Quasiregular Mappings

Department of Mathematics and Statistics
University of Helsinki

Problem Set 5

Winter 2009/ Vuorinen

1. Let G=R"\{0}, z,y € G, and let ¢ € [0, 7| be the angle between the
segments [0, z] and [0, y].

(a) Show that sin 1¢ < ||m";‘yy||

(b) Show that [z — y| < 2] — lyl| + 2 min{Jz], |y} sin(p/2).

(c) It is known (by [MOS]) that kg(z,y) = /9? + log? 2. Using this result

ly|
show that there is constant A such that that k;(z,y) < Ajs(z,y) for all
z,y € G i.e. that G is a uniform domain.

Solution: Let 2 and a be as in the picture. Now
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Similarly |z — 2| = ||zz_|-|1{||!;|’| Now a < |z — 2| implies
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Hence

T — ) |z —
o < 2arcsin‘ yl <2(—‘ y\)

- z[ +lyl = "2 z[+ |yl
" lz—y]
z—yl mlog(l+ o5 " je(z,y).
lz| + |yl — log 2 ~ log2 ’

In (*) we used the fact that for z € [0,1] arcsinz < 7z and in (**) the
Bernoulli inequality: log2 = log(1 + z) < Zlog(1 + z) (z €]0, 1]).
It follows from lemma 2.36(1)[CGQM] that

2 2] o ™

™ . .
ko(z,y)> = ¢+ log’ W Jc:(:v,y)2+Jc:(fr,y)2

= (1 + <$)2> je(z,9)>.

Therefore kg(z,y) < Aje(z,y) where A =, /1 + (1022)2'

It remains to prove (b). We may assume |z| < |y|. Choose 2’ € [0, y| such
that |2'| = |z|. Then

¢
e -yl < |z =2+ —y| = 2lz[sin o+ [jy| — |z]]
. .
= [le| = lyl| + 2 min{|z], [y[} sin 7.

2. Let z,y € R*\ {0} and |y| > |z|. Show that d(y, [0,z]) > Z;¥.

Solution: Let 7y, 7, be the hyperplanes orthogonal [0, z] such that 0 € 7
and z € m,. There are 3 cases:

i) y € 7, or y is on the opposite side of 7, from 0. Then d(y, [0, z]) =
T -yl > B

ii) y € m or y is on the opposite side of my from z. Then |z — y| <
|z + |y| < 2]y| = 2d(y, [0, z]).

ili) y is between the planes 7y and m,. Choose u € [0,z] such that
ly — u| = d(y, [0, z]). We denote d = d(y, [0,z]). Now
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Second solution: For z € (0,z) we have |y — z| > |z — 2| because y ¢
B™(z,|z — z|). On the other hand |y — 2| + |z — 2| > |z — y| and hence
2y —z[ = [z —yl.

3. Let f e GM(B") and r € (0,1). Show that

1
1— 72

f(z) - f(y)| < lz -y,

for |z, ly| < r. [Hint: sh? &%) = ]

Solution: Recall the formulas (2.18)[CGQM] and (2.20)[CGQM]:

2 p(z,y) |z — yl?
S e (P

and

p(f(z), f(y)) = p(z,y)
for all z,y € B™. Hence

#(e) — Fw)P < LB ZJWE 2oyl Jzoyf

A-[f@PA-1fP) ~ O =[P -TyP) = -2y
because |z, |y| < r < 1.

4. For an open set D in R", D # R", let

o _ 2
op(z,y) :log<1+max{ z-y -y }) ; Z,y€ED.

Jd(z)d(y) ' d(@)d(y)

Show that jD("B: y)/2 S (pD(xxy) S 2jD($J y)
Solution: Exercise 4.5 gives us

lz —y|?

¢p(z,y) < arch (1 " 2d(z)d(y)

) < 2¢p(z,y)

and from exercise 4.3.(5) we obtain

r 2~ yf? 2yl ..
2 2@y = 2 i) S PP

For the proof of the first inequality we may assume 0 < d(z) < d(y).

3
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Case 1: |z — y| > d(z). Then by using the A-inequality we have

z-yl®> |z—y lz -y lz-y
d(z)d(y) 2d(z) ~ d(z)(d(z)+|z-yl) 2d(z)
2z —yPP - |z -y’ —d=)lz—y
2d(z)(d(z) + |z — yl)
z - yl(jz - y| - d(z))
2d(z)(d(z) + |z — yl)

>0

Now by using the Bernoulli inequality and the approximation above in this
order we have

: _ z -y |z
jpo(z,y) = log(l+ @) ) < 2log(1+

lz —y[?

d(z)d(y)

Y|
2«))

< 2log(l+ ) < 2¢p(z,y).

Case 2: |z — y| < d(z). Then we have the inequality

lz — y|? z —yf? z —y[?
d@)d) ~ d@)(d@) + |z —y]) ~ 2d(@)?

and from the Bernoulli inequality and the estimate above we obtain that

: _ [z — | lz -yl
jo(z,y) = log(l+ ())<\/_1 (1+\/_d( ))

< +2log(1+ -y ————) < v2¢p(z, ).

yd(z)d(y)

jD(mx y) S 2¢D(w7 y)

5 Let G = R™\ {0} and f(z) = a’z/|z|* for z € G, where a > 0. Show
that kg (f(z), f(v)) = ko(z,y) and jo(f(z), f(¥)) = je(z,y) for 2,y € G.

Solution: Since f is a Mobius map and hence conformal,

£([0, F ()1, [0, f()]) = £([0, 2], [0, ¥])
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for all z,y € G. Denote ¢ = £([0, z], [0, y]). Then, using exercise 1, we get

2 [f(z)]
| f(y)]

= |¢? + log? (%)
\ el

T
= \¢2 +10g2H = kG(m:y)'

ka(f(2), f(y)) = 4|9 +]log

_—

We use (1.4)[CGQM] to get

| ~ f(z) — f(y)]
Jo(f(@) f@)) = 1og(1+ Lrl s e )
a?|z—y|

= log(1+—=22 )
mm{m,m}

log(1+ ==4), if |z| > |y|

log(1 + 22¢), if || < |y|

= jG’(x: y)

6. Let f:G— G = f(G),G,G C R", be a homeomorphism such that
for some C > 0 and all z,y € G, ko (f(z), f(y)) < Ckg(z,y). Suppose
that b € G and that b, € G with by — b, f(bx) — B,k — 00, and let
E = UD(bg,1). Here D(z, M) stands for the quasihyperbolic ball. Prove
that f(z) — B when £ — b,z € E. Note: By topology, for each sequence
(bx) tending to a boundary point b of G such that the image sequence also
has a limit v, it follows that v € 8G’.

Solution: Suppose, on the contrary, that there exists a sequence (ax) € E
with ar — b and f(ax) — o # B. Then, by topology, @ € 8G'. Denote
0 = |8 —a| > 0. By passing onto a subsequence and relabeling if necessary,
we may assume that kg(ax,br) < 1 for all k. Since a, 8 € G, it follows
that

_ . B |f(ax) — f(be)|
Jer(f(ax), f(bx)) = log(1 + min{d(f(ax)), d(f(bx))

when k — 0o0. But by (3.4)[CGQM] we have
Ja(f(ar), f(bk)) < ke (f(ar), f(be)) < Ckelar, bx) < C < 00

This is a contradiction.
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