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1. Show that for all �����������
	�� ��� ��� ��� �  ���� �  ��� �  ��� ��� �  ��� �  �����
 �����  ���� �  �  ��� ��� �  �  �����

Hint. Lectures, Ahlfors bracket.

Solution: By (1.36)[LN]��� �  ��� �  � � ��� �  ��� �  � � � ��� �  �  � � ��� �  �  � � ��� �  �  � � ��� �  �  � ��! �����#" � �! �$���#" �
and by (1.5)[CGQM] and (1.35)[LN] ��� ��� ��� �  � �  %&� ��� %'� �  � � ( )  �*���  � �*�+�-,  �  �!�+�-,  � �

��� �  �  � � �  �*�.�  ��/ �����#" � �! �$���#" �
and the assertion follows.

2. Let ( � �10 � � � . Find a point ��� �20 � (4365 � such that
���7�20 � � � ���8� (4345 � .

Solution: Denote � �:9 365 , 0<; 9 ; ( . By (1.34)[LN] and (1.35)[LN] ���8�20 �  � =0 �+� > � � 0@?A0 �:9
 ���7� (4345 �  �  �/� (4345 > � �CB 9 ( � 9 � ( � � ( � 9� � ( 9 �

We find 9 such that ���7�20 �  �  ���8� (4345 � :D 9E� ( � 9� � ( 9D 9 � ( 9 � � ( � 9 D ( 9 � �CB 9 ? ( � 0
D 9E� BGF > H � H ( �B ( � � F > � � ( �(D

IJJJK JJJL
9M� 5ONQP 52R4SUTS � 52RWVX52R4S TZYS[V\52R P 52R4S T Y � S52R P 52R4S T^] ( � _Q`badc$`fe�ehgXi'j\klnm
9M� 52R P 52R4S TS � 52RWVX52R4S T YS[V\5ONQP 52R4S T Y � S5ONQP 52R4S T �

lno �
∴
� � SZp[q5ON P 52R4S T .
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3. For � � �20 � 5��� � , let ��� � ��� `fe � �Qe�g\_ � � and ��� � ��� `fe � � � ehg\_ � � �
Then there exists a Möbius transformation

�$�	�
B
��


B
�

with
��� 3f5 � 345 ,���8� � 3f5 � � � 345 , ���7� ��� � � 3 � � � ���b� ��� � � Find

 �  �
Solution:
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 |a|= (1/cos( φ))−tan(φ) 

−1.5 −1 −0.5 0 0.5 1 1.5

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

QR00  /h023

F
ig

ur
e 

2/
25

−S
ep

−2
00

0 
14

:0
6:

37  T
a
(z)= (z−a)/(1− conj(a) z)

 Image under T
a
(z)

 0

By geometry  �  � �
� `fe� ��a��8_� � � ��e�g\_�

� `fe� �

4. Let � ��� � R
� and let 9�� be a spherical isometry with 9�� � � � � 0

. Show
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that  9�� �  �  ���.� � ��� ?  �  � � ��� ?  �  � � �  �*�.�  � �
Let � �  0 � 5� � " be such that ehg\_ � ��� � ����� � . Then � is the angle between
the segments

 3 � N&5 � 9�� �Q" �  3 � N&5 � 0 " and
 3 � N&5 � 9�� �-" at 3 � N&5 . Show that the

above formula can be rewritten as
 9 � �  � a �8_ � �

Solution: By (1.47)[CGQM] and (1.15)[CGQM] in the lecture notes we
have that

 9�� �  � � � � � ��� � �� � � � � ��� �U� � �
� R�� � TVX5ON � � � T Y V\5ON � � � T Y� �
�
� R�� � TVX5ON � � � T Y V\5ON � � � T Y�  ���.�  ����M?  �  ��� ��� ?  �  ��� �  �����  �-�

We take square roots to get the first equality.
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If we assume that e�gX_ � ��� � ����� � and � �  0 �	� � " , we have

 9�� �  � � � � � ��� � �� � � � � ��� �[� �
e�gX_ � �� �.e�g\_ � �

� ehg\_ � �� `fe � � � a��8_ � � �
Now a �8_ � �  0 ��
 " and thus

 9�� �  � a��8_ � .

5. For � ��� � B
� and

�
� �� �

B
� � show that �

� �  �  �*�.� �  �����  � ?:��� �  �  � � ��� �  �  � � � �> ��?
�
� �

where �
� �  �����  ���W����� �  �  � � ��� �  �  � ��� .
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Solution: By (2.25)[CGQM], (2.18)[CGQM] and (2.12)[CGQM] we have

 �
� �  � a���� � � ��� �B � e���� V ��� � Y�

� ��� V ��� � Y�
� e�� � V ��� � Y�� � ? e�� � � V ��� � Y� � �

� R�� �> V\52R � � � T Y VX52R � � � T Y� ��?  ���.�  � �W����� �  �  ��� ��� �  �  �����
� �> � ?

�
� �  ��� � �  ���.�  � ? ��� �  �  ��� ��� �  �  ��� �

with �
� � �

� R�� � TVX52R � � � T Y VX52R � � � T Y
.

6. Let 	 �  0 ��
 � 
  0 ��
 �
be strictly increasing with 	 �20 � � 0

such that	 � 9 � � 9 is decreasing. Show that 	 � � ? � ��
 	 � � � ? 	 � � � for all � ]
0 � With	 � 9 � � 9� � � � �10 � � � � apply this result to show that if � � � ��� � is a metric

then � � � � ��� � � � � ����� � � also is a metric.

Solution: Let � ��� ]
0
. ThenIK L � V � N � Y� N � 
 � V � Y�� V � N � Y� N � 
 � V � Y�

� � � 	 � � ? � ��
 � � ? � � 	 � � �� 	 � � ? � ��
 � � ? � � 	 � � �
After addition we have� � ? � � 	 � � ? � ��
 � � ? � � � 	 � � � ? 	 � � ��� �
From this follows the claim 	 � � ? � ��
 	 � � � ? 	 � � � . Let 	 � 9 � � 9 � , � �$" 0 � �  .
Then 	 is strictly increasing, 	 �20 � � 0

and
� V�� Y� � 9 � R 5 is decreasing, since
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� � � �$"'� � � 0  . Let � be a metric. For the application it suffices to prove
the triangle inequality:

� � � ����� � � 	 � � � � ��� �h� 
 	 � � � ����� � ? � � ����� �h�
 	 � � � � ��� ��� ? 	 � � � ����� ��� � � � � ����� � ? � � � ����� �
for all � , � and � in the metric space. In the calculation the first inequality
follows from the

�
-inequality for the metric � and from the fact that 	 is

increasing. The second inequality follows from the first part of the exercise.
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