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1. Let
������������	

, 
�� B  ��� and ���������
��������! "$# �%� . Show that
M &�(' �*),+ M &�.- � , where

+
is only dependent on /0� � � � and

�
.

Solution: Denote 1  �2
 , 143.�2� ���!  �5� , 1467�2� ���!  �8� , 1:9.�2� ���!  ���
and ;=<?>@�A���1B<��C1D> � for all EC�&FHGJILK���MN�COL�"P8Q . Then M �;B3$9 � �SR ���! $TVUXW! �5Y8���%�  ��Z�
and M ��(' � � M �;  6 �[) R ���! $TVUXW! �8Y8���5�  ��Z� , since ;  6 � ��&�����! C �8� �������! " ���%� .
If \  6]G^;  6 and \!3$9_G^;`3$9 , then by [CGQM,5.32],

M &�acb \  6dbe��b \L3$9db �5�gf + � ThUXW
�
� fi+ � ThUXW

�
� M &�(' �
R ���! $ThUXW ' j �  ��Z��

+ �R ���! $ThUXW
�
� � � M &�(' ��k

Using [CGQM, 5.35], we get

M &�.- � � M �;  3 �*f O �Z�mlonhp I M �;`3$9 � � M $;  6 � � nhprq M cb \  6dbs��b \!3$9tb � Qf O �Z� lonhp ItR ���! $TVUXW
�
� �  ��Z� � M &�u' � �

+ �R ���! vThUXW
�
� � � M &�u' � Q

f O �Z� lonhp ItR ���! $TVUXW
�
� �  ��Z� M &�(' �

R ���! $ThUXW �8Y8�w�  ��Z� � M &�u' � �
+ �R ���! $TVUXW

�
� � � M &�(' � Q

� x+ M &�u' �
where the infimum was taken over all rectifiable curves \  6yGz;  6 ,\!3$9aGS;`3$9 and x+ �{O �Z� lonhp ILK��wc|~}��&� '��

j��
|~}��&� -h�

jv� � ���! � + � $ThUXW! �8Y8���%� � Y R ���! Q . Hence

M &�(' �*),+ M &�.- � , where
+ ��K Y x+ depends only on / ,

�
,
�

and
�
.

2. Prove Theorem 6.1 (3) [CGQM].
(2. Let

� G� 	 �  � 3�� and ��G Rn. Without using Theorem 3.42/lectures,

find an upper bound for
+  ��v��� �5�%� in terms of / and

��k
Your bound

should tend to
	

when
��� 	

.)

Solution: Let us recall the definition of
+
.

+  ��v��� �%�5� � nhprq�c�
R � la��� Id�� ����D�

�5� �"� � �"�� �.v�D� �5� �Xx� � Q
where

�� ��v��� �5� �"� � � M ��������$�B�
� O
M
� � ��v��� �5�=� ��$�B� K� M

�%�%��k
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Let � G R � . We may assume that � G ��v�:�  � 3 � . (Otherwise �{G
��wx�B�  � 3 � , which case is handled similarly). Let

� � be the spherical iso-

metry in (1.46)[CGQM]. Then
� � v� � � 	

,
� � ��$�:�  � 3 � � B,

� � ��$�:� � 63 � �
B  � O � by 1.25 (1) [CGQM]. Hence

� � ��G B. Now

�� � � �D� � &� ���! ��� ���!  � O �%�5� � B  � O ��k

We use [CQGM, 6.1] to obtain

�� ��v�D� �5� �"� � � �� �� � � ��� �5� � 	Z�
� M &���� ���!  � O � � �� � � �D� �5�=� B

�5�
)

M &��$���� � � �D� � &� ���! ��� ���!  � O �%�5� �C���� � � �D� �5�%�5�
� M &��$���� 	 � � &� ���! ��� ���!  � O �%�%� �C���� 	 � �5�%�%��k

For the last equation we applied the map
� -���� .
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Here

���� 	 � �5� � � ���! 
�� K�� � 3 � �

� &� ���! ��� ���!  � O �%� �
� O��,K� "K�� O � "K��yK � �

� O���K
M � M �

� 6 �! 3 � 3�
K��
	 � 6 �! 3 � 3�� 3 �

� O��,K
M � M

��� &M � M � 3� ���O�� M � O�� K �
�

� O�� K� P���M � O �
� O��,K� M � � O�� K

∴
+  ��v�D� �5�%�0) �� ��v�D� �5� �"� �0) R ���! �� ThUXW � 6 �! � 3 � � 6��  �  �� -��- �  ��Z� .

3. Let � � R
n � I 0 Q and let

���
be defined as

� � $�B��� � � b � �!��b 3
M�b ��b b ��b � �:�"��G#� k

Define $ � by ch $ � $�B��� � ��K�� ��� v�:��� ��k Show that

F � $�B��� �%Y M ) $ � $�:��� �0) P:F � $�B��� �
for �B����G#� k Hint: Use the inequality from h0405 to the effect that for# f,	
ThUXW%	�K�� la����& #�� � #(' � )*) ) ThUXW(	�K�� #�� � # � ) M ThUXW(	cK�� la����& #�� � #�' �
if ch

) ��K��  3 # k
Solution: By exercises 0405 and 0504 we get

$ � $�B��� � f ThUXWr"K�� la��� IXM � � $�:��� � � � M � � $�B��� � Q �
� + � $�B��� �0f F � $�:��� �5Y M

and

$ � $�B��� � ) MmThUXW!%K�� la��� IXM � � $�B��� � � � M � � $�:��� � Q �
� M,+ � $�:��� �0) P�F � $�B��� ��k

4. Show that for
	.- �/- K and 0 � 	

, �213	�4�5 � 5 6 '37 $�B�80 � � )9 3c$/0�80 � %K�� �8�  ��Z� , where �:1 is the hyperbolic measure of  B �;$
B

�
.
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Solution: Let
	 -�� - K . We have that�5 � 5 6 ' 7 v���80 � � B �� �

for some � �,	
. By the 2 first lines of page 25 [CGQM],

ThUXW K�� �K � � � 0 �yTVUXW K����K����
which implies

K����
K���� ���	� K�� �K�� � k

We use (4.15)[CGQM] to obtain

�:1Z �5 � 5 6 ' 7 v���80 �%� � �21� B 
� �5� - M � R ���! /#�,K � �
K ��� � ���! 

) Mt�dR ���! / ��K � K����
K ��� � ���! � Mt��R ���! /#�,K � �	� K�� �K�� � � ���! ) Mt�ZMt���! &R ���! /#�,K � � � ���! � "K � �8�  ��Z�

� M 3 ���! �R ���! /#�,K �� � ���! � %K � �8�  ��Z� k
5. Show that for given � � 	

there are numbers
�  � �  �g� 3 �� 3 � k kVk

such that M ����
��C1@� Rn
�%� - �N� when 
 � �m� ���!  � > � and1����m�����! C � > ��k

Solution: Let � �{	
. Denote �Z< ���Z������� , E�� K���MN� kwkwk , � � K . Choose� <=���X3$< �! , � <=���Z3$< , E ��K���MN� kwkwk . Then

�  � �  ��� 3 �y� 3 �������
. Denote

for Em��K���MN� kwkwk ;=<=�A�a&� ���! ��X< � ��� ���! ��X< �  �%��k
Then 4��<!  ;=< - �a�
��C1#" Rn

�
, which implies with (5.14)[CGQM], that

M &���
��C1#" Rn
�%� )

M  ��<!  ;`< �@) �$
<!  M �;=< �

� R ���! �$<!  
%
ThUXW �X<�X< �  '&  ��Z�

� R ���! �$<!   �(�*) � �� �+�,) � � ) �%�  ��Z�
� R ���! �$<!  ��,) � ��*) �,K �%�  ��Z�) R ���! �$<!  � � � ���! � ) � - � �
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if � � K is so big that � �<!  �Z� � ���! � ) � - � Y R ���! .
6. Let ���;����� R

n, / f M , and let ��� � � ��� be a homeomorphism
with the following property: There exists

+  G  	 ��� �
such that for every

subdomain 7 �*� and for all �B����G 7 ,

	� � F�
� ��:v� � ���B � �%�0)i+  F�� v�:��� ��k
Show that for each �aG � ,� �� �%� � �yT nhl������'���� � b��:$� � ���Bv� � b

b��B � � ���:v� � b � b � � �4bd� b � � �:bt� ���^),+ 3w�
where

+ 3JG "K���� �
. Show that this inequality holds (possibly with a

different constant
+ 3 ) also if in (� ) F � and F 
� are replaced by �!� and�"
� .

Solution: Fix ��G#� and
� G  	 � 9 ��D�C� � �%Y M � . Let 7 � � � It�!Q . Then

F�� $�B��� � �yThUXWr"K�� b � � ��b� �[) ThUXW!"K�� M �� � � ThUXW�O
for all �:���aG�� ���! v�D� �8� , while by lemma 2.36(1)[CGQM],

F 
�0��B$� � ���: � �%� f$##### ThUXW b��:$�
� ���:v� � b

b��: � � ���:�� � b ##### k
These inequalities with (*) show that

� %� �%� �u) + 3 , where
+ 37� O'&)(7G"K���� �

.
In the case of �!� and �"
� , we use (3.4)[CGQM] and (*) to obtain

F 
�0��B$� � ���: � �%� ) �"
�0%�:$� � ���: � �%�0),+  �"�0v�:��� �
for all �B���aG 7 . With the above argument this yields

� ��r�%� �*) � &)(+*-, � �/. 0 � .
By the choice of

�
,
9 %1r�C� 7 � � �

for all 1 Gy�m���! C��D� �8� . Let \ be the
shortest arc contained in � ���! Cv��� �8� joining �B���aG�� ���! Cv��� �8� . Then�"� v�:��� �0)�2�3 b 9 1`b9 %1r�C� 7 � ) K�54 � � 4 k
∴

� %� �%� �*) � & (76 .
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