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LIMIT SHAPE OF 2D YOUNG DIAGRAMS

e�cx + e�cy = 1
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3D YOUNG DIAGRAM LIMIT SHAPE
Cerf-Kenyon, Okounkov-Reshetikhin
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[Cerf,Kenyon(2001)]

ThisisalsotheWulffshapeattemperatureϵin3DIsingmodel.

“melting” equilibrium crystal

planar projection: lozenge tilings, algebraic geometry 



THE AZTEC DIAMOND

consider a uniformly random tiling by 
dominos (2x1)

How does it look like?



THE ARCTIC CIRCLE
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ZOO OF LIMIT SHAPES

variational approach

dimer model
(domino/lozenge tilings 

etc)
random 

Young tableaux five-vertex model

general boundary conditions a variety of models&



HEIGHT FUNCTION

random stepped surface

height function ⇥� �
(0,0)

(0,1)

(1,0)

Thurston

3d surface
(simulations 

by A. & M. Borodin)

N = unit triangle

http://math.mit.edu/~borodin/hexagon.html
http://math.mit.edu/~borodin/hexagon.html


LIMIT SHAPE THEOREM
Cohn-Kenyon-Propp

min
�

ˆ
�
�(��),

� : � � R

The random surfaces as mesh size →0 
concentrate around a deterministic surface, 

called limit shape

Lipschitz

�|�� = ��

The limit shape is a minimizer of a
variational problem

analytic, strictly
convex surface tension

in the interior

singular and degenerates 
on the boundary
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WULFF SHAPE

“fundamental solution”
(facets, facet-rough transition, phases, algebraic boundary etc)

Kenyon-Okounkov-Sheffield

detD2σ ⌘ π2
<latexit sha1_base64="40g9O8ww3g/3LePpi9cjsLcJKu8="></latexit><latexit sha1_base64="40g9O8ww3g/3LePpi9cjsLcJKu8="></latexit><latexit sha1_base64="40g9O8ww3g/3LePpi9cjsLcJKu8="></latexit><latexit sha1_base64="40g9O8ww3g/3LePpi9cjsLcJKu8="></latexit> for the dimer model (determinantal)

Wulff shape - Legendre dual of surface tension
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[Cerf,Kenyon(2001)]

ThisisalsotheWulffshapeattemperatureϵin3DIsingmodel.

(lozenge tilings  !"3D Young diagram)
itself a limit shape



DETERMINANTAL MODEL
Kasteleyn

The number of dimer covers for G (a subgraph of 
hexagonal lattice) is              , where

“Lozenge” tilings

dimer model on honeycomb graph

K is the (bi)adjacency matrix of the bipartite graph G.

det(K) =
X

σ2Sn

 
sgn(σ)

nY

i=1

K(bi,wσ(i))

!

<latexit sha1_base64="gB5rr9f0qiDjE+kCSdpJVKy/ws8="></latexit><latexit sha1_base64="gB5rr9f0qiDjE+kCSdpJVKy/ws8="></latexit><latexit sha1_base64="gB5rr9f0qiDjE+kCSdpJVKy/ws8="></latexit><latexit sha1_base64="gB5rr9f0qiDjE+kCSdpJVKy/ws8="></latexit>

determinant counts perfect matchings with signs
key point: signs are consistent

Figure 11:

two surfaces with the same connected boundary can be obtained from one
another by adding and/or subtracting cubes.

While there is a version of Theorem 2 (using Pfaffians) for non-bipartite
planar graphs, there is no corresponding sign trick for nonplanar graphs in
general (the exact condition is that a graph has a Kasteleyn weighting if and
only if it does not have K3,3 as minor [18]).

3.5 Local statistics

There is an important corollary to Theorem 2:

Corollary 3 ([11]). Given a set of edges X = {w1b1, . . . , wkbk}, the proba-
bility that all edges in X occur in a dimer cover is

(

k
∏

i=1

K(bi, wi)

)

det(K−1(wi, bj))1≤i,j≤k.

The proof uses the Jacobi Lemma that says that a minor of a matrix A
is det A times the complementary minor of A−1.

The advantage of this result is that the probability of a set of k edges
being present is only a k × k determinant, independently of the size of the
graph. One needs only be able to compute K−1. In fact the corollary is valid
even for infinite graphs, once K−1 has been appropriately defined.

Corollary 3 shows that the edges form a determinantal (point) pro-
cess. Such a process is defined by the fact that the probability of a set
of k “points” p1, . . . , pk is a determinant of a k × k matrix M with entries
M(pi, pj). Here the points in the process are edges of G and M(pi, pj) =
K(bi, wi)K−1(wi, bj) where wi is the white vertex of edge pi and bj is the

21

a hexagon flip move changes  by a 3-cycle (even permutation)σ
adds/removes cubes  <latexit sha1_base64="XUT5sHYKqLya3XL2EDwrzwRbHhs="></latexit><latexit sha1_base64="XUT5sHYKqLya3XL2EDwrzwRbHhs="></latexit><latexit sha1_base64="XUT5sHYKqLya3XL2EDwrzwRbHhs="></latexit><latexit sha1_base64="XUT5sHYKqLya3XL2EDwrzwRbHhs="></latexit>

| det(K)|

<latexit sha1_base64="sjcSYY474ybB8yGZexnk+dRnSRM="></latexit>



limit shape variational
principle Wulff shape free energy

in magnetic field

integrability of the
model

PDE

INTEGRABLE PDE ?

?



��� (⇥� � ⇥�) = �

a not-so-“hidden” complex variable
(fluctua'ons, in(grabili), iso*ermal)

“complexi" # simpli"” !



ISOTHERMAL COORDINATE

Riemannian metric associated to the Wulff shape
let z be the isothermal coordinate

Gauss

this is the conformal coordinate of the model

σssds2 + 2σstdsdt + σttdt2 = ρ |dz |2

(x, y) ∈ ℒ ↦ ∇h(x, y) ↦ z(x, y)

(s, t) ∈ ' ↔ z ∈ ℂ

liquid

“Write everything in terms of z”



          -HARMONIC ENVELOPEκ

as a function of z

Kenyon-Prause

Thm: s, t and h-(sx+ty) are all )-harmonic(z) in the liquid region

(multi-valued in z)

Corollary:
Limit shapes in the dimer model 

are envelopes of harmonically 
moving planes in R³

minimal surfaces
(x, y, h(x, y))

<latexit sha1_base64="XnLb7JZ51erPAG0vQFEhFux+rFw="></latexit>

dimer limit shapes
(hx, hy, h�rh · (x, y))

<latexit sha1_base64="KlUq0HKYbJSeT7TggGquU6kS6JM="></latexit>

μz = 0 μz̄ = 0

r · ru = 0

(z) =
p
detD2�



          -HARMONIC ENVELOPEκ

as a function of z

Kenyon-Prause

Thm: s, t and h-(sx+ty) are all )-harmonic(z) in the liquid region

(multi-valued in z)

Corollary:
Limit shapes in the dimer model 

are envelopes of harmonically 
moving planes in R³

r · ru = 0

(z) =
p
detD2�

limit shape
algorithm

The Geometric Tangent Method in a picture

n "

n +m

!

n #

n � 1

 

m

!

1

 

The trick is that

Zn,m =
X

r

An,rBr ,m

where Br ,s =
X

�:(0,0)!(r ,�s)

p
!

#corners

For large n, the sum in r is
dominated by a saddle point r⇤.
The resulting straight line
goes through (r⇤, 0) with slope
�m/r⇤ and is tangent to C.

Varying m/n 2 R+, the caustic
of these lines makes one arc of
the curve C.

Andrea Sportiello The Tangent Method: where do we stand?

tangent method  
Colomo-Sportiello

“tangent plane 
method”



BACK TO THE ARCTIC CIRCLE

An
exam

ple
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An
Aztec

diam
ond

ofsize
N

=
240

Introduction
Scaling

theory
2d

seq
dynam

ics
2d

pardynam
ics

Random
tilings

Interacting
particles

harmonic
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<latexit sha1_base64="njrWWQdXcjtkN9BhmMiO/yDJOcY="></latexit>

z 2 D

(s,t)

x3 = sx + ty + c

szx + tzy + cz = 0

c = ω� ω+ ω� ω
(x, y) 2 L

s = ω� ω
t = ω� ω

envelope of planes

z ↦ (x(z), y(z), x3(z)) ⊂ ℝ3



YOUNG TABLEAUX EXAMPLE

Dan Romik’s 
MacTableaux

Cyril Banderier et al.’s 
YoungPackage

square shape
Pittel-Romik

W. Sun variational principle

κ ≡ 1 harmonic coordinates
for surface tension

limit surface as harmonic envelope
(use harmonic extension of boundary facets)  

1 2 5 6 7 9 15 17 49 54
3 4 11 13 20 22 28 30 52 63
8 18 21 24 27 38 40 48 57 69
10 19 23 35 39 42 50 53 64 72
12 25 29 43 44 47 51 62 70 93
14 26 41 45 46 56 58 67 80 95
16 31 55 60 66 73 78 86 90 96
32 33 61 65 68 76 81 88 91 98
34 37 71 75 77 82 84 89 94 99
36 59 74 79 83 85 87 92 97 100

Biane



SLANTED STAIRCASE
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x3(u ) = 2
π ((arg(z(u )) − 1)x(u ) + Im(z(u ))(y(u ) − 1) + 1

1 − α
Im u + α arg u − α

u − α + 1 )
x(u ) = − 1

1 − α

Im u − 2α + 1
z(u )

Im 1
z(u )

, y(u ) = 1 − 1
1 − α

Im(u − 2α + 1)
Imz(u )

P

u ∈ ℍ

explicit (slit) conformal map

u ↦ z(u )

slope = 2α − 1



ZOO OF LIMIT SHAPES

dimer model
(domino/lozenge tilings 

etc)
random 

Young tableaux five-vertex model

determinantal  
κ ≡ 1

non-determinantal  
κ = ?



TRIVIAL POTENTIAL
Kenyon-Prause

potential

reduction to Schrödinger equation

r · ru = 0

(��+ q)(1/2u) = 0 q =
�1/2

1/2

a surface tension has trivial potential if
is a harmonic function of the intrinsic coordinate zDef:

Then )-harmonic:
harmonic(z)

(q=0)4
p
detD2�

4
p
detD2�



5-VERTEX MODEL

lozenge tilings and the 5-vertex model

The 5 vertex model with r = 1 is the lozenge tiling model.

r 6= 1 means blue and green lozenges “interact”.

monotone non-intersecting
lattice paths 

lozenge tilings with
(blue-green) interaction

r≠1 (non-determinantal) “interacting fermions”

Bethe ansatz 
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The six-vertex model 
[Lieb '67] [Sutherland'67]

a ccba b

1 1 1 r r

P(configuration)     r
#corners/

with corners penalized



5-VERTEX BOXED PLANE PARTITION

Figure 1.3 The 5 vertex model with “boxed plane partition" boundary conditions. The lattice paths start along the
diagonal, southeast side on the hexagon and exit along the northwest side. In terms of the height function, these are
Dirichlet boundary conditions: h is zero along the lower and left boundaries, increasing linearly along the diagonal
boundaries, and constant (equal to the side length of the hexagon) along the upper and right boundaries. Shown is
the case r = 0.6 and n = 200.

3

r=0.6



5-VERTEX SURFACE TENSION
de Gier-Kenyon-Watson

0.2 0.4 0.6 0.8 1.0
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0.4

0.6
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1.0

�(s, t) is piecewise analytic:

repulsive

1� s� t+ (1� r�2)st = 0

There is an explicit formula for �r(s, t)

when r < 1,
neutral

3136 RICHARD KENYON

Figure 13: A 3D partition (that is, 3D Young diagram) weighted according to the
5-vertex measure with r = :7.

It is worth rewriting (5) as an equation for x and y (real variables) as a function of w

(a complex variable), instead of w as a function of x and y. After some manipulation this
becomes the first order linear equation

(6) A(w)xw̄ ! A(z)yw̄ = 0

where A(w) is the function A(w) := !w argw ! (1 ! w) arg(1 ! w):
The Equation (6) is first order but cannot be solved by standard methods (of complex

characteristics); it is really a coupled 2 " 2 system of real PDEs. Another miracle is
that one can integrate it explicitly to find an explicit parameterization of solutions with
analytic functions. Rather than derive the solution, we’ll just give the answer here. Let
u = 1 ! (1 ! r2)w̄, and consider the equation

(7) x ! r2

uū
y =

Im h(u)

Imu
:

For any analytic function h, solve this for y, plug into (6), and arrive at an equation for x

of the form
xu + A1x + A2 = 0

for functions A1(u); A2(u), which can be integrated by standard techniques. The special
form of (7) guarantees that x will be real.

This leads to the following explicit parameterization of solutions to (5):

(8) x(w) =
!1

(r2A(w) ! juj2A(z))
Im

!Z u

u0

r2h(u)

(1 ! u)(u ! r2)
du +

juj2h(u)A(z)

Im (u)

"
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when r < 1,
neutral
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explicit (involved) formulas

trivial potential !

π
p
detD2σ =

✓
arg

z
1� z

◆2

Bethe ansatz solution



BPP EXAMPLE

Figure 1.3 The 5 vertex model with “boxed plane partition" boundary conditions. The lattice paths start along the
diagonal, southeast side on the hexagon and exit along the northwest side. In terms of the height function, these are
Dirichlet boundary conditions: h is zero along the lower and left boundaries, increasing linearly along the diagonal
boundaries, and constant (equal to the side length of the hexagon) along the upper and right boundaries. Shown is
the case r = 0.6 and n = 200.

3

envelope of planes ζ ∈ ℍ
(  degree 2 cover of )u (ζ) ℍ6 facets+ 2 neutral regions

8 intervals on @H
are all ratios of linear 

combinations of harmonic 
measuresfull boundary information

x3 = s(ζ)x + t(ζ)y + c(ζ)

small r



BPP EXAMPLE

Figure 7.4 The arctic boundary for the boxed plane partition in the cases r = 2, 2.5, 3, 3.1.

Figure 7.5 Simulations with n = 400 and r = 2.5 (left) and r = 3.1 (right), with the theoretical arctic boundary super-
imposed.

31

r=2.5

large r

free energy/Wulff shape

Figure 7.4 The arctic boundary for the boxed plane partition in the cases r = 2, 2.5, 3, 3.1.

Figure 7.5 Simulations with n = 400 and r = 2.5 (left) and r = 3.1 (right), with the theoretical arctic boundary super-
imposed.

31

points of non-analycity
vs algebraic curves

shear phenomenon



GENUS-ZERO 5-VERTEX MODEL
Kenyon-Prause
staggered model

m1 ⇥ m2 fundamental domain

“small r” “large r”
(repulsive) (attractive)

1 - rv2 1 1 rv rv

all allαiβj < 1 αiβj > 1or

α₁ α₂ α₃ α₄ α₅
β₁

β₂

β₃

β₄

rv = αiβj

~α = (α1, . . . , αm1) ~β = (β1, . . . , βm2)

v v = (i, j)



SURFACE TENSION
(small r) (large r)

coexistence
pure

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4
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0.8

1.0

convex in N convex in N
strictly convex in N̊ 0 N̊stritcly convex in 

piecewise linear on piecewise linear on@N @N

N 0

σ ⌘ 0

conformal coordinate
p
detD2σ =

1
π
(2π � arg u)2

p
detD2σ =

1
π
(arg u)2

u 2 H

slope discontinuity at (1/2,1/2)σ|N\N 0 ⌘ 0

trivial potential

unique minimizernon-uniqueness



DARBOUX INTEGRABILITY

Thm:

Corollary:

(sθ)ζx + (tθ)ζy + Gζ − θζh(x, y) = 0
In any component of the liquid region

(shear phenomenon)

In any component of the liquid region the tangent planes
to the limit shape can be parametrized by a complex !

∇h(x, y) = (s(u ), t(u ))

with  holomorphic,  harmonic, u (ζ) G(ζ) θ(u ) =

h(x, y) − ∇h(x, y) ⋅ (x, y) = G(ζ)/θ(u )
arg u

2π − arg u
(r<1)
(r>1)

all holomorphic functions

κ = 4 det D2σ



2x2 EXAMPLES
“semi-boxed plane partition”

large r small r
(α1, α2) = (β1, β2) = (2, 5/4) (α1, α2) = (β1, β2) = (4/5, 1/4)

u = ζ

G(u) = arg(
u� aq

(u+ α21)(u+ α22)
)

G(u) = �π � arg(u)

elliptic
PDE hyperbolic

parabolic
EL inclusion



DARBOUX HIERARCHY

free fermionic constant Hessian det

5-vertex trivial potential

six-vertex ?

… ?



LIFE BEYOND THE ARCTIC CIRCLE


