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1. Perhaps the simplest non-injective map is
�������� �	�

. Find a domain
��
C such that

������ 
 � � 

is not closed.

Solution: Let

 � � ���

C
���������  ���� � ���"!$#�� %'&)(*�+� �-,.����/

and0 �1�-2�3547698 �;:7<=/->:7?�@ . Now
0

is closed in



because

1A 0

is open in



. We
have

� 
B�C� �D�
C
�����FEG�� �HI�1J �FEK/

and
� 0 �+�-2 3L476 : / >:7?�@ , which is not

closed in
� 


since
�M�N� 
1A � 0

and
� 
�A � 0

is not open at 1.
2. Find a Möbius transformation�O�� P ��QSRT ��QSU ! P UWVXR TZY� #[!
which maps \ �]�1�"^;_ !)`ba]�

R
� �c`edf# /

onto g �]�1�"^;_ !)`bah�
R
� � _b� Qi` � ���/

such that
^ V��-!$#[!���aj�� ^ �-!)kl!mV���aonpk �1^ #[!���aLq

.
Solution: We will find a Möbius transformation

�
such that

� ^ V���a � �
,� ^ # a � k

and
� ^ ��a � V��

. Since
�

preserves cross-ratiosVW�hVr�VW�hVs# #MV���hV�� � �tV ^ V���a�]VXk k.VX� ^ �caV��]Vu� ^ �ca
vZw �'��xVy� � ��tVXk � ^ �	a.Vr��zQy� ^ �ca

vxw � ^ �	at{ �'��ZVr� V ��hVXk7| � V �Fk�hVXk V �'��ZVr�
vxw � ^ �ca � ^ �tV��[k5a^ �ZVy��a ^ �hV�k5a � � ^ k�VD�	a^ �}Vr��a ^ �tVXk5a

vZw � ^ �ca � k.VD��tV��"k
vZw � ^ �ca � V]k �ZVXk��Qik ~

3. Let
���

R
�

R be Hölder continuous with exponent � d��
. Show that

�
is a constant, equal to

� ^ # a
.

Solution 1: Let us assume, on the contrary, that � _�� such that
� ^;_�� a Y� � ^ # a

.
We may assume

_�� dr#
. Fix �X� �

, � �
N and denote

P[� � _��
�D� ! � � #[! ~m~m~ ! ��� P : �f_b� ~
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Now # � �� ^;_b� a.Vu� ^ # a7 � �����

:��	@�� ? � ^ � ^ P[��� @ ajVu� ^ P[� a a �����
� :��	@�� ? � �� ^ P[��� @ a.Vu� ^ P[� a7
� � T  P[��� @ V P"�  	� � T { _b�� | 	� � @
� 	 T _ 	 �

and since
�hV � � #

we have � @
� 	 T _ 	 � � #
as � � �

.
Solution 2: Let us fix

_ �
R. By the definition�� ^;_ ajVX� ^ `ba7 _ VD`. � T  _ VX`. 	 �	@ !

where � V ��dr#
, and therefore

 � ^;_ a	V � ^ `ba7��� _ V `.7� #
as

` � _
implying�� ^;_ a � #

. Since this is true for all
_ �

R the function
�

is a constant.

4. Let � � R ��� R � �
R � , R � �1^ #[!��ya

, be defined by � ^;_ !)`ba � �����( ^=_ �F`ba7
.

Show that � is a metric.
(a) Suppose that � � ^ R � ! � a*� ^

R � ! � a is uniformly continuous. Show that
� ^;_ a ��� _��

for some constants
�

and g for all
_ � �

.
(b) Suppose that � � ^ R � !$U a*� ^

R � ! � a is uniformly continuous, where
U

is
the euclidean metric. Find an inequality of the same type as in (a) [but
some other function in place of

� _��
].

Solution: We will show that � is a metric.
a) Clearly � ^=_ !)`ba � � ^ ` ! _ a � #

.
b) Triangle inequality:

� ^;_ !)`ba � �����
����( _` �����

� �����
����( _� Q�����( �` �����

� ����
����( _� ���� Q �����

����( �` �����
� � ^;_ ! �ca Q � ^ ��!)`ba ~

c) � ^;_ !)`ba � #
iff

_ �F` � �
iff

_ � `
.

(a) Let us choose � �
N such that

�! � _ � �" � @
implying � � ����( _ �#����(z�

.
Let us denote P	� � � �

. Now for all
_ �sn P	� ! P[��� @ q

� ^ P"� ! _ a � ����( �
and by the uniform continuity

� ^ � ^ P[� a ! � ^;_ a a �%$ ^ ����(���a ~
2
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Therefore

� ^ � ^=_ a ! � ^ ��a a � �����( ^ � ^=_ a � � ^ ��a a7� �����
����(�� � ^ ��a

� ^ ��a �
^ EKa

� ^ ��a������ � ^;_ a� ^ �  a�� ������ � $ ^ ����( ��a
� ����( _

����(z� $ ^ ����(z��a ~
If

�����( ^ � ^;_ a � � ^ ��a a� � ����( ^ � ^;_ a � � ^ ��a a then � ^;_ a � � ^ ��a � _�� 8
	��� �9< 6�	��� �
and the

assertion follows. If
�����( ^ � ^;_ a � � ^ ��a a7 � ����( ^ � ^ ��a � � ^=_ a a then we can make

similar estimations by using the fact that � Qf� d�����( _ �#����(z�
.

(b) Let us choose � �
N be such that � � _ � � Q �

. Similarly as in (a)
we obtain that � ^=_ a � � 2�� �

.

5. Let

 � \ ��� �"^;_ !)`baW�

R
� �I`ud # /

. The modulus � ^ 
 � V��-!$#[!��-!��ya
of a quadrilateral

^ 
 � V��-!$#[!��-!��ya
,
�ud #

, is usually denoted � ^ �ma ��� [we
will define the function � ^ �ma later]. Fix � � ^ #[!),ja

and denote

�� �C� �N�

C
�I# ��%7&)(�� � � / , � d�� d�#

, � d � d�#
. Using the above notation, find� ^;
�� ��� 2 3 � !�� 2 3 � ! � ! � a .

Solution: Let us first map

��

on to half-plane



by
�O�� � 476 �

. Now� �� � 476 � � � � !� �� � 476 � � � � !� �� � 476 � � � � !
� �� � 476 � � � � !

� � !�� � ! � � ! � �c� R and � �c��� �I� � �b� � � . Let us then find a mapping such that� �"�� VW�
,
� �[�� #

, � �"�� � and � �[�� �
. This can be done as in exercise 2 or

obtained from the lecture notes� � ^ � ��V � � a ^ � � V�� � a^ � � V � � a ^ � � V�� � a Vr� � ^ � �-V � � a ^ � � V � � a^ � � V � � a ^ � � V!� � a ~
Finally

� ^;
�� ��� 2 3 � !�� 2 3 � ! � ! � a � � ^ �ca ��� � �� � � ^ � 476 � V�� 476 � a ^ � 476 � V � 476 � a^ � 476 � V � 476 � a ^ � 476 � V�� 476 � a�� ~
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