 - � 143 y .
Hence � 143 ~ ? n; � � 1�3 y9 Iq)^� � �9 -� ~ � ADC w � 143�� � 1�3 y9 � � � 9 � 143 y9 � � y� _
Now �S�.�t����� �  ��:$ ��' ADCFE��143�5 �S�!� �  ��:$ ��' ADCFE�� ? y�� ~y fq~
is increasing with respect to ~ andy�� ~y fq~ / y�������y f ���� ? � � � �� f � � ? � � �� f �J��� _l���=_
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If y I�� � R 9 �:9<� - , then �S�.�t�S�!� �  �� $ �4' ADCFEG� / 9<� and ;m�J9 n imply that� 143 ~ ? n; / n9 n ? �9 � ~{/JADC w � 1�3 �9 ? � �� 143�5���!� �  �� $ �4' ADCSE�� � � 9 f � � ? � �
� ����� ���!� �  l�:$ �4' ADCSE��1�3]5 ����� �  l�:$ �4' ADCSE�� / 9<�� � ? �

Therefore ADCFEu+ is ) � � � -SR ) � f � - -Harnack in � .

(b) Let � be as in (a) and choose L & ?��D+ & � + & � for + & ? � ��� ; and ; |X� .
Now L & is compact but not connected. Moreover, O])PL & -SR�O�)PL & �UT ��-@? 9
for all ; .

For small ; 
*) + & - � 9<� f ; and 
*)M+ & - � ; and therefore
*) + & -
*)M+ & - � 9<� f ;; � �
as ; � � .

(c) Let L � � be compact; +{IJ� , ; | � such that B 6.),+ �:9<; -@� � ;7 ��� I B 6.)M+ �F; - . Since by 3.7(1)[CGQM]gik) B 6 ),+ �F; -S-�/ 9
	4x E�� � � ;9<; f ;� �
it follows that gik) � � L - / gi )87 � L - � g�ik) B 6 )M+ �F; -S-/ gi )87 � L - � 9
	4x E � � � ;9<; f ; ? gi )87 � L - � 9
	4x E 9 _
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Hence 
*)87b-u?Ko�� ���  #"%$ �*' /Xo�� ���  ��%$ �*' �	��
� � ? � 
*) � -
and therefore ��������

B �  l�:$ &(' 
*)^�j-�/ � 143�5���
B �  l�:$ &(' 
*)^�j- _

2. Let � � � � � R
n and

� �.)^� � gib-G� )^� � � g �i - be uniformly continuous,
and let � � I T � � _ Show that 
 ��� � ��� � 
*)87b-s? p � ),7`- f�� � p satisfies
Harnack’s inequality.

Solution From now on, let + I � , ; |X� be such that B 6 ),+ �:9<; -��X� .
It follows from 3.7(1)[CGQM], that for all 7 ��� I B 6 ),+ �F; -

gik),7 ��� -�/\gi )87 � +.- � gik),+ ��� -�/ 9 	�x E � � � ;9<; f ;  ? 	4x E � _
Furthermore, 2.36(1)[CGQM] and (3.4)[CGQM] imply that for all 7 ��� I � ,

�����
	4x E p � )87`- f�� � pp � ) � -kf�� � p ����� /��Di	��) � )87`- � � ) � -S-�/\gi	��) � )87b- � � ) � -S-:_

Since
� � )^� � gib-G� )^� � � gi	� - is uniformly continuous, there exists a homeo-

morphism (“ modulus of continuity “) ~GVj� )^� � �Y- � )^� � �Y- such that

gi	��) � )87b- � � ) � -S-�/ ~cV:)(gi )87 ��� -S-
for all 7 ��� I � . Hence

�����
	4x E p � )87`-kf�� � pp � ) � -kf�� � p ����� / ~cV:) 	4x E � -� p � ),7`- f�� � p�/Xo����  ��
� � ' p � ) � -kf�� � p

for all 7 ��� I B 6.)M+ �F; - . ∴ 
 satisfies the Harnack inequality with � ? o � �  ��
� � ' .
3. Let � � B 6 be compact. Suppose that

� 6 )�� � -c? � � � � � ?��<7�I R
n � E � 2 � k � 1 � d ) x � E -�� 2 � k � � k ? 1

�
2
� _�_�_ _

Use Lemma 5.24[CGQM] to find an upper bound for M )"! )� �$# 6 � V ) 9 -S-S- _
Apply your bound to give a sufficient condition for w A � � ? � in terms of
the numbers )� � - _
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Solution Denote � ? !�)� �$# 6 � V ) 9 -S- and by � � ? ���HI � � ���()�� �9 � � � V -S� . Then ��� � ��� are separate for �
	? � . Since � � B 6 ,
���

�
����� � � � B 6 ) 9 - _

Hence � � ��� for all k. By 5.5[CGQM],

M )�� � -=/ � )� � -) 9 � � � V - 6 ? � � 9 6  � �tV ' _
Using 5.24[CGQM], we get

M )��k- V��  V � 6 ' � �
����� M )�� � - V��  V � 6 ' � �

�����
�

� V��  6 � V '� 9 6  � �tV ' �  6 � V '
∴ M )��k- / � �

�����
�

� V��  6 � V '� 9 6  � �tV ' �  6 � V ' �
V � 6 _

A sufficient condition for cap � ? � is that the series above diverges.
Assume � � R � � �tVu� � | 9 6 , as g � � . Then

��� � V��  V � 6 '� �tV 9 6  � �}Z ' �  V � 6 ' ������ � V��  V � 6 '� 9 6  � �tV ' �  V � 6 ' ��� ? ������
� � �
� � �tV � V��  6 � V ' 9 6 �  V � 6 '

������

? ������
� �9 6 � �� � �tV � V��  6 � V '

������ � � �9 6  V��  6 � V ' | �
as g � � . Hence, by the ratio test,

�
����� �

V��  V � 6 ' 9 6  � �tV ' �  V � 6 ' ? �
which implies M )��k-*?�� and cap � ? � .

∴
	�1�� ���  � � R � � �tV*� � | 9 6 is a sufficient condition.

4. Let � ? B 6 � ����� � � ��� � � � ? � )^��- � be a homeomorphism with
the property that there exist curves ��� � � � � � - � � � � ? ���:9 � such that
����),n�- � � � � )�����),n�-S- �  !� I T � � � n � � _ Show that  cV ?" Z if there exists# �K� with gi � ) � ),7`- � � ) � -S-�/ # g�i )87 ��� - for all 7 ��� I � _ Show that  GVu?$ kZ
also holds if there exists L � � such that M )��k- /�L M ) � � - /�L Z M )�� - for
all curve families � in �m_
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Solution

Case gi : Assume  cV 	?  Z , p  cV�f  kZ<p ? �Y|B� . For n , � �	n �	n � ?) � R 9 - �[1�3 �tp �GVU)^��-�p � p � Z%)8��-�p � , choose 7 � I p �GV�p , � � I p � Z<p such that p 7 � p ?p � � pD?\n , � )87 � -c�  cV , � ) � � -c�  Z . Then, by (3.4)[CGQM],

gi	��) � )87 � - � � ) � � -S- � ��i	��) � )87 � - � � ) � � -S-? 	4x E �.� � p � )87 � -*f � ) � � -�p�[1�3 ��O]) � )87 � -S- � O�) � ) � � -S-S� � � �
as nu� � , since p � )87 � - f � ) � � - pD� � |X� and O]) � )87 � -�- � O]) � ) � � -S-u� � .

On the other hand, p 7 � p � p � � p�� � R 9 for all n I )^� � n � - , so O�)87 � �UT �@- ?O�) � � �UT �@- ? n . Let
� � be the shortest subarc of # 6 � V ),n�- joining 7 � and � � .

Then gik)87 � ��� � -�/ ����� p O�+ pO]),+ �UT ��- / � nn ? � _
This yields a contradiction since g i	��) � )87 � - � � ) � � -�-0/ # gi )87 � ��� � - .

Case M )�� - : Assume  GV 	?$ kZ , p  cV f  kZ�pD? � |X� . Denote

� �V ? p ��� �GV�p
	 B 6 )  cV ��� � - �
� �Z ? p ��� � Z<p
	 B 6 )  kZ ��� � - �

� � ? ! )� �V � � �Z� � � - �
�hV*? � � V � �V � � Z�? � � V � �Z � � ? ! )�hV � � Z  ��- _

Let � ? � A�e.�Dn p # 6 � V )MnS-�	 �hV 	?�� 	? # 6 � V )MnS-�	 � ZU� . Then, by 5.2[CGQM]
and 5.32[CGQM], for all � |J� ,

M )"!�)��hV � � Z  �@-�- �
M )"! )�hV � � Z  B 6 )� - � B 6 )���-S-S-� � 6 	4x E �� � �

as ��� � . Hence M )!�)�hV � � Z  �@-�-c? � .

On the other hand, the Euclidean balls B 6 )� uV � � � - and B 6 )� kZ � � � - can be
mapped by a Möbius transformation onto B 6 )^� � � - and B 6 )^� �F; - respect-
ively. Since ; and � depend only on � we have � )"! )� �V � � �Z -S-=� � . Hence

� ? M )!�)��V � � Z  �@-S-�/JL M )"!�)�� �V � � �Z  � � -S-�/>L�� )"!�)� �V � � �Z -S-�� � �
a contradiction.
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5. Let N ? �D+ I C �b����A�CFEc+ ��� � � �	p +kp]� � � , +jV ? � , +<Z�? o ��� for�q� � ��� , + � ?vo ��� and + � ?v� . Find the modulus of the quadrilateral)^N  +jV � +�Z � + � � + � - .
In other words, find a conformal map of N onto �D+�I C � Im +�|X��� such

that the points + � are mapped onto the real axis and compute the cross
ratio of these points.

Solution Let us first map N on to the upper half of the unit disk by� V:),+�- ? + � ��� . Then map the upper half of the unit disk onto the first
quadrant by

� Z�)M+�- ? ) � � +.-SR ) � f +.- . Finally map the first quadrant to a
halfplane by

� � ),+.-�? + Z . Now the mapping
� ),+�-h? � � ) � Z�) � VF),+�-S-�- maps N

to halfplane so that
� ),+jV�-c? � ,

� )M+ � -c? � , � ),+ � -u? � and

� ),+�Z:-u? � � � o  ��� � ' ���� f o  ��� � ' ��� � Z _
Now � )^N  +jV � +<Z � + � � + � -c?	� ) p +jV � +�Z � + � � + � p -SR 9 ?
� )%p � ),+<ZU- f � p -SR 9 .
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