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1. Show that for all ��������� ( R
n the inequality	�
���������� ���������! "$#&%�'( 	�
)+* # � ' � * # � '-,/.103254 # ����� ' �

where 6�7-8 is the family of all curves connecting the points � and � within � ,
and

* # � ':9<; 	�=?> # �@�BAC� ' . Hint. Recall the normal representation of a curve.

Solution: Let ��������� , and assume without loss of generality that d # ���BAD� ' 0
d # �E�BAC� ' . Assume that all paths % � 6�7-8 are parametrized by the normal
representation (i.e. with the pathlength as a parameter) %GFIHKJ � "+#L%@'NM�O � .
Then

* #&%:#QP?' �BAD� ' 0 * # �@�BAC� '  P and R %EST#QP?' R 9 �
a.e. and further

2U4 # ����� 'V9 	�
W����������YX � R *�Z R
d # Z �BAD� ' 9 	�
����������/X\[Q] ��^_ R %`S�#aP-' R * P

d #&%b#aP-' �BAD� 'Gc 	�
W��d�������/X\[Q] ��^_ * P
d # ���BAD� '  P9 	�
W����������feeeee [Q]

��^g�h _ ����� # d # �@�BAC� '  P?'!9 	�
��d������� # ����� H d # ���BAD� '  "$#&%@'-'ji �����
d # ���BAD� 'NM

9 	�
W���������� �����k��l "+#&%�'
d # ���BAD� ' . 9 	�
���������� ���������l "$#&%�'( 	�
�) d # ���BAD� ' � d # �E�BAC� '-, .nm

2. Let o 9 R
2 p )

te1 F t c 0 , . Show that there is no constant qsr J such
that 25t # ����� ' 0 qvu t # ����� ' �5wC�����n� o m
Solution: For P r J let � g 9yxUz  P?x�{ , � g 9yxUzji|P}x�{ . Let ~ g 9 ~ t H � g ��� g M and
let

Z g � ~ gW� )5� x�z R ��� JU, . Then, by (3.4)[CGQM],

2Ut # � g ��� g ' c 25t # � g � Z g ' c u t # � g � Z g '!9 ����� # �� R � g i Z g RP ' c ����� # �! �P 'bO � �
as PbO J .
On the other hand,

u t # � g ��� g '!9 ����� # �l R � g i � g RP 'b9 ����� # �l s�dPP '!9 ������� m
∴ There is no constant ��r J such that for P r J , 2Yt # � g ��� g ' 0 q�u t # � g ��� g ' .
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3. Let us define � # ����� ':9 R � i � R z���{
for �@���y�

R. Show that
�

is a metric and H J � � M is not rectifiable with
respect to

�
. (Hint: length of HKJ � � M is=������
	�� h z � # � � ��� �� z}'YF�� �

N
�� zb9<J ��� 	  zI9 � ����� � ���  z�� m '

Solution: By Problem Set 3 Ex. 6
�

is a metric.
Consider � z!9<J ��� {l9 ��� � � m m m ����� 9 # 2 i � ' � � � m m m ��� 	  zI9 �

. Now	�� h z � # � � ��� �� zN'!9 	�� h z�� � �� zji � � 9 	�� h z�� ��� � 9�� �
� � 9 � �

and � � O � as � O � . Therefore H J � � M is not rectifiable.

NOTE THAT THE ESTIMATE FOR 4 (A) WAS GIVEN IN THE LEC-
TURE ON THE SAME DAY WHEN THE PROBLEM SESSION WAS
HELD.

4. Let � ��� #�J � ��� � ����' � let � � 9 � 	 # ��� � x 	 � � � ' � and let  9"! � � m
(a) Show that the numbers � � can be chosen so that M #$#�#  �BA H 	 '?'l9 � m
(b) Show that, for every % r J � the numbers � � can be chosen so that

M #$#�#  �BA H 	 '-' � % m
(c) Assume that the numbers � � have been chosen as in (b) with % 9 �

.
Show that

M #$#�#  '& �BA H 	 '?'!O J
when � O J where  (& 9  � B 	 # � ' m
Solution:

(a) Choose � � 9 ��� � �*) and denote# � 9"# # � �d�BA H 	,+.- # � � �  � ��� � � � i � � '-' m
Since # � are separate, we get by [CGQM, 5.4] and [CGQM, 5.32],

M #$#�#  �BA H 	 '?' c /�� h _ M #$# � ' c /�� h _ � 	 ����� ��� �  � �� � � i � �9 /�� h _ � 	 ����� # �l � � �� � � i � � ' m
Hence 0 #$# #  �BA H 	 '-' c21 /� h _ � 	 )z43 ����� �{ 9 � .
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(b) Let % r J . Denote 6 � 9"# # � �d�BA H 	 ' , �6 � 9"# # � �d� � 	 � z # � � � x 	 � � � � '-' for
all 2 9<J � � � m m m . Then �6 � � 6 � for all 2 and we get by [CGQM, 5.2.(3), 5.3,
(5.14)],

M # #�#  �BA H 	 '-' 0 M # /�� h _ 6 � ' 0 /�� h _ M # 6 � ' 0 /�� h _ M # �6 � 'b9 /�� h _�� 	 � z � ����� ��� �� � . z � 	 m
Choose � � 9 ��� � x*� ��� to get

M #$#�#  �BA H 	 '-' 0 � 	 � z /�� h _ 2 ��� ] 	 � z ^ m
Making 	 r �

so big that 1 /� h _ 2 ��� ] 	 � z ^ � % � � 	 � z , we get the inequality
M # #�#  �BA H 	 '-' � % .
(c) For � r J , let 2 & � N ! ) JU, be such that B 	 # � ' � � ��
�9�� w 2 c 2 & and
B 	 # � ' � � ��
 � zb9�� . It is clear that 2 & O � as � O J . We have that

M #$# #  '& �BA H 	 '-' 0 M # /�� h � 
 6 � ' 0 � 	 � z /�� h � 
 � ����� ��� �� � . z � 	 m
By the choice of � � in (b), the series 1 /� h _�� ����� {����& ��� z � 	 converges. Now1 /� h � 
 � ����� { ���& � � z � 	 is a remainder term of the series and hence

/�� h ��
 � ����� ��� �� � . z � 	 O J
as � O J , since then 2 & O � . The claim follows.

5. Let  ����� - # � � � ' � - #�� ��� '@9 B 	 # ��' p B 	 # � ' � � r � r J � and! 9 M #$# #  ��� � Rn '-' r 0 m
Find a number ��r � � � 9 � # � � ! ' � such that M # #�#  ��� � - # � � � ��� � '-'-' c ! � � m
Solution: Denote 6 9"# #  ��� + Rn ' , 6#" 9 # #  ��� +.- # � � � ��� � '-'?' ,6 S " 9 ) % � 63RER % R � B 	 # ��� � ' �9�� or R % R � # Rn p

B
n # 2c '-' �9��U,

for ��r �
. Then 6 9 6$" ! 6 S " . It follows that! 9 M # 6 ' 0 M # 6#" '  M # 6 S " '0 M # 6#" '  � � 	 � zB# ����� � ' z � 	 m
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Choose � c x ] )�� � � � ��� ^ ����� � � ��	
to get

M #$# #  ��� +.- # � � � ��� � '?'-' 9 0 # 6$" ' c ! i � � 	 � z�# ����� � ' z � 	c ! i � � 	 � zB# ����� x ] )�� � � � ��� ^ ����� � � ��	 ' z � 	9 ! i ! � 9 ! � m
6. Let  �

B 	 and
! 9 M #$#�# � 	 � z # ��' �  + Rn '-' r 0 m Find a number ��r� � � 9 � # � � ! ' � such that

M # #�# � 	 � z # ��' �  +.- # � � � ��� � '-'-' c ! � � m
Solution: Denote 6 9 #�# � 	 � z # ��' �  + Rn '6$" 9 #�# � 	 � z # ��' �  +.- # � � � ��� � '-'6 S " 9 ) % � 63RfR % R � B 	 # ��� � ' �9��U,
for ��r �

. By [CGQM, (5.10)],

M # 6 'V9 M #$#�#  � � 	 � z # ��' + B 	 # ��'-':9 M # 6#" ! 6 S " ' �
so we have that ! 9 M # 6 ' 0 M # 6$" '  M # 6 S " '9 M # 6$" '  � 	 � z # ����� ���� � ' z � 	9 M # 6$" '  � 	 � z # ����� � � ' z � 	 m
Choose � c x ] { � � � � ��� ^ ����� � � ��	 � � ( ��r �

) to get

M #$#�# � 	 � z # ��' �  +.- # � � � ��� � '-'-'�9 M # 6#" ' c ! i � 	 � zB# ����� � x ] { � � � � ��� ^ ����� � � ��	� ' z � 	 9 ! �jm
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