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QUASIDISKS AND TWISTING
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•  how much spiralling ?
•  how fast and on how big set ?
• integrability of complex powers         

(in terms of k)
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RATE OF ROTATION
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Courtesy of D. Marshall
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BEURLING’S ESTIMATE
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EXAMPLES
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INTEGRAL MEANS SPECTRUM

(bounded)   conformal map: D →
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contributions

isolated singularities fractal boundary
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PHASE TRANSITION
Carleson-Makarov, Binder

There exists
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pointwise bounds
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BRENNAN’S CONJECTURE

=

“circular” Brennan conjecture:

Becker-Pommerenke, Binder
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quasiconformal variant

radial invariance ?
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MAJORANT PRINCIPLE
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subharmonic

Lower bounds:
Examples with
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maximum principle



MAIN RESULT

Thm: : D → conformal
with k-qc extension
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holomorphic amplification of “B(2)=1”

some radial invariance



     HOLOMORPHIC MOTION IN 
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COMPLEX INTERPOLATION

Lemma: ( , ) measure space

non-vanishing analytic family of measurable functions{
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CONVEXITY ARGUMENT
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STRETCHING    vs   ROTATION  

stretching rotation

quasiconformal bilipschitz

Grötzsch problem John’s problem

Hölder exponent rate of spiralling

log J(z,f) ∈ BMO arg f  ∈ BMO

higher integrability exponential integrability

multifractal spifractal spectrum

z

harmonic dependence “conjugate harmonic”

Astala-Iwaniec-Prause-Saksman



There exists holomorphic

positive semidefinite

NEVANLINNA-PICK INTERPOLATION
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Schur product
(entrywise)
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Extremals:  finite Blaschke products
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VON NEUMANN’S INEQUALITY

Andô’s inequality: ∈
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Agler

There exists holomorphic

positive semidefinite matrices

NEVANLINNA-PICK ON BIDISK

( , ) ∈ D ∈ D = . . .
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Agler-McCarthy: Extremals are rational inner functions

(need not be unique)
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A THREE-POINT PROBLEM

: D → D ( , ) =
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Agler-McCarthy:
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Unique solution for an extremal & non-
degenerate 3-point problem. It is a degree 2 
rational inner function. (Γ and Δ are rank-one)
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WELDING OF RADIAL STRETCHINGS
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SOLUTION OF THE 3-POINT PROBLEM
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(consistent with
circular Brennan)

(‘non-physical 
example’)
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TWISTING FOR A QUASIDISK

Ω

0

( ) = dim{ ∈ ∂ : ( ) = } ! −

√
−

| |

√

�−
−√

�−

0

2

ˆ

D

�

�( �) +
�

� < ∞

| | <

√
−

twisting of boundary

twisting of �


