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1. Let

�
be an inversion in �������	��
����� as defined in 1.2(2). Show that� ����� �

and that � ����
���� � ��������
�� �!�#" for all �%$ R �'&)(�
+* . By considering
similar triangles show that the following identity holds for ����,-$ R � &�(�
�* :

� � �����)� � ��,.�/�0� �1"0� �2�3,)�� �4�5
���� ,6�7
���8
Solution: Let

�:9
R �<; R � be the map

� ������=
2>@?BADCFE ��GIHJ E ��G J A ,
� ��
+���LK ,� �DKM�'�N
 . Now

� � � ����I�'�O
P> �1"RQI
S> ? A CFE ��G�HJ E ��G J A �7
UTVVV 
P>W? A CXE ��G�HJ E ��G J A �5
 VVV " �O
P> ?DYBCXE ��G�HJ E ��G J A? YJ E ��G J A
�!�

∴

� ���'� �
.

� �2�3
��Z� � ����)�5
��0�[� �4�5
�� � " ���2�5
��� �2�5
�� " �N� " � \]�%$ R � &1(�
�* 8

−2 −1 0 1 2 3 4

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

 y

 fy

 x

 fx

 a

 Sn−1(a,r)

QR00  /h011

F
ig

ur
e 

1/
18

−S
ep

−2
00

0 
18

:1
1:

45

Furthermore, \]����,-$ R ��&1(�
�* :
� � �����)�3
��� � �^,.�_�5
�� �

? A CFE ��G�HJ E ��G J A? A Ca` ��G�HJ ` ��G J A
� � ,b�5
��� �2�5
�� 8
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It follows that the triangles
� ��,.� � 
� � �^��� and ��� 
��, are similar. Hence

� � ������ � ��,.�/�� �2�3,)� � � � ��,.�_�5
��� �2�5
�� � � "� �4�5
���� ,6�7
�� 8
2. (a) For

���������
let 	b� � � � ��
� � � � " . Show that �+� � ��	6� � ��� � � � �

and
that �

� � 	6� � �
	b� � � ��� ��

for
��� � ����� �" � � .

(b) Show that

�U���4��������I�)���+�����4��������I�)� � � � � �3� "
for

��� �! �"
#� � .
Solution: a) �+� � ��	b� � ��� � �'� $�C&% H� �(' $.C&% H A � %) ��� % A �* �('�+ A,.- + A

� �
.

Since
��� � ���/�0�

, we have
� � � � "21 � � � � " and

	6� � �
	b� � � � �3� � � � "� � � � � " 1

�
� 8

Since
��� ) 4

" we have
� � � "�5 �6 and

	b� � �
	6� � � � �3� � � � "� � � � � "  

� �3� � � � "� � � �� 8
b) Using a � -isometry

�87
we see that

�+��� ���������I� � �U���4� � �����I�
� �U�I��	b������� � ��	b������� � �
� � � 	b�����/�� >9	b����� "
� � �� � �3� "� �7� " > � "� �3� "� � � � � �3� " 8

3.(a) Let ����,�$ B � with � ���+� � ���� , � ���+� � ��,.� . Show that

�+������,.�: � � � � � " > � � � � � "  � > � 8
2
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(b) Let ����,�$ R � &+( � * with �U� � ����� 1 �U� � ��,.� . Show that the strict inequality
�U������,.� 1 �U� � ������� �+� � ��,.� holds.

Solution: a) Let ����, �� �
.

� � � � � " > � � � � � "
� � �'�* � >W� �'� "

���� � � � ,)� "� > � ,)� " > � ,)�* � �N� ,)� "
���� � � � �'� "� >W� ��� "

� � ��� >W� ,)�* � >W� �'� " * � > � ,)� " 5
� �2�3,)�* � >W� ��� " * � > � ,)� "

� �+������,.� 8

� � � � � " > � � � � � " � � ��� >W� ,)�* � >W� ��� " * � >W� ,)� "  
� �'�* � > � �'� " > � ,)�* � > � ,)� "

� � > � 8
b)

�U������,.�_� � �2�3,)�* � > � �'� " * � >W� ,)� " 5
� ��� �N� ,)�* � > � �'� " * � >W� ,)� "

3
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and

�+� � ������ �+� � ��,.� � � �'�* � >W� �'� " * � >W� ,)� "  
� �'�* � > � ��� " � � ,)�* � > � ,)� "

� � �'� * � >W� ,)� " �N� ,)� * � >W� ��� "* � >W� ��� " * � >W� ,)� "
so it suffices to show that

� �'� �N� ,)� 1 � ��� * � >W� ,)� " �N� ,)� * � >W� �'� "
� � �'�a� * � >W� ,)� " � � � � � ,)� � * � >W� ��� " � � �
� � ,)�* � > � ,)� " > � � � ���* � > � ��� " > �

Now �+� � ���� 1 �+� � ��,.� , hence we have � �'� 1 � ,)� and the mapping ���; ?) �(' ? A ']�is strictly increasing. Hence the inequality above holds.

4. For ����,-$ R � prove the following:

�+������,.��� � �4�7,)�* � � > � ���Z� ,)� � " > � � �'� �!� ,)� � " 8
� �2�3,)�* � �4�3,)� " > � � >W� ���Z� ,)� � "  �+������,.�  � �2�7,)�* � �2�3,)� " > � � �N� ���Z� ,)� � " 8

�+�^����,.�  � �4�3,)�
�

for � ���Z� ,)� 5 �
, with equality for ����,-$ ������� or ���!, .

�+������,.�  � �2�3,)� 
 � � ����> � ,)� � �
with equality iff � ���Z� ,)�/� �

or ���!, .
Solution: The first equality follows from the definition of � and the identity� � > � �'� " � � � > � ,)� " � �=� � �'��� � ,)� � " > � � > � ���Z� ,)� � " . The Cauchy-Schwartz

inequality implies �b� �'��� ,)�  ��� ,  � ���Z� ,)� with equality iff ,N� � � � or� � � � , on the left and , � � � or �7� � , on the right, where
� 5 �

. We
have � �2�3,)� " >!� � > � �'��� ,)� � " 5 � � �'� �N� ,)� � " > � � >W� ���Z� ,)� � "

4
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(use � -inequality) and

� �4�3,)� " >!� � �!� �'��� ,)� � "  � � ��� �!� ,)� � " > � � >W� �'��� ,)� � " 8� � � �2�3,)� "  � �'� " >W� ,)� " > � � �'��� ,)���������
	��������� ��������� 8 �
Hence the second inequality follows from the first equality.
Third inequality: If �<� , , equality is clear. Assume � �� , , � �'��� ,)� 5 �

.
Then

�+�^����,.�)� � �2�3,)�* � >W� ��� " * � > � ,)� "  
� �2�7,)�� >W� ���Z� ,)�  

� �2�7,)�
� �

(where in the first inequality the fact: � � > � �'� " � � � > � ,)� "�� 5 � � > � �'��� ,)� � "
was used) with equality iff � �'�1� � ,)� (the first approx.) and � ���Z� ,)��� �

(the
second approx.) i.e. iff |x|=|y|=1.
Fourth inequality:

�U������,.� � � �2�7,)�* � > � �'� " * � >W� ,)� " � � �2�7,)�* � >W� �'� " > � ,)� " > � �'� " � ,)� "
 � �2�3,)�* � �'� " >W� ,)� " > � � �'��� ,)� �

� �2�3,)�
� �'� >W� ,)� �

with equality iff ���!, or � ���Z� ,)� � �
.

5. Show that � ����
]����� and �S������� , where �1" � � >W� 
�� " ,
� � � �* � � >!� � 
��	> ��� " �	� � >!� � 
�� �3��� " � > � > � 
�� " �3� "

have equal spherical diameters. Note that � � �
. Conclusion: The inversion� � in

� 8 � � is in fact the inversion in a euclidean sphere with radius � and
center

�
.

Solution: First we compute �U��� � ��
�����I� , 
 $ R � , � 1 �
:

�+��� � ��
�����I� � � 
P> � GJ G J �<��
 �3� GJ G J �/�* � > � 
 �3� GJ G J � "
* � >W� 
P> � GJ G J � "

� � �* � � >!� � 
�� �3��� " � � � >!� � 
��	> ��� " �
In the following we denote �U��� � ��
����� � by � . Hence �+��� � �����I�S� "���('�� A for
� 1 �

. Then

�+��� � ����� �����U��� � ��
]�����I� � � �� > � " �!�
� �"� " � � �S> � � �
� �4� �$# � % � % � "

� � � � # � � �&� "
�

5
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Because we are interested in the case � � �
it follows that

� � � � � � � � "
� � �� > � � �&� "

� " ?� C �(' C J G J � ? H A H C �(' C J G J ' ? H A H� > � C �(' C J G J ' ? H A H C �(' C J G J � ? H A H � 6 ? AC �(' C J G J ' ? H A H C �(' C J G J � ? H A H
� � �* � � >!� � 
�� �3��� " � � � >!� � 
��	> ��� " ��> * � � > � 
�� " �3� " � "
� � �* � � >!� � 
�� �3��� " � � � >!� � 
��	> ��� " ��> � > � 
�� " �3� " 8

6. The lines � ��� � � ��� and � 
� � �	K �
, 
 1 � � can be mapped onto � ��� � �3� � � and

��� � � �	K ��� �F�	� � � �	K �
by a Möbius transformation. Give a definition for � in

terms of 
 . Notice that � ���	K � �O( � � 9 � 5 � * , if �%$ R � & ( � * .
Solution:
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QR09 solutions to exercises 2

Now because of the Möbius invariance it follows that

� � � � � � � 
 � � �	KW�/�[� � � � �3� � � � � � � � � � � �
� � � � � �3
� � �� � � � � � � � � � � � � � �Z� � � > � � � �� � � � � � � ��� � � � > � � � �
� 
P> � � � �'> � � "

% �
� % 
 ��> % � � � " > � ��> �
� � " >!� � � % ��
P> � � � ��> � � �
� � �

% ��
P> � �_� ��#
* � � � % ��
P> � �I� " � %
� � � 
P> � # � � 
 " ><


By Topology we have that � 1 �
and thus it follows that ��� � 
 > � >

� � 
 " > 
 .
From the second possible Möbius map we get the absolute ratio equation

� � � � � � � 
 � � �	KW�/� � � � � ��� � � � � � � � � � � �
where

� � � � ��� � � � � � � � � � � � � �+��� � � � � � � ���+�I��� � � � � � ��+��� � � ��� � ���U�I�	� � � � � � � � � � � � � �3� � � � � � � � � � � �
and this case reduces to the one above.

7. Are the following mappings Hölder or Lipschitz?

(a)
� 9 � " ; R " , � ������,.���

� ������, " � � , 1 � ������ � , " � �O,  � �
(b)

� 9
R " ; R " , � ������,.���

� ����� � ,.� �N, 1 � �������,.� � ,  � �
Solution: (a) Denote ��� � �^���D��,�� � , ��� � � � and � 4 � ��� " ��, � � . If , � , " 1 �

,
then

� � ��� � �)� � �(� " �/�  � � ��� � �)� � �(� 4 �/�	>W� � ��� 4 �)� � ��� " � �� � � � �3� " � >W� , "� �3, "" �� � � � �3� " � >W�a��, � �3, " � ��, � > , " �/� � � � � � � " � 8
If , � , "  �

, then

� � ��� � �)� � �(� " �/�  � � ��� � �)� � �(� 4 �/�	>W� � ��� 4 �)� � ��� " � �� � � � �3� " � >W� , "� > , "" �� � � � �3� " � > , "� > , "" � � � �3� " � >W� , � � >W� , " � � � � � � � " �
7
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and
�

is Lipschitz.

(b) Let �]� � �'�
� � � � � 1 � �� � �  � � . Now � ���Z� � �/�0�

� � � � 1 � �� � �  � �  � and therefore

� and also
�

are Lipschitz (and also Hölder).
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