REAL ANALYSIS I: NOTES
HENRI MARTIKAINEN
UNIVERSITY OF HELSINKI, FALL 2019

1. CONTENTS

These notes supplement the notes by I. Holopainen [1]. We give an outline of
the fall 2019 lectures here. Sometimes we simply refer to [1]. If we do something
differently as in [1], we record the results and the proofs here.

1.1. Remark. We introduce here the following highly convenient notation. We
denote A < B if A < CB for some unimportant constant C'. This means that C
cannot depend on anything relevant like some important parameter e. That is, C
can e.g. be some uniform constant, or some constant depending on some fixed
integrability exponent p. We can write A <. B to mean that A < C(¢) B for some
constant C'(¢) that is now allowed to depend on some given parameter e. We will
alsowrite A~ Bif A S B S A

In what follows L? = LP(R") = LP(R", dz) - that is, we use the Lebesgue
measure and we operate in the whole of R”, unless we explicitly write L”(A)
for some A C R" or L?(X) for some measure space (X, ;). Many results e.g. in
LP(A) can be obtained by just setting f = 0 outside A and using the R" results —
but not everything can be obtained like this. We also write || f||, = || f| r(z), but
explicitly write || f|| z»(a)-

Moreover, |A| denotes the Lebesgue measure of A C R" and 14 denotes the
indicator function of the set A (often denoted by x4). Given p € [1, 0] the dual
exponent p’ is defined via 1/p + 1/p’ = 1.

First week of lectures. Following [1]: Definition of L? spaces, 1 < p < oo, ob-
vious extension of the definition for p € (0,1), Young’s inequality, Holder’s in-
equality, triangle inequality of L? spaces for 1 < p < oo (Minkowski’s inequality),
completeness of L” spaces. An alternative proof of Young’s inequality below in
Lemma 1.2.

1.2. Lemma (Young's inequality). Let 1 < p < oco. Then we have

ab < CL_ + s a, b>0
p
Proof. Define
L |
hz)==—+——z x>0,
p p
and notice that, by elementary analysis (differentiation),

|
h(x) > h(1)=0, ie, 0 < —+ —.
(z) = (1) PR
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Apply this with 2 = ab'/(=P) to get

P /
ab/(1—p) < @y + l/
D p

Here we used that p’ = p/(p — 1). Multiply both sides of this inequality with

/

BT = b = P
to establish the desired result. O
Second week of lectures. Sections 2-4 below.

Third week of lectures. Sections 5-7 below.

Fourth week of lectures. Section 8 below + Egorov’s theorem (Thm 2.11) and
Lusin’s theorem (Thm 2.14) from [1] + absolute continuity of measures from [1]
(Section 2.1).

Fifth week of lectures. A general version of the basic covering theorem (Thm
3.3 in [1]) (this is a more general version of Theorem 6.1 below), Vitali covering
theorem (Thm 3.9 in [1]), properties of monotonic functions in R (Section 3.39 of
[1]), definition of functions of bounded variation (beginning of Section 3.54).

Sixth week of lectures. Pages 51-59 of [1]: functions of bounded variation and
all the main properties of absolutely continuous functions.

Seventh week of lectures. Theorem 3.79 and Theorem 3.83 from [1] (the final
results regarding absolutely continuous functions). Section 9 below. Revision,
time permitting.

2. APPROXIMATION BY CONTINUOUS FUNCTIONS AND CONTINUITY OF
TRANSLATIONS

Let C. = C.(R") denote continuous and compactly supported functions (notice
that Holopainen uses the subscript 0 instead of c).

2.1. Lemma. Let 1 < p < oo. Then C, is dense in LP. In other words, given f € LP for
every € > 0 there exists g € C,. so that ||f — ¢, < e

Proof. We may assume that f > 0 (write f = f, — f_) and that f is compactly
supported (by DCT (dominated convergence theorem) 15 2 f — fin LP). In the
course "‘Measure and Integration’ it is proved that there exists simple functions s,
sothat0 < s; <sy <...< fand f(z) = lim;_, s;(z). By DCT (or MCT) we have
|si = fll, = 0. Thus, we may assume that f is itself a compactly supported simple
function of the form f = ", a;14,. After this, we can clearly assume f = 14
for some bounded measurable set A (if we can approximate this by continuous
functions, we can also approximate finite linear combinations).

Fix ¢ > 0. Choose a compact K and and open G so that K ¢ A C G and

|G\ K| < € (see 'Measure and Integration” - the existence of these sets follows from

2



Real Analysis I Martikainen

the construction of the Lebesgue measure). We can now define the continuous
function g approximating f = 1,4 explicitly:
d(z,G¢
g(z) = C( ) :
d(z,G°) + D(z, K)

Remember that a mapping of the form = — d(z, B) is 1-Lipschitz (|d(z, B) —
d(y,B)| < |z — y|) and so, in particular, continuous for all sets B. Notice also
that the denominator in the definition of the function g is always strictly positive.
Indeed, if d(z, K) = 0, then z € K (as K is closed) and so x € G and d(z,G") > 0
(as G open). Thus, g is continuous. Notice that0 < g < 1, g(z) = 1if 2z € K and
g(zr) = 0if x € G. Thus, g — 1,4 satisfies |g — 14| < 1 and that g(z) — 14(x) = 0
unless © € G\ K. We now simply get

1/
lg— fll, < (/ Ldr) = G\ K| <,
G\K

and we are done. O

We give an elementary proof of the following very useful result, Theorem 2.29
in [1]. The proof in [1] uses Lusin’s theorem and a lemma based on absolute con-
tinuity. However, heavier tools like that are not really required. Indeed, the result
is almost trivial for C. functions, and we can approximate general L? functions
by continuous functions using the above lemma.

2.2. Lemma. Suppose f € LP(R) for 1 < p < oco. Then

lim [ |f(z) = fa+y)Pdz = 0.

y—0 Rn

Proof. Fix f € L” and denote the translation operator 7,f(x) = f(z + y). Let
e > 0 and choose g € C. so that ||f — g||, < e. By translation invariance also
|7y f — m9ll, = |If — gll, < €. Hence, by the triangle inequality for the L? norm
(Minkowski’s inequality), it is enough to show that

lim [lg = 7,91, = 0.
Take an arbitrary sequence y;, — 0. We may suppose that |y;| < 1. Choose M > 1

so that sptg C B(0, M). Notice that if g(z + yx) # 0, then « + y, € B(0, M) and so
z € B(0,2M). Thus, we have

lg = rgllt = / 9(2) — gla + yo) P da.
B(0,2M)

As g is bounded, |g(z) — g(x + yx)| < Cand C € LP(B(0,2M)), DCT gives

lim l9(x) — g(o + yw) [P dx = / lim [g(z) — g(z + yi) " dz = 0,
k—o0 JB(0,2M) B(0,2M) k=00

where we used the continuity of g with a fixed z. We are done. O
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3. CONVOLUTION AND L?” CONVERGENCE OF APPROXIMATE IDENTITIES

We define the convolution as in [1], but then we present somewhat more gen-
eral approximation results involving the notion of “approximation of identity’.
So, for f, g € L' we define for x € R" the convolution

f*g(r) = - fy)g(r —y)dy.

This is well-defined, since [, [f(y)g9(z — y)|dy < oo for a.e. © € R". The latter
follows from

|| iwste=widvas = [ 15wl [ o= wiaeay=( [ 1) ([ 1al)

This used Fubini’s theorem and translation invariance. Therefore, we have fx*g €
L' and

I1f o+ glly < {1fllllglh-
The following properties of the convolution are left as an exercise (here f,g,h €
LY):
() fx(g+h)=fxg+ [xh
(2) Af)xg=Af*g) AR,
B) frg=gx*f
@) fxlgxh)=(f*g)*h;

3.1. Remark. It is important that the convolution of two functions can be defined in
more generality. It is an exercise to prove the following result. Let 1 < p,¢,r < oo
satisfy

1 1 1
—+l==+-.
r poq

If fe l?and g € L?we have fxg € L" and

1 gllr < [1£11pllglo-

In particular, fxg € LPif f € L? and g € L'. Some of the calculations in the proof
of Proposition 3.4 give a hint how to do this.

3.2. Definition. A family ¢. € L', € > 0, is an approximate identity (as ¢ — 0) if
the following conditions hold.

(1) We have [, ¢ = 1forall e > 0.
(2) We have sup, [|¢.|[1 < oo.
(3) For every 6 > 0 we have

lim |oe(z)| da = 0.

3.3. Remark. The following pointers regarding approximate identities are often
helpful.

e Notice that if . > 0, then (2) follows from (1). This is often the case.
o If spty. C B(0,c(e)), where lim,_,( c(€) = 0, then (3) holds.
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e If a fixed function n € L' satisfies [ = 1 and sptn C B(0,1), then 7. :=
—+n(x/e) is clearly an approximate identity. In fact, the condition sptn C
B(0,1) is not needed (exercise).

Convolutions with approximate identities f * ¢, are a very important way to
approximate a given function f € L? as ¢ — 0. Notice that by Remark 3.1 f * ¢, is
a well-defined L? functionif f € L?,1 < p < oo (as ¢, € LY).

3.4. Proposition. Let 1 < p < oo, f € L? and (p.)e>o be an approximate identity. Then
we have

|f = f*eel,—0, e — 0.

Proof. Fix f € LP. Using [, ¢ = L and f x p. = ¢, * f we write the pointwise
identity

fa) = frp) = 1) [ e dy= [ 1oy
— [ 1) = 1o = wleds) v

For the moment let p > 1. We get using Holder’s inequality that
@) = Fredall < | @) = fle = Wlleew)ley)M7 dy
1/p 1/p’
< (L 17@) = s =nPledwlay) ([ lewlay)
1/p
S () @) = J =Pyl dy)

where the last step used that sup, ||¢.||1 < 1. Therefore, we have

|f(2) =[x oc(z)]P < - |f(x) = f(z = y)Plee(y)] dy,

which also clearly holds with p = 1. We integrate this over z € R", and use
Fubini’s theorem, to get that

£ =fredp S [ el [ 1) = s =P dody

Let v > 0. Using Lemma 2.2 we find > 0 so that

[ 17~ fa—y)rdr <y

whenever |y| < §. Using property (3) of Definition 3.2 we find ¢, so that

/ o) dy <~
ly|>6

for all € < ¢,. For all € < ¢y we therefore have

IRwlwe(y)l - [f(z) = f(z —y)l" dedy

5
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_ /||<5 el [ 17(e) = fa = )P dady
+ /| e [ 150~ fta - aray

<o [ el dy + 11712 / oe(y)] dy.
R™ ly|>6

Recalling sup, ||¢e|[1 < 1and fly\>6 loe(y)| dy < v we get that for all e < ¢y we have

Lf = @elly <~ +[1£115)-
O

4. APPROXIMATION BY SMOOTH FUNCTIONS IN LP(U)
LP(U) and LYV

loc

(@) = {f:0 > R ooy = ([ 17) " <o}

for a given, fixed open set U C R". The set U can be the whole space R" — in
particular, U need not be bounded. Define still the local L” space

LY (U)={f: feLP(V)forallopenV CcC U},
where V' CC U means that V is compactand V' C U. Notice that L} (U) c LL (U)

loc

forall1 <p < ooasineach V CC U we have by Holder’s inequality that

/ » 1/p
Lunrzwrr ()" <o

1
loc

(U). We will sometimes now work in

That is why it is often convenient to state results for L, . functions.

Differentiation and C*(U) spaces. Let a = (ay, ..., ,), where o; € {0,1,2...}.

This is called a multi-index and we set |a] = > " | ;. Multi-indices are used
mainly for notation related to differentiation: If v = (xy,...,x,) € R" then 2% :=
]t -mﬁn, and
aoq e 80cn aoq aan
D~ = — ...
F@) = g g F @) = o e f(2),
where
0f(x) . flathe)) ~ f(a)
= lim .
0z h—0 h
Here (ey,. .., e,) is the standard basis of R™.
Define

C(U)=C"U)={f: U —R: fcontinuous},

C*U)={f: U —=R: D*f € C(U) for |a| < k}
and

Cc=(U) = [ CHU).

6
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Define also
CHU) = {f € C¥(U): spt f C U compact},
and define C2°(U) analogously. Here the support spt f is taken in the whole of

R" so that a priori spt f C U, but we demand here that spt f C U. In this case we
say that ' f is compactly supported in U’.

Standard mollifier. In the exercise set 2 it is asked to show that 2: R — R that is
defined by h(t) = e /! for t > 0 and h(t) = 0 otherwise is a smooth function in R
(i.e. indefinitely differentiable, h € C*°(R)). We define 7: R™ — R by setting

n(z) = Ch(1 — |z[*)
for a constant C' > 0 to be selected. Notice that n > 0, n(z) = 0 if |x| > 1, and that
n is smooth —n € C2°(R") (denoted by C§° by Holopainen). We let
1
Js01y (1 = [z]?) dz

so that, in addition, [n = [, (0.1 = 1. By Remark 3.3 we have that the family

O:

(4.1) nl@) = e/, e>0,

is an approximate identity with 7.(x) = 0if || > e. This particular family 7. is the
so-called ‘standard mollifier’, and is practical in many approximation arguments.
In what follows 7. denotes always this particular standard mollifier.

Smoothing of functions. If f € L] = L]

loc e (R™) (in particular if f € L} ) we can
define

loc

(@) = fxm(e) = / F ez — ) dy

for all z € R™. This is because
/|f(y)ne(w—y)|dy Se /( )|f| < .
B(x,e

Thus, here we do not need arguments based on Fubini or anything else fancier,
and we have a working definition for all x.

4.2. Remark. If f € L _(U) we can define f¢(x) for only all x € U,, where
U={xe€U: d(z,0U) > €}.

This is because B(z,¢) cC U for x € U,, so that f € L'(B(z,¢)). Things are
always a bit more technically demanding if we are working in the local spaces
L}..(U), as then arguments can only be ran in compact sets that are inside U. That
is, we always need to worry about such containments.

In the simpler situation when f € L?(U) for some 1 < p < oo, we can again
define f¢(z) for all # € R". In this case you can interpret f € L{ (R") by setting

loc
f =0 outside U.

There is a rough philosophy: the convolution of two functions is as regular as
the more regular function of the two.
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4.3. Theorem. Let € > 0. If f € L{ .(R"), we have f< € C*(R") and

loc

Df* = f* D

for all multi-indices .

Proof. Fixx € R"and i € {1,...,n}, and assume |h| < e. We can write

I R Lo [77(_33 Ul (22 y)] () dy.

en € €

Notice that for all y we have

) ()| = 2 ) - ()
S LO(EY) T

€ al'@ € 8:1:1

as h — 0. Hence, if we could pass the limit ~ — 0 inside the integral in (4.4), we
would get that

(z—y)

e
3:15,-

Iashe) = 10) _ f 2

awi(x—y)dyzf*

().
The passage of the limit is justified by DCT as

_ h — hle g _
() ) = [ Gl
€ € € 0 s €

h/e o
= / Vn(ag Y + S€i> - e; ds,
0 €

the absolute value of which is dominated by

h
=Vallze.
€

Thus, the absolute value of the integrand in (4.4) is dominated by

1
19111,

which is independent of the sequence variable i and belongs to L'(B(x, 2¢)),
justifying the use of DCT. It is clear that we can repeat this argument to get
Do f¢ = f % D%, for all multi-indices «.

To show that these are all continuous functions is a similar, but easier, argu-
ment. For example, for a fixed x € R", ¢ > 0 and for |h| < ¢, we have

r—y—+h r—y
() ()
We can simply dominate (as 7 is bounded) the integrand by C|f| € L'(B(z, 2¢)),
and so the claim follows by using DCT as i — 0 and the continuity of 7. 0

@+ h) — fo(@)] < i/B( @)

671

dy.

4.5. Remark. By small modifications we could prove f¢ € C>(U,) if f € L} _(U).

loc

8
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4.6. Theorem. Let f € LP = LP(R"), 1 < p < oco. Then we have that
1<l < 11f1lp

and
tim||f — £}, = 0.
Proof. By Remark 3.1 we have
1<l = 1 * nellp < MmellLF 1l = 11F 1l
That
lim 1 £, = 0

follows from the fact that 7, is an approximation of identity and Proposition 3.4.
U

4.7. Corollary. C°(U) is dense in LP(U), 1 < p < oc.
Proof. Fix f € L?(U). For j = 1,2,... define
V;=B(0,5)N{z € U: d(z,0U) > 1/j}.

By DCT we have || f1y, — f|lzr@) — 0 as j — oo. Let 6 > 0, and using the above
choose V; CC U so that || f1y;, — f|lr@) < d. Viewing f1y, as a locally integrable
function defined in the whole R", we know that (f1y,)c € C*°(R") for all € > 0.
Notice that

(f1v,)"(z) = / F e — ) dy.

V;NB(x,€)
Thus, (f1v,)*(z) = 0 unless V; N B(x, €) # (). This means that

Sp(fLv;) C {a: d(x,V;) < e},

which is a compact subset of U if ¢ < 1/j. Thus, we have (f1y,)* € C(U) for
e < 1/j. Using the above theorem we choose € < 1/; so that

1f 1y, = (f1v;) N ey = 1f 1y, = (F1v)lp < 0.
We have found (f1y,)c € C°(U) so that || f — (f1v,)|| o) < 26. O

5. INTERPOLATION

Let (X, 1) be a o-finite measure space (X = (J;2, X;, 1(X;) < c0). This partic-
ular topic is completely general, and e.g. the translation invariance properties of
the Lebesgue measure are not important here (unlike in the above convolution
arguments). For 0 < p < oo and a measurable f: X — R define

1/p
bix) = rau)
F 0 = ( /X 7 dn)
£ 1 Lroe(x) = sup M({z € Xt |f(z)] > ADYP,

| fllzee(x) = inf{C > 0: |f(z)| < C for p-a.e. x € X},
||f||L°°*°°(X) = ||f||L°°(X)-
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The so-called weak-L?(X) — denoted LP*°(X) — consists of those f for which
[ fllLroe(x) < 00. If f € LP(X) then for all A > 0 we have

ullfl = =5 [ < [y

{IFI>A}
from which it follows that || f|rr.c(x) < [|f]lzr(x) < oo. That is, we have the
natural inclusion L?(X) C LP>°(X).

5.1. Theorem (Marcinkiewicz interpolation theorem). Let (X, p) and (Y,v) be o-
finite measure spaces and let 0 < py < py < oo. Let T' be a sublinear operator defined
on the space L (X') + LP*(X) and taking values in the space of measurable functions on
Y. Assume that there exists two constants Ay and A, such that

1T fllzro vy < Aollfllzeox), — f € LP(X),
[T fllzrreery < Aillfllzmo, € LP(X).
Let p € (po, p1) and write
1 1-6 0

- = + —, 6 € (0,1).
p Po b1

Then we have

P P p
IT oty < 2(5 24 -2 ) AT AL o,

5.2. Remark. Sublinearity means that we have the pointwise estimates
T(f+ ol <[Tfl+[Tgl  and  |[TAf)[ = AITf]. AeR.

Marcinkiewicz interpolation theorem is an easy but very useful interpolation
theorem. The good points are:

(1) We can assume only L? — L% type estimates at the endpoints g € {py, p1}
but conclude strong LP — LP estimates for py < p < ps.

(2) T' does not need to be linear — this is important in what follows (7" will e.g.
be a so-called maximal function).

This theorem has a rather simple proof using the important identity

(53) /X P du :p/ooo N (e € X: |f(@)] > AP AN, 0<p< oo

The proof of this identity is left as an exercise. The weak point of the Marcinkiewicz
interpolation theorem is that we cannot interpolate estimates like LP — L% and
LPr — L%, but rather need to have p, = ¢y and p; = ¢1. Such interpolation results
do exist (the Riesz-Thorin interpolation theorem), but we will not cover those
here.

Proof of Theorem 5.1. Assume p; < oo — the case p; = oo is an exercise. Let f € L?,
po < p < p1. Fix some parameter A > 0 related to the level sets of the form
{lg| > A} appearing in (5.3) and fix also another technical parameter § > 0 (which
we will later fix in a natural way to recover the claimed quantitative estimate).

10
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Define fy = flif>sn and fi = f — fo. It is almost obvious that f, € LP(X)
(aspo —p < 0)and f; € LP*(X) (as p1 — p > 0) — in particular, T'f is defined by
assumption and we have by sublinearity that

T <|Tfol +|Tfil.
Therefore, we have
{ITf]> A} c{ITfol > A/2} ULIT f1] > A/2},

and so

v{ITfI > A}) <v({ITfl > A20) + v({ITH] > A/2})

() I foll o.ce () 1T iy
A

( ) Aol + (5) A IAN )

- [ e+ (3) " [ s )

In the last estimate we used the main assumption concerning the weak type esti-
mates LP°(X) — LPo°(Y) and LP*(X) — LPv>°(Y).
Using (5.3) we get that

T — / X U({|Tf] > A} dA
< p(2Ag)" / PEINT / @) due) dA

0 [fI>8X

IN

+p(24,)™ / AP\ / |f ()P dp(z)dN =T + I1.
0 TS

If we want this generality of general measures, we now need Fubini’s theorem
with a general o-finite measure. The proof is really different than in the Lebesgue
case (see ‘Measure and Integration’), and is given in 'Real Analysis II'. However,
later in the lecture notes we will only need the interpolation in the Lebesgue case
so you can also assume that p is the Lebesgue measure. In any case, by some
version of Fubini’s theorem we have

|f()|/5
p(24) po/ |f(z |po/ A\P—Po— 1d)\d,u( )

p(240)
e 5pp0/|f P dpu(a
and similarly
1= P2 [ f@P e

Therefore, we have already proved that

(2A0>p0 1 (2A1)p1 1 > Hf”p
p—po OP7P  py—p oF

171, < o(

11
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If we want to recover the exact claimed quantitative dependence on the various
constants (which will not be important to us in what follows), it is now natural to

fix 0 so that
1 1

— <2A1)P1

= =
which gives

5 Apl POA p1— P(]

We then get
T oty < @AY (2 Y i
P ~ P
e Ol P/P\p—py  p1—p <
Where 1 1_p0p1—pp1 poP1—PP]
<2A0)p0/p617p0/p — 2A0 POP—PP1 Alpopfpm )

We are done after solving for 6, which gives the desired formula

g Yp=1/p0 _ popr —pm
1/pr=1/po pop —pp1

6. MAXIMAL FUNCTION ESTIMATES

For a locally integrable f € L\ = L _.(R"; dz) define the (centred) Hardy-
Littlewood maximal function

Mf(x):=su )| d
)= sop e [ 1l

In practical arguments it is often convenient to use the following larger maximal
function as well

T sup

d
B open ball |B| /|f | v

Notice thatif z € B = B(z,r), then B C B(z,2r),and so (as |B| ~ ™ ~ |B(x, 2r)|)
we have

sup 2D [ )] dy £ 21 (o)
B open ball |B |
That is, these are pointwise comparable functions, and results that hold for one of
them, also hold for the other. We can call this other one the 'non-centred maximal
function” and denote it e.g. by M,.f(z).

The maximal function is of fundamental use in analysis as it has good mapping
properties and it e.g. dominates many other operators pointwise. We will now

prove the mapping properties.

6.1. Theorem (Basic covering theorem). Let B be a finite family of open (or closed)
balls in R™. Then there exists pairwise disjoint balls By, Bs, . . ., B, € B such that

UBCU3B

BeB

12
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Proof. Let B = {U;}}_,, where U; = B(x;,7;). As this is a finite collection, by
reordering we may assume thatry > 7, > ... > ry. Let B; = U;, and then let B,
be the biggest ball U; so that U; ¢ 3B, (if it exists). Let then B; be the biggest ball
U; so that U; ¢ 3B, U 3B, (if it exists). We continue this selection process as long
as possible — the process finishes after a finite, say m, number of steps. It follows
from the construction directly that

UBCU3B

BeB

Importantly, the balls B;, ¢ = 1,...,m, are disjoint. To see this, suppose that
B;, N B;, # 0 for some 1 < iy < is < m. As the radius of B;, is also larger than or
equal to the radius of B,,, we must have (by triangle inequality) that B;, C 3B;,.
But this is a contradiction with the selection process.

d

6.2. Remark. If f € L' is non-trivial (f # 0 on a set of positive measure), then
M f ¢ L'. Indeed, in this case in some ball B = B(0, R) we must have

/BR|f|zl.

If |x| > R, then By C B(x,2|z|), and so

1 1
M) > e / 2z
|B(z,2]2|)] Jps21) ||

Notice that
o o= [ o de 2
/R”\B(O,R) kzo 2kRg|x|<2k+lR kz

Despite the previous remark, we do have the following result. It is typical in
analysis that an operator does not map L' to L' but does map L' to L.

6.3. Theorem. We have that M : L*(R™) — L'*°(R") boundedly —i.e.,
1M fllpre S Il
Proof. Fix f € L' and X > 0. Define
Qy:={x e R": Mf(x) > \}.
Let K C Q) be an arbitrary compact set, and for every x € K choose (using the
fact that M f(z) > A) aradius r, > 0 and the related ball U, = B(x,r,) so that
1
U] Ju,

As {U,: x € K} is an open cover of K, we can use compactness to choose a finite
subfamily U,,, ..., U,, so that

lf] > A

N
K c|]JU.,
j=1

13
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By the basic covering theorem choose disjoint By,...,B,, € {Uy;: j = 1,...,N}

so that N
K c|Ju, c| 3B
j=1 i=1

We now get

\K\gZ]BBi\,SZ]Bi!SXZ/B ’f’ﬁx/R | f]-
i=1 i=1 i=1 " 8

As K C Q, was an arbitrary compact subset, the same inequality holds with | K|
replaced by |2, |, and we are done. O

6.4. Corollary. Forall 1 < p < ocoand f € L? we have

1M fllp < 11l
Proof. As we have || M f|| 1.~ < || f]l: and the trivial estimate || M f||oc < [|f]|c, the
claim follows from Marcinkiewicz interpolation theorem. O

7. LEBESGUE’S DIFFERENTIATION THEOREM

7.1. Theorem (Lebesgue’s differentiation theorem). For f € L{ . we have
1 dy =0
rl—r>r(1)|er\/“ (z)dy =

for almost every x € R™. In particular, we have

1
lim ——— fly)dy = f(z)

r—=0 |B(l‘ ’I")| B(z,r)
for almost every x € R™.

Proof. The latter claim follow from the first as

1 1
- dy — - -
B Joon YD =1B00] L

and so it is enough to prove the first claim.

This is a local claim, so we can assume without loss of generality that f € L*
(enough to prove that the claim holds for every k and for a.e. z € B(0, k) — with a
fixed k we can replace f by flpo2x) € LY).

There is a standard protocol to show almost everywhere convergence for in-
tegrable functions. It involves the following two steps: 1) show convergence in
some appropriate dense subset; 2) prove the boundedness of the relevant max-
imal operator (depending on the problem at hand). In this case, the relevant
maximal function is M f, and we already know Theorem 6.3 — this gives us 2).
But 1) is also clear, as the claim is obvious for continuous functions (which are
dense). We now show how the standard protocol pieces these two facts together.

Let
7 f@) = o |/“ ()] dy

[f(y) = f(x)] dy,
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It is enough to show that
|{z: limsupo,f(xz) >0} =0.

r—0

We fix an arbitrary A > 0 and show that
{z: limsupo,f(xz) > A} =0,
r—0
which is enough. Let € > 0. Choose g € C. so that
IF =gl <e

We know that because g is continuous we have
limo,.g(x) =0
r—0

for every x € R". Estimating

o f(z) < on(f — g)(x) + 0rg(x)

we see that
limsup o, (x) < supo,( = g)(x) < M(J = 9)(a) + /(@) = g()].

Therefore, we have by Theorem 6.3 that
Hx: limsup o, f(x) > )\H

r—0
S e
(I\M(f Dl 1] = gllom) S I — g!|1<§\

This ends the proof. O

7.2. Remark. Notice that Lebesgue’s differentiation theorem implies that | f(z)| <
M f(x) for almost every z.

We present two immediate but important corollaries.

7.3. Corollary. Let f € L'([a,b]) and define

- [ tway welo

For almost every x € [a, b] we have

Proof. Suppose h > 0. We have

F(“hzi_F()—ﬂ )| < ;/ F(y) - <>|dy_22h )~ £y,

which goes, for almost every z, to 0 as h — 0+ by Lebesgue s differentiation

theorem. We can control the limit lim;_,,_ similarly, and then the claim follows.
OJ

15
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7.4. Corollary. Let E C R™ be measurable. Then for a.e. x € E we have

ENnB
CEAB@
=0 Bz, 1)
and for a.e. x € E° we have
lim |ENB(x,r)| _ 0.
=0 |B(z,7)]
Proof. Lebesgue’s differentiation theorem applied to 1p € L; . gives that
. |EnB(z,r)| . 1 /
lim ————————— = lim ——— 1e(y)dy = 1g(x)
TG P TBG ] g A
for almost every € R". O

8. POINTWISE CONVERGENCE OF APPROXIMATE IDENTITIES

We have already shown that if (¢.) is an approximate identity, then f * . — f
in L, 1 < p < oo. We now study some related pointwise results and the case
p = o0.

If 7. is the standard mollifier from (4.1), then we have

|f*m<x>—f<x>|5i/3( )|f(y)—f(x)|dy~m/m 1)~ @y

ETL

Thus, it follows from Lebesgue’s differentiation theorem that if f € L], then
[ *n.(z) = f(x) for a.e. z € R™. We can prove this more generally. If ¢ € L! with
[ ¢ =1, then (see exercises) we know that the scaled functions ¢, () = L¢(z/¢)
form an approximate identity. Under certain additional assumptions on ¢ we
will show that f * ¢.(z) — f(z) for a.e. z € R™.

We say that ¢ is radial if its values ¢(z) only depend on |z|. This means that
o(z) = r(|z|) for some r: [0,00] — R. We say that a radial ¢ is decreasing if
|z| > |y| implies ¢(z) < ¢(y). Our aim is to show that f * ¢.(x) — f(z) for a.e.
reR"if f € LP,1 < p < o0, and ¢ is radial, non-negative and decreasing. Notice
that the function 7 in the standard mollifier satisfies these assumptions, but that
the function 7 is even compactly supported and smooth, which are not required
in the general theorem.

The scheme for showing this is the same as in the Lebesgue’s differentiation
theorem (the case f € L> being a bit special): 1) show convergence in some
appropriate dense subset; 2) prove the boundedness of the relevant maximal op-
erator (depending on the problem at hand). We will start with 2).

8.1. Proposition. Suppose f € L?,1 < p < oco. Let ¢ € L' be radial, non-negative and
decreasing and ¢.(x) = = (x/€) be the related approximate identity. Then for all e > 0
we have

|+ ee(2)] < llplh M f(x)
forall x € R™

16
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Proof. Due to the properties of ¢, we can approximate ¢ by the special 'simple’
functions of the form ), a;15(,), where a;,7; > 0. Indeed, if p(x) = r(|z|) for a
positive and decreasing function r defined on [0, c0|, we can approximate point-
wise using for each j = 1,2, ... the functions
pi(@) = S r277) — r((i + 127 Ly (a).
i=1
By the monotone convergence theorem it is enough to prove that

[ (pi)e(@)] < llsllL M f ().

So, for notational convenience, we can assume that ¢(z) = ) . a;1p0) (),
a;,r; > 0. Then we have
1
Frodao)=— | fle—yply/ody= | flz—ey)ely)dy,
R" Rn
and so

e |<Za@/ flo—ey)|dy

B(0,r;)

~Se [ iy

(z,er;)
1

= ;ailB(O,ri)\W

Z, 67’1) ’ B(x,er;)

< (- alBO.r)|) M () = ol M f(2).

7

|f(y)| dy

For 1) we need the following lemma that is of independent interest.

8.2. Lemma. Let (¢.). be a general approximate identity and g € L™ be continuous at
the point x. Then we have

g(z) = lim g * ().

Proof. Suppose v > 0. Choose § > 0 so that |g(2) — g(x)| < v whenever |z —z| < J.
Then using the properties of approximate identities choose ¢, so that

/ o) dy < 4
ly|>6

for all € < ¢y. Then we have

19(z) — g * (x)] < |g(x_ 0 — g0l (v)] dy
/y|<a Apa l9(z —y) — g(z)[|e(y)|dy = I + 1.

I<~v [ |ey)dy <.
Rn

We have for all € that

17
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For all ¢ < ¢g we have

17< gl / o)l dy < gl
ly|>6

We are done. O

8.3. Remark. If g € L™ is uniformly continuous (e.g. g € C.) then the above proof
gives that

Hg_g*QDeHOO — 0.

8.4. Theorem. Suppose f € LP, 1 < p < oo. Let ¢ € L' be radial, non-negative and
decreasing and ¢.(x) = - ¢(x/€) be the related approximate identity. Then we have

f(@) = lim £ * o.(x)
for almost every .

Proof. Having proved the above results, the proof is now (in the case 1 < p < 00)
completely analogous to the proof of Lebesgue’s differentiation theorem. Indeed,
define
ocf(x) = |f * pe(x) = f(2)|
and the related maximal function
Af(z) = sup [f * pc(z)].

e>0

By Proposition 8.1 we have Af(z) < M f(z). We know by Theorem 6.3 and Corol-
lary 6.4 that A maps boundedly as follows: A: L' — L' and A: L? — L?,
1 < p < oo. In particular, we have A: L? — LP*® forall 1 < p < oo. For
1 < p < oo we are now in the position to run the exact same ’standard argu-
ment’ as in Lebesgue’s differentiation theorem. We give the details to make this
absolutely clear.

So suppose f € LP,1 < p < oo. Itis enough to show that for an arbitrary A > 0
we have

|{z: limsupo.f(z) > A\}| = 0.

e—0

Let v > 0. Choose g € C. so that

1f = glly <
By Lemma 8.2 we have
limo.g(z) =0
e—0
for every x € R". Estimating
O-Ef(x) < Ue(f - g)(%’) + Ueg<x)

we see that
limsup o f(r) < supoy(f —6)(x) < AT — g)(x) + | () —g()].

Therefore, as ||Ah||tr. < ||h]|, we have

{x: limsup o, f(z) > )\H

e—0

18
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< [{#: A =)@ > S} + [{ @) - gt > 5]

A\ P 1 ~P
< (5) A = Dl +11f = 9lne) S 511 = glls < 35
This ends the proof in the case 1 < p < 0.

Let now p = oo and f € L. Fix an arbitrary » > 0. We will show that

Fw) =l f = ()

for almost every x € B(0,r) — which is enough. Define f; = flp(,4+1) and fo =
[ — fi. As fi € L' we know by the first part of the proof that

fx) = filz) =lim fi * pc()
for almost every x € B(0, 7). Thus, it is enough to show that
lir% faxpe(x) =0

for almost every « € B(0,r). Write

fox o) = [ Tmorre(e — )fle = pey) dy

If r € B(0,r)and y € B(0,1), thenz —y € B(0,r + 1) and so 1p(o+1)-(z —y) = 0.
Thus, we get
fore@ <l [ ool
R™\B(0,1)
As (¢c)e is an approximate identity, we know that lim. szl loe(y)|dy = 0.
Thus, we are done. U
Poisson kernel and Dirichlet problem. As an application, we define the Poisson
kernel P € L' by setting
C n
P($) = (1 n ‘x|2)(n+1)/2, x € R .

Notice that this is indeed in L' as

Px)de S1+ ) 27F < oo
/2v’“<1’|<2’“le %

o0

/B o Pz)dz+

k=0

Then we select the constant C' so that f P =1. Thus,as P € L'is non-negative,
radial and decreasing, we know that for f € L” we have pointwise almost every-
where that

lim u(z. 1) = ()
where u(z,t) := f * P,(z) and P,(z) = = P(x/t). Thus, the function u defined in
the upper half-space

R = {(z,t): 2 € R",t >0}
has the ‘boundary values’ f(x). If 1 < p < 0o, we also know that

lu(z,t) — f(x)|Pdx — 0
RTL

19



Real Analysis I Martikainen

ast — 0. It can be shown that u is harmonic in R?*' - that is, we have that the
Laplace vanishes:

9? o* 0
Au(z, 1) = <a_x§ Hot g @) (@,0) =0, (a,t) € R
Thus, we have that u solves the boundary value problem (Dirichlet problem)
Au=0inR}™ and u = f in R’ = R" (in the above sense lim; o u(z,t) = f(z)
pointwise almost everywhere). We have presented a way to study the Dirichlet
problem with ‘rough’ boundary data — indeed, the boundary data f is only an L?
function. In addition, note still that by Proposition 8.1 we have

sup |u(z, t)| < M f(z).
>0

9. WEAK DERIVATIVES AND SOBOLEV SPACES

L? spaces are some of the most fundamental function spaces in modern analy-
sis. They are important on their own, but also serve as a basic building block for
more complicated spaces, such as Sobolev spaces, which appear naturally in the
theory of partial differential equations. We give a very brief introduction to these
spaces now.

In what follows U C R" is open.

9.1. Definition. Let f € L{ (U) and « be a multi-index. If there exists g € L{. .(U)
so that the integration by parts type formula

[ 100 [

holds for all ¢ € C°(U), then we denote g = D[ and call g the a'"-weak partial
derivative of f.

In the exercises we show thatif f € L] (U) is such that

/fsa=0

for all p € C°(U), then f = 0 almost everywhere. It follows that that the weak
derivates are unique, if they exist.

9.2. Example. Let U = (0,2) C Rand

x, f0<zx<1,
f(x>:{ 2, ifl<z<2

If o € C*(U), then

Qst’:/lw’—?sO(l)2—/190—90(1)-

Aiming for a contradiction suppose that there exists ¢ = D'f € L} (U). Choose
now a sequence of functions (y;) so that p; € C>*(U), p;(1) =1,0 < ¢; < 1and
@;(z) = 0, whenz € (0,2), z # 1. We now have by DCT that

1= lim ¢;(1) = lim (/ gp; — / ¢J>—0,
.]*)OO j*)OO
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which is a contradiction.
If, however, we define

x, f0<zx<1,
f(x>:{ 1, ifl<z<2,
then we have that the weak derivative D! f exists and

1 1, ifo<a <1,
Df(x)—{07 ifl <zx<2.

To see this, notice that for all ¢ € C2°(U) we have
2 1 2
| t@e@ar= [Csf@dot [ ade
0 o 1 1
—— [ wl@)do+ o)~ 1) = - [ la)dn
0 0

Thus, an angle is fine, but an actual jump is too much for the weak derivative to
exist.

9.3. Definition. Let 1 < p < oo and k = 1,2,.... We say that f € W"?(U)
if f € LP(U) has weak-derivatives D*f € LP(U) for every multi-index o with
|a| < k. We norm this space with the norm

1 llwer@y =D 11D Fllow),

where we agree D' f = f. These are called Sobolev spaces.
9.4. Theorem. W*?(U) is a Banach space.

Proof. For convenience, let k = 1. Let (f;) be a Cauchy sequence in W'*(U). Then
(f;) and (0;f;), 1 < i < n, are Cauchy sequences in L?(U), which we know to be a
Banach space. Thus, there exists g, g1, . .., g, € LP(U) so that f; - gand 0, f; — ¢,
1 <i<n,in LP(U). It is now enough to show that the weak derivative 0;g exists
and 0,9 = ¢g;. Let p € C°(U) and spty C V CC U. Then we have

/Vgazw: /V(g—fj)aiwr/vfjaiso

_ /V(g_fj)aiso—/v(@fmo

- [a= 100~ | 05 -5)0~ [ av.

The claim follows by letting j — oo, using Holder’s inequality and |V | < co. [

We end our brief study of Sobolev spaces by illustrating that the fact that
derivatives belong to L” implies (in some situations) that f € L? for ¢ > p.
We assume n > 2 in what follows.

9.5. Definition. If 1 < p < n, the Sobolev conjugate of p is
* np
n—p
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Notice that
1 1 1

P p n
and so p* > p. Let us see how this exponent comes up naturally. Fix 1 < p < n.
Suppose that there is 1 < ¢ < oo and a constant C' so that

lelly < ClIVelly

for all p € CX(R™). Fix ¢ € C*(R") so that ¢ # 0. Define for all A\ > 0 the
function ¢, by setting ¢ (z) = ¢(Az). We have

( / |g0(>\:c)|qd:c) Y ( / AVo(Ar)P? dx> e ( / |w(m)\ﬁdx) l/p.

By change of variable this gives
A lly < OV,
and so
lelly < CXTPEn AVl
If 1 —n/p+n/q# 0, then \!="/P#%/4 — 0, when A\ — 0 or A\ — oo, and we must
have ¢ = 0 —a contradiction. Thus, if the inequality

el < ClIVellp

holds for all ¢ € C°(R™), we must at least have 1 —n/p +n/q = 0 and so

np *
q= =D
n—p
We now prove that this inequality is, indeed, valid. Denote the closure of
C®(U) in WE»(U) by WyP(U). In general, we have W*?(U) # WP (U). How-
ever, in the special U = R" this is true (which we do not show here).

9.6. Theorem (The Sobolev inequality). Assume 1 < p < n. Then we have
£l S TV Al
forall f € W'P(R™) = WP (R™).

Proof. We begin with the case p = 1 — notice that 1* = n/(n — 1). Assume ¢ €
C*(R"™). Forall 1 <i <nandx € R"” we have

lo(@)| = (a1, ..o Ty ooy )| = ’/ 0ip(1y ooy tiy .o ) dt;

S/v |V§0(l’1,,t“,$n)|dtl

[e.9]

Thus, there holds
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Integrating both sides with respect to z; € (—o0, 00) we get

00 . oo M 0o =
/ |7 dy < / 11 [/ IVl dti] da;
—0o0 —00 ;q —00

| I welan] T
—00 —00 ;9 LJ—o0

Using the generalised Holder’s inequality (from the exercises) with > ,1/1 =
n—1= 5= we get

00 =2 —o©

n—1

n—1
Ly

1

H/OO Vel dt;

i=2 Y~

H /OO V| di; ] _
Li=2 Il =0 L,

[ n 0o oo n—1
| j=2 Y —00 J —o0

INGEE [/ IVQOIdh} * H[/ / |Vg0|dx1dti] o
—c0 —00 i=2 —00 J —00

We now integrate the obtained inequality over 5 € (—o0, 00) to get

N

IN

Thus, we have

X =1
i£2
where
112/ [Vp|dt;  and L:/ / IVe|day dt;, i=3,...,n.

Applying the generalised Holder’s inequality as above we get
/ / |0
< {/ / V| day dtQ} - [/ / V| diy dfﬂz} a

X H [/ / / V| dzy das dti] o
i=3 —00 J —00 J —00

Continuing we eventually get

n_
n—1 dllfl d$2

n

n n—1
|1 < U |V90|} :
R’I’L n
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But this is the desired result for ¢ € C°(R") — that is, we have
el pr ey < 1VellLr@n)-
Let then f € WHH(R") = W,"'(R"), and choose p; € C=°(R") so that
If = ejllwri@ey — 0.
By what we have proved we have
i = @ill ey < Vi = Vsl o1 @n).

Thus, we have that (p,) is a Cauchy sequence in the space L' (R"), and so [ €
LY (R™) and ||f — @;]l1* ey = 0. Thus, we get

||f||L1*(IR") = jh_{glo ||<Pj||L1*(Rn) < }i_{l;lo ||V90j||L1(Rn) = ||vf||L1(R")-

Let now 1 < p < n. Assume again ¢ € C°(R"). We apply the p = 1 case to the
W, ' (R") mapping g = ||", where y > 1 is to be selected. Now Vg = ~|p|" 'V

and so
n—1 p=1
an n _ (v=V)p p
(f1e) ™ <o fler=1vel < ( [165) 7 196l

In the last step we used Holder’s inequality. Choosing

7:p(n—l) -1
n—p
we get
ﬂ:p*:(v—l)p.
n—1 p—1

Therefore, we have
p

1/p* nel_bod
. S\ p(n—1)
Hson*(Rn):(/ w) :(/ w) < P e
Rn Rn n—p

which is the desired result for smooth, compactly supported functions. The ap-
proximation argument is the same as in the p = 1 case. O

We also now right away get the following version with an open set U C R".
9.7. Theorem. Assume 1 < p < n. Then we have
1Al ) S NV Fllzrwr
forall f € WyP(U).
Proof. As f € Wy?(U) there exists ¢; € C2(U) so that ||f — ¢;|lwiw@) — 0. We

can set p; = 0 outside U so that ¢; € C2°(R™) and apply the previous result to ¢;.
The claim follows with the same Cauchy sequence argument as above. O

Thus, we have W,*(U) ¢ L' (U) and W'?(R") C L*"(R"), even though only
the inclusion to LP(U) (or LP(R™)) was obvious from the definition. For p = n and
p > n we have different type of inclusions. Appropriate inclusions also hold for
WP (U) with a general k, of course.
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