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1. Let G,G' C R™ be domains, andlet f: G — G' = fG be continuous.
Then f is said to be open if it maps all open subsets onto open subsets of G/,
closed if it maps all closed subsets onto closed subsets of G’, and proper
if for every compact K C G’ also f~'K is compact. Note the condition
fG = G' above, i.e. f is a surjective map.

(a) Show that the map f: H — B2\ {0}, H = {z € C: Rez < 0},
f(2) = exp (2), is open but neither proper nor closed.

(b) Prove: Let G,G' C R™ be domains, and let f: G — G' = fG be
continuous, open, and closed. If y € G, then f~!(y) is compact.

(c) Prove: Let G,G' C R™ be domains, and let f: G — G' = fG be
continuous, open, and closed. If y € G’ and U is an open neighborhood of
fY(y) in G, then there is an open neighborhood V of y in G’ such that
f/lv cUu.

Solution:

(a) Itisclear that f is locally injective, hence open, and not proper (the
point 2 = 1/2 has preimages — log2+127k, k € Z.) It is less obvious that it
is not closed (consider the closed set C = {k, = log(1/2+1/p),p € N,p > 2}
whose image is not closed in B?\ {0}).

(b) Suppose the opposite. Then there is a sequence (b;) in f~*(y) such
that b, — b € 6G. Since f is continuous, for each k there is 4 € (0,1/k)
such that if U, = B™(bg, %), then Uy C G and fU, C B"(y,1/k). Since f
is open, fU is an open neighborhood of y in G'. Hence, there is a; € Uy
such that f(ax) # y. Now a; — b and f(ax) — y. Hence, {ax | £ > 1} is
closed in G, but {f(ax) | & > 1} is not closed in G’, a contradiction as f is
closed.

(c) Suppose the opposite. Then there is a sequence (b) in F = G\ U
with f(bx) — y. Now F' is closed in G and hence fF closed in G'. Thus,
y € fF. This is a contradiction as f~!(y) C G\ F.

2. Let G,G' C R™ be domains, and let f: G — G' = fG be continuous,
open, and closed. Then f is proper, i.e., for every compact E C G', also
f'E is compact.
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Solution: Suppose that B C G’ is compact. We must prove that f~'E
is compact. Suppose the opposite. By continuity, the set f~'F is closed in
G . Hence there is a sequence (z;) in f~'F such that z; - z € 8G. The
set {z; : J > 1} is closed in G, and thus {f(z;) : 7 > 1} is closed in G', and
hence also in F, i.e., it is compact. The sequence (z,) has a subsequence
(zj,) such that f(z;) — f(2) for some z € 0G. According to exercises 1b
and 1c there is a neighborhood V of f(z) in G’ such that A = f1V C G.
By passing to a subsequence we may assume that f(z;,) € V for all k. Now
z; € A for all k. The set A is compact and hence z =limz; € ACG, a
contradiction.

3. For a > 0 we denote by I(a) the class of compact subsets E of B™
with
dm
A= —— .
e@\e dz, B)*
Then, for example, {0} € I(a) when a < n, and S* ! € I(a) when a < 1.
Fix E € I(a), denote By = {z € R* : 271 < d(x,E) < 275}, k =
1,2,...,and for p > 0let I', be the family of all curves in A(E, S™ 1(2); R™)
with £(y N By) > 277, Show that M(T',) = 0 for p < a/n.

Solution: Fix € > 0. Define p(z) = cd(z, E) %", c = (¢/A)/" for
|z| <2 and p(z) = 0 for |z| > 2. Then [gngp"dm < ¢, since B € I(a).
Fix p € (0,a/n). For v € ', we have

/pdsZcZ/ pds > > 27Pkgke/m — o,
gl k=077 Ek k=0

Hence p € F(T',) . Because € > 0 is arbitrary M(T',) = 0. (Cf. also Lemma
5.7[CGQM].)

4. Letz,y € B", z#yand M € (0,2%%). Show that
M(A(D(z, M), D(y, M); B™)) > dy(n, M)p(z,y) ",

where d; > 0.

Solution: By the Mobius invariance of the modulus, we may assume
that £ = e,, vy = e’®¥e, in H”. Let I' be the curve family which
consists of line segments {ty | 1 < t < e/®¥}, y € Y, and let A =
A(D(z,M),D(y, M),H"). Then I" C A.
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By (5.12)[CGQM],

er(.y)

1
)1—11,

MT) = ma_1(Y)(log )

= m’ﬂ—l(y)p(m: )
where m, 1(Y) = w,_1a/7 = w,_; arcsin(th M) /7. Hence we have
M(A) > M(T) = di(n, M)p(z,y)" ™,

where di(n, M) = w,_; arcsin(th M)/m > 0.

5. Let f : B®™ — B™ be a homeomorphism mapping each sphere
centered at 0 onto another sphere centered at 0 (such a mapping is called
a radial mapping) and with the property that for some K > 1, M(T")/K <
M(f(T")) < KM(T') whenever I' is the family of all curves connecting the
boundary components of a spherical annulus centered at 0. Show that for
allz € B™

2/ < | f(2)] < Jol*, 0 = KO,

Solution:
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Denote by h: [0,1) — [0,1) the map h(t) = |f(te1)|- Let 0 <s<r<1

and I' = A(S™(r), S™7(s)). Now M(T") = wp_1 (logs)l and since f is
a radial mapping we have

h(r)
'Y =
(1) MGT) = wns (g 2
Denote o = K'/(:~™), By (1) and the modulus property of f we have
1
Lm(r) < M(T) < KM(T)

7 (é)l (10g7) " < (10% %)1 <o (10g7)

h
h(r) . _1 T
h(s) — s

l/oz
& (5)' < h(r) )
s/ ~ h(s) — \s
Hence h(r) > (r/s)*h(s) and h is increasing. From this we can conclude

that A(r) — 1 as 7 — 1. (This conclusion can also be obtained by using
purely topological arguments.) Letting » — 1, we obtain the inequality

B <=

st/® < h(s) < s*

=4 alog <log —

which implies that

and furthermore that

iz < |f(z)] < |z|*

6. Let G =B?\ {0}.

(a) For 0 < r < 1/2 compute the quasihyperbolic area w.r.t. kg of the
annulus {z : 7 < |z] < 1/2}.

(b) For 1/2 < r < 1 compute the quasihyperbolic area w.r.t. kg of the
annulus {z :1/2 < |z| < 7}.

Solution: Let us denote A(a,b) = {z € G: a < |z| < b}.

(a)

mi(A(ro,1/2)) = / //2 Tda = 27(log(1/2) — log(r)) = 2mlog %
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(b)

ma(A(1/2,71)) = /ozw /,11/2 % do = 2r (1%1 +log(1—71) —2— 10g(1/2)) .



