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Problem Set 3

Winter 2009 / Vuorinen

1. Show that for all a,z,y € B™
‘TZC— ay|2 |:B_y|2
(1 - [TaP)A - [TyP) ~ (1- =) - yP)
Hint. Lectures, Ahlfors bracket.
Solution: By (1.36)[LN]

(1 —la)(A — [z — [a)( — |y[*)

(1- ‘Taa:|2)(1 - |Tay|2) = Alz,al?Aly, al?

and by (1.5)[CGQM] and (1.35)[LN]

rilz—yP?  _ (—la[*)’z—y)?

Taw—Ta 2:0-a,$_0.a 2: o
| y* = | W o= afly-aP Al aPAly,af

and the assertion follows.

2. Let r €(0,1). Find a point a € (0,7e;) such that T,(0) = —T,(re;).
Solution: Denote a =te;, 0 <t < r. By (1.34)[LN] and (1.35)[LN]

0 —al
T.00) = —/—/—— =
IT.(0)] 1-0+0
la — req| r—t
T, = = .
Talres) vi=2tr—1t2r2 1-rt
We find ¢ such that
r—t
Tao :Ta t:
T.(0)| = ITa(ren)| & t=1—

& t—-rtP=r—tert?—2t+r=0
2+ /4 — 4r2 1i\/1—r2
2r r

t = 1—|—\/1 r2 1—(1-r?) __ r
'r(l V1i-r?) T 14172

&S t=

> r, mnot possible

_ 11— vl 72 1—(1-72) _ r
o 'r(l—I—\/l r2) T 144/1—r2? OK.

rey
1++/1-72"
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3. For ¢ € (0,3m), let z, = (cosg, siny) and y, = (cos¢, —sinyp).
Then there exists a Mobius transformation T,: B? — B? with T,e; = e,
To(—e1) = —e1, To(zy) = €2 = —T,(yy). Find |a|.

Solution:
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al= (L/cos( @)—tan(¢)
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Ta(z): (z-a)[(1- conj(a) z)
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By geometry

1 1 —sin
la| = —tang = J
cos ¢ cos ¢

4. Let z,y € R® and let ¢, be a spherical isometry with £,(z) = 0. Show
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that
|z -y

V@ + 2P+ [yP) — [z —yP

Let o € [0, 7] be such that sina = g(z,y). Then a is the angle between
the segments [e,.1, tzZ] = [€nt1, 0] and [e,.1, tzy] at e,,1 . Show that the
above formula can be rewritten as |¢,y| = tana .

Solution: By (1.47)[CGQM] and (1.15)[CGQM] in the lecture notes we
have that

‘tzy‘ ==

(E*yz
2 — 9(z,y)’ _  @EHD
L ) R p——
’ TH2?)(197)

z —yP?
I+ [2P) 1+ |yP) — [z —yP
We take square roots to get the first equality.
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If we assume that sina = ¢(z,y) and a € [0, 7], we have

‘t y‘2 — q(xi y)2 — Sinz o
e 1—gq(z,y)? 1-sin’a
2 2
= 51n2a = tan® a.
cos? a

Now tana € [0, oo] and thus |t,y| = tana.

5. For z,y € B™ and T, € M(B™) show that

z -yl _ s
Je—yP+1—leP)a-jy?) VIS
where s* = |z — y[*/((1 - |z[*)(1 - |y[*)).

‘sz| =
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Solution: By (2.25)[CGQM], (2.18)[CGQM] and (2.12)[CGQM] we have

p(z,y) _ sh 2

‘sz| = th 2 Ch P(f;,y)
p(z,y) e
_ shT _ V/(1-z2)(1-[y[?)
Y1+sh?ee) 14|z —y2/((1- [2P)(1 - |y?))
s lz — y|

VIt le -y (-2 - yP)

with s? = %

6. Let h:[0,00) — [0,00) be strictly increasing with ~(0) = 0 such that
h(t)/t is decreasing. Show that h(z +y) < h(z) + h(y) for all z > 0. With
h(t) = t*,a € (0,1), apply this result to show that if d(z,y) is a metric
then d*(z,y) = d(z, y)* also is a metric.

Solution: Let z,y > 0. Then

Mets) < be) { zh(z + ) < (z + y)h(z)
h.Ec:z:T4;ly) < h;y) yh(z +y) < (z +y)h(y)

After addition we have

(z +y)h(z +y) < (z+y)(h(z) + h(y)).

From this follows the claim hA(z+y) < h(z)+h(y). Let h(t) = t*, a €]0, 1].
Then h is strictly increasing, A(0) = 0 and @ = t* ! is decreasing, since
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a—1€]—1,0[. Let d be a metric. For the application it suffices to prove
the triangle inequality:

d*(z,y) = h(d(z,v)) < h(d(z,2) + d(z,9))
< h(d(z,2)) + h(d(z,y)) = d*(z, 2) + d*(z,y)
for all z,y and 2 in the metric space. In the calculation the first inequality

follows from the A-inequality for the metric d and from the fact that A is
increasing. The second inequality follows from the first part of the exercise.



