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Abstract

Let X, X7, X5, ... be independent identically distributed random variables and S,, =
X; + -+ Xp. Thus {Sp;n = 1,2,...} is a random walk. Let F' be the distribution
function and p the expectation of X. We investigate the large deviation event {ST” > a},
where a > p is a constant. The basic assumption is that for large x, the tail probability
1 — F(z) is bounded from above and below by a power of . Our main results say that
under weak additional conditions, the large deviation is essentially caused by a single
largg random variable. We use this to derive asymptotic estimates for the probability
P {7" > a}.
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1 Introduction

Let X, X1, Xo,... be independent indentically distributed random variables with distribu-
tion function F' and mean p. Let S, = X; +--- + X, for n € N so that {S,;n=1,2,...}
is a random walk in R. We are interested in the event

LDIZ{&>CL},
n

where a is a constant larger than p. Write F(x) = 1 — F(x) for z € R. We will work in
a setting where for large x, F(z) is bounded both from above and below by a power of x.
The assumption implies that X is heavy-tailed from the right.

A typical phenomenon in case of heavy tailed increments is that a large value of S,
corresponds to a large value of the maximum of Xy, ..., X,,. At least in smooth cases, this
leads to the the asymptotic estimate

P{& >a} ~nF(nla—p), n— . (1.1)

n

The estimate was first obtained in the case where F is regularly varying at infinity. We
refer the reader to Nagaev (1979) for the early history. Later on, extensions are obtained for
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more general random walks. As examples, Cline and Hsing (1991) prove (1.1) by assuming
that F is of extended regular variation, and Ng et al. (2004) derive (1.1) by assuming
that F varies consistently. More recently, Denisov et al. (2008) study estimate (1.1) under
subexponentiality assumption. For a wide survey on heavy tailed phenomena for random
walks, we refer the reader to Borovkov and Borovkov (2008).

Our main objective is to study the increments of S,, conditionally, given that LD hap-
pens. More precisely, we want to find conditions under which the large deviation is caused
by a single dominant random variable. To this end, we study the internal structure of the
event LD in detail by deriving estimates for the probabilities of various subevents. Our
conditions are general enough to give a rise for discussions of their necessity. A related
paper is Nyrhinen (2009) where estimates are obtained for multivariate random walks in a
similar but less general context. More specifically, we allow here F(x) to vary between two
fixed powers of x while in Nyrhinen (2009), F can be described by one power of .

Our study also leads to asymptotic estimates for large deviations probabilities. The
estimates can be viewed as generalizations of (1.1). We also obtain natural bounds for the
probability of LD in the case where F is of dominated variation. This clarifies a related
result of Tang and Yan (2002).

The paper is organized as follows. In Section 2, we describe our basic conditions and the
subevents of LD to be considered. Section 3 deals with the question of the large deviation
with small increments only. In Section 4, the role of large increments is studied. A discussion
of our conditions is given in Section 5. Main results are stated in Section 6 and special cases
are considered in Section 7.

2 Setup

Denote

—a = limsup log F'(z), (2.1)

r—00 ogx

—a = liminf log F(z). 2.2
a = liminf ;= log (2) (2.2)
We will often assume that
—a < -1, (UL)
—a > —o00. (LL)

We consider (UL) and (LL) as our basic conditions even if some results will be stated more
generally. If the conditions hold then for any given 1 > 0, we have the bounds

TN < F(x) < 7o, (2.3)

for large enough z. We use assumptions (UL) and (LL) to control the right tail of F.
To ensure that the left tail does not carry too much weight we assume throughout that
expectation pu = E(X) exists and is finite.

We identify subevents of LD in which 0, 1 or several of the random variables X; are



large. Let € and & be positive real numbers. Write

LDgs := {& > a; X; §n1_5,i: 1,2,...,71},
n

n

S,
LDg := {—n >a;Xi§5n,i:1,2,...,n},

LD§ := {& >a; X; <enforalli=1,2,...,n
n

except for exactly k indices for which X; > z-:n} ,

LD; = | J LDg,
E>2

ﬁi’é = {& >a; X; <enforalli=1,2,...,n
n

except for exactly k indices for which X; > %(a —pu—E£ )} .

In event LDg s, none of the random variables is large. LD{ is similar but we allow faster
growth in the upper bound for X;. We consider a random variable large if it is above ne.
In LD3, exactly k of the random variables X; are large. We bundle events with 2 or more
large random variable into LDS. Note that LD is the disjoint union of LDj, LD] and LDS.

Our main interest is in the events ﬁz’g. Here we consider € and £ as being close to
zero. Most of the random variables are small i.e. at most en. The difference to exceptional
k variables is at least (%(a —u—&)—e)n. It is assumed throughout that ¢ is less than a — p
and ¢ is smaller than ‘“TH
When we need to take limits along subsequences of natural numbers we put the index

on the left side of the event, e.g.
Sh,;
n, LD = {—” > a} :
n;

3 The event with no large random variables

Condition (UL) is enough to prove that the probability of LD goes to zero faster than any
given power if we take € small enough.

Lemma 3.1 Assume that p is finite and (UL) holds. We have

lim limsup(logn)~!logP(LDj) = —occ. (3.1)
e—=0+ pnooo
Proof Let § > 0 be fixed. We use a related result where the random variables X; are

bounded from above by n'~% instead of en. In Nyrhinen (2009) it is proved that if p is
finite and (UL) holds then

lim (logn) ' log P(LDgs) = —oo. (3.2)

n—oo

This is done using TSebysev’s inequality together with a technique described in e.g. Nagaev
(1979).



From the above result, we can prove our claim. Fix large v > 0, and take small enough
9 € (0,1) such that (1 —9d)(a@ —0) —1 > 0. Then for every k € N,

IP’{XZ- > n'? for at least k indices i € {1,... ,n}}

. <Z> (n1*5> (—a+0)k

< p-hO-0)@-0)-1)

for large n, where we have used the upper bound from (2.3). Thus we can find K = K(v,0)
such that

P(LDS) = P (LDg N {X; > n'™? for at most K indices i € {1, ... ,n}})
+O0(n™ 7).
Choose € > 0 small enough so that a — Ke > u. Then for every k < K,

(3.3)

P (LD% N {X; > n'=? for exactly k indices i € {1,... ,n}})

S,
= (Z)]P’{;n >a, X < nl_‘;,...,Xn_/r€ < nl_é,

Xn—kt1 € (nl_é,ns], X, € (nl_‘;,ne]}
< nkIP’{Sn,k >n(a— Ke), X1 < ' Xk < nlf‘s} .
By (3.2) this is less than n™” for large n and therefore
P (LDg N {X; > n1™? for at most K indices i € {1,... ,n}}> <Kn7l.  (34)

By combining estimates (3.3) and (3.4) we conclude that for sufficiently small € > 0
limsup(logn) ™! log P(LD§) < —7.

n—oo

This implies (3.1) because the probability of the event LD§ is increasing in €. O
We have yet to compare the probability of LDj to LD. Later we will use assumption
(LL) to make sure that P(LDg) is essentially smaller than P(LD).

4 1Is it one or is it several?

We start with an estimate for having exactly k large random variables.
Lemma 4.1 Assume that p is finite and (UL) holds. Let € and & be such that

a—u—i.

0<é<a—p and 0<e< ’

Then
_ k . _ k
+o) ()7 (fa-n+0) <p@0 < ()F (Fa-n-0)". @)
If also (LL) holds, then for any given n > 0
P(LD) > n'~277 (4.2)

for large n.



Proof First note that the second inequality of formula (4.1) is immediate from the definition
of ﬁi’é.

The probability that all random variables in the sequence X, Xo,... are less than or
equal to en tends to 1 as n tends to co. On the other hand, the law of large numbers
guarantees that the sum S,,_j is close to (n — k)u with probability tending to 1. Therefore,
the event we need to concern us with is the one in which one or more random variables are
large.

To make this precise we investigate a subevent of ﬁi’é. Namely, we have

LD 2 {8k > nln— X, Sen, i=1,..,n—k

n
ankJrla"'aXn > E(G_H‘i’g)},

which we see as an intersection of three events. The third is independent of the first two.
Starting with the second set, take v such that —a& 4+ 1+ < 0. Then

(4.3)

P{X;<en,i=1,...,n—k}
_ F(En)n_k _ 6(n—k;)logF(an)

> enlog F(en) — gnlog(1-F(en)) (4.4)
_ (o) F(en) 4.5
> e~n(1Fo)En) T _ o= (+o(1)e T (4.6)
oo 1.

In (4.4) we use the fact that log F'(en) < 0. Equality (4.5) comes from the approximation
logz = (14 o(1))x,

where o(1) — 0 as x — 1. In (4.6), we have used condition (UL).
Turning to the first set of the intersection, first observe that

P{S, >n(u—&}>P {Sn—k > (n—Fk)(p— %6)}

for large n. The law of large numbers implies that P {S,_j > (n — k)(1 — 1£)} tends to
one as n tends to infinity.
For the last set of the intersection we have

P{X0 hi1s s Xn > Tla—p+6)} =F(%<a—u+5))k.

k
Combining these, using the assumption that X; are independent, and noting that the large
random variables in (4.3) can be any k from the set of {X1,..., X} gives the first estimate
in (4.1).

Turning to (4.2), we use (4.1) and (2.3) with parameter § to get

(SIS

—a—

(SIS

PED}) = (1+ o(1))n(a — u+ &)~
e (4.8)

P(LD)

> n
=

for large n. O



The second part of the lemma is important to establish a scale to compare subevents of
the large deviation. This reveals the purpose of Lemma 3.1. If we assume (LL) then LD§
plays no essential role in causing LD.

Our goal is is to make ﬁi’é the dominant event. To this end, we need a condition under
which the probability of LD is essentially smaller than the probability of ﬁi’g. We choose

the following:

inl 2
>0 BT (CS)
F(n)

Note that it is equivalent to take the limit along real numbers:
rF(kz)? - 2|z |F (%QI_J}J)Q
Fe) —  FQ2lz])

where |z ] is the integer that satisfies |z] < z < |z| + 1. Further, if (CS) holds and b is an
arbitrary positive real number then

— 00 0, (4.9)

F 2
i >0 PEEDT ) (4.10)
F(b

This is seen by writing

aF(kx)? 1 baF(§bx)?
Fbz) b F(bx)
The intuition behind condition (CS) is to compare directly the probability of having
two large random variables of size kn with having one large random variables of size n.

The requirement that the limit is 0 says that the probability of having two large random
variables is neglible in comparison to having one.

Lemma 4.2 Assume that p is finite, (UL) and (CS). For any 0 < e <a— p
P(LDS) = o(1)P(LDJ).
Proof Choose b > 0. By (4.10),

P(LD) <P (X; > ne, X; > ne for some 1 <i < j <n)
< n?F(ne)? = o(1)nF (bn).

Lemma 4.1 gives us the lower bound
P(LDS) > P(LD;%) > (1+ o(1))nF((a — pu + €)n)
for some small £ > 0. Combining the results and setting b = a — p + & gives

o(DnF (@~ p+En)
(L+o(L))nF((a—p+&n)

P(LDS)
B(LD;)

<

=o(1).

|
The next step is to show that Ei’g is a dominant part of LDJ.

Lemma 4.3 Assume that p is finite, (UL), (LL), and (CS). Let & and e be such that
0<é<a—pandO<e<a—pu—E& Then

P(LD;*) = (1 + o(1))P(LDS).



Proof Let us see what is between ﬁi’g and LD§:

P(LDS \ LD}%) (4.11)
<nP{X, € (en,(a —p—&n|,Sp—1 > an — (a — p—&)n}
< W (ne)P{Sums > nu + £)).
For the last probability, we have
P{Sp—1 >n(pn+&)}
=P{S,—1 > n(p+£&); X; >e'n for some i € {1,...,n—1}}
+P{Sp_1>n(p+&);X; <enforallie{l,...,n—1}}
<nF(En) +P{S,_1 >n(p+£);X; <én, forallic{l,...,n—1}},
where &’ > 0 is arbitrary. From assumption (LL) we know that nF(e'n) > n=2 for large n.
Lemma 3.1 gives us ¢’ € (0,¢) such that
P{S,—1 >n(u+£&);X; <én, forallie{1,...,n—1}}
<n~2 ! = o(1)nF('n)

for large n.
Continuing from (4.11) we fix b and estimate

P(LD5 \ LD; )

< nF(en)(1 +o(1))nF(e'n)

<n?F(e'n)*(1 4 o(1))

< o(1)nF(bn), (4.12)

where in (4.12) we have used (4.10). Setting b = a — p + £ in this estimate we have

P(LD;*)
P(LDS)
_ P(LD}®) + B(LD; \ID;*) (LD \LD;") (4.13)
P(LDS) P(LDT) '
- o(l)nf((_a —pu+&n) (4.14)
T (14 o0(1))nF((a—p+&)n)
=1 o(1),

where in (4.13) recall that ﬁi’é C LDf§, and in (4.14) we have applied Lemma 4.1. O

5 Discussion of conditions

We often assumed in the first part of the paper that p is finite, and that (UL) and (LL)
hold. These assumptions are general and appear in many other papers. Condition (CS)
seems to be new and deserves more attention. The following results give motivation for the
condition.

The first observation is that £

F()
view, condition (CS) means that these oscillations stabilize in the limit.

at least oscillates close to zero. From this point of



Lemma 5.1 Assume (UL). Then for any x > 0

¥l 2
Jim inf 2202 (5.1)

Proof Let n > 0. By (UL), we can find a sequence (a;) tending to infinity such that

F(a;) > a; "

7
for large i. By (2.3),

aiF(ka;)? _ ai(kai) o220 1S

Fla;) — a7

(5.2)

for large 7. Take n small enough so that —@+ 1+ 317 < 0. Then the right hand side of (5.2)
goes to 0 as ¢ — oo, which implies (5.1). O.

The main implication of Lemmata 4.2 and 4.3 for our purposes is that under the condi-
tions of lemma 4.3,

P(LD?) = o(1)P(LD*).
The next observation is a partial converse to this estimate.
Lemma 5.2 Assume that p is finite, (UL), and that
7 2
lim sup 33_(7/4,33) >0
T—00 F (l‘)

for some k > % Then for sufficiently small &€ > 0 and 0 < € < a — p — &, there exist a
constant ¢ > 0 and a sequence of natural numbers (n;) tending to infinity such that

P (,LDS) > cP(,, LD} *)(1 + o(1)).

Proof Choose k> § and [ € (0,00), and a sequence (b;) tending to infinity such that

biF(kb;)?
bE(sb)” (5.3)
F(b;)
for every i. We choose a sequence of natural numbers (n;) for which
ni(a —p+¢§)

< . . — —
5 <b; <nila—p—¢)

for large . This is possible for small £ because x > % Starting from the estimate given by
Lemma 4.1 we get

P ED5) 2 ('3 )P0 = et 91 +o1)
> @‘)F(nbi)? (1+o(1))
> ()5 F 6+ o) (5.4

)

= eniF(ni(a —p—€))(1+0(1)), (5.5)

> cP(,, ID;)(1 + 0(1)) (5.6)
where in (5.4) we have used (5.3), in (5.5) we have taken ¢ = éﬁ, and in (5.6) we have
used Lemma 3.1 with &£ = 1. The claim follows since ﬁ;’g CLD:. O



6 What do the lemmata tell us?

Now we can give conditions under which the large deviation is caused by a single random
variable.

Theorem 6.1 Assume that u is finite, (UL), (LL) and (CS). Let & and € be such that
0<é<a—pandO<e<a—p—E& Then

lim P(LD;*|LD) = 1.

n—oo

Proof From the definition of Ei’g we see that its probability increases as € increases. It
is therefore sufficient to prove the claim for € close to zero. Lemma 4.1 gives the estimate
P(LD) > n~2 for large n. According to Lemma 3.1, P(LD§) < n~2~! for ¢ small enough
and large n. These lead to

P(LDg) = o(1)P(LD).

By Lemma 4.2,
P(LDS) = o(1)P(LD).

Using these estimates, we conclude that
P(LD*|LD)
P(LD;*) _ (1+ o(1))P(LD])

T RID)  P(LD) (6.1)
1 . _

= oy (o) (B(LD) —P(LD) — P(LDY)) (6.2)

—n—oo 1,

where in (6.1) we have used Lemma 4.3, and in (6.2) we have used the fact that LD is the
disjoint union of LDg, LD{ and LDS. O
Theorem 6.1 can be used to give an estimate for the probability of the large deviation.

Theorem 6.2 Assume that p is finite, (UL), (LL) and (CS). For any & >0
(1+o(1))nF(n(a— p+¢)) <P(LD) < (1+ o(1))nF (n(a— p — §))

Proof It is enough to consider small &, because increasing it makes the estimate worse.
Choose ¢ and assume ¢ small enough for Theorem 6.1 to hold. Using that and Lemma 4.1
gives

P(LD) = (1+ o(1)P(LD;®) < (1 + o(1))nF(n(a — u — &),

The first inequality is a special case of Lemma 4.1. O
If the large deviation is not caused by a single random variable how does it happen?
From our results it is not clear that the significant part of LD stabilizes to a structure that
can be easily described. However, we have the following partial converse of Theorem 6.1.
Theorem 6.3 Assume that 11 is finite, (UL), and that
yol 2
lim sup TART) _(/m:) >0

for some Kk > % Then for sufficiently small £ >0 and 0 < e < a — p— &, we have

lim inf P(LD;*|LD) < 1.

n—oo



Proof Let the constant ¢ > 0 and the sequence (n;) be as in Lemma 5.2. Then

T 7£
— P(,,LD}")
P(, TD°¢|, LD) = ——L )
__ PIDY)
~ P(,,LDY) + P(,,LD3)
p(, LD>* 1
P(n,LD1™) + cP(,, LD ) (1 + o(1)) Itec

where in (6.3) we have applied Lemma 5.2. O

7 Special cases

We show in this section that our conditions are satisfied for wide classes of distributions.
We also consider a refinement of the asymptotic estimate of Theorem 6.1 in a special case.

It is natural to ask if condition (CS) holds automatically for appropriate values of @ and
a. The following result was actually the original motivation of our research.

Proposition 7.1 Assume (UL) and (LL). Let F be such that

1-2a+a<0. (7.1)
Then (CS) holds.
Proof Let v > 0. Using bounds (2.3) we get for £ > 0 and for large z

_2 o=~ o=~
xF" (k) o Tt dy g —2a+2y

F(x) — rTey

_ 22y 2@ a3y

Take small 7 to see that the right hand side goes to 0 under (7.1). O
The following example shows that condition (7.1) is in essence strict for the result of
Proposition 7.1.

Example 7.2 Let —@ and —a be such that —@ < —1 and —a > —oc. Instead of (7.1),
assume that
1—2a+a>0. (7.2)

We construct a distribution with finite mean and limits (2.1) and (2.2), but condition (CS)
and also the conclusion of Theorem 6.1 fail.
Let a1 =1, as = 2, and
a/a

Qi1 = a;
fori=2,3,.... Then a; = 2°'"% for i > 2 where p=a/a>1 Take P{X =a;}=1-2"2%
For i > 2, take

P{X =a;} =a;" —a;

so that
Fla;) = a5 = a; *. (7.3)

10



The distribution is concentrated on {a,aq,...}, limits (2.1) and (2.2) follow from con-
struction, and the mean is finite because X > 1 and —a < —1.

We pick 0 < k < 1 and consider the quotient % along the sequence (a;). We
conclude that . . -
a;F(ka;)? _ a;F(a;_1)? _ gy @ _—Zatatl
F(az) o F(az) a: & ! ’

1

where we used F(ka;) > F(a;—) = F(a;_1). It is seen that under (7.2)

yol 2
lim sup 95_(7’”) >0

and (CS) fails. F satisfies the conditions of Theorem 6.3, which shows that the conclusion
of Theorem 6.1 does not hold.

Proposition 7.3 Assume (UL) and that F is of dominated variation i.e.

lim inf 205 < (7.4)
t—o00 F(t)

for some x > 1. Then (CS) holds.

Proof First observe that (7.4) actually holds for any x > 1. Namely,

— _
lim inf F_(ta: ) > lim inf M lim inf F;(tx)
t—oo  F'(t) t—oo  F(tx) t—oo  F(t)

> 0.

By repeating the process we see that (7.4) holds when z is replaced by z" for any n € N.
Because F' is decreasing it holds for every = > 1. Let 0 < k < 1 and write

The quotient on the right hand side is bounded from below by a positive constant and under
(UL), nF'(kn) goes to 0 as n — oo. We see that condition (CS) is satisfied. O In case of
dominated variation, we can improve Theorem 6.2.

Theorem 7.4 Assume that expectation p exists, (UL), (LL) and that F is of dominated
variation. Write .
F(tz)

— lim liminf =2 € (0,1]. 7.5
c im limin ) (0,1] (7.5)

r—1+ t—o0

We have

enF(n(a — w)(1 +o(1)) < B(LD) < ©

nF(n(a — p))(1 +o(1)),
and in particular if c =1
P(LD) = nF(n(a — u))(1 4+ o(1)).

Remark 7.5 A similar result was obtained by Tang and Yan (2002). They only assume
finite expectation and dominated variation, but do not consider the size of the constants
in the expression (¢ and 2 in our formulation). If ¢ = 1 then (7.5) means that F' varies
consistently. The result of the theorem in this case is known from Ng et al. (2004).

11



Proof of Theorem 7.4 Choose § > 0. Take € small enough for

F(n(a—p+e))
F(n(a - p))

to hold for large n. Theorem 6.2 gives the estimate

>(1—-9d)c

P(LD) > (1 — §)nF(n(a — pu+¢))

for large n. Combining these we get

P(LD) > (1 —d)nF(n(a — p))

> (1 —0)%enF(n(a — p))

for large m. Similarly, it is seen that
1 _
P(LD) < (14 6)2=nF(n(a — p))
c

for large n. The obtained estimates prove the theorem. O

References

Borovkov, A. A. and K. A. Borovkov (2008). Asymptotic Analysis of Random Walks,
Heavy-Tailed Distributions. Cambridge: Cambridge University Press.

Cline, D. and T. Hsing (1991). Large deviation probabilities for sums and maxima of ran-
dom variables with heavy or subexponential tails. Preprint. Texas A&M University.

Denisov, D., A. B. Dieker, and V. Shneer (2008). Large deviations for random walks
under subexponentiality: the big-jump domain. Ann. Probab. 36, 1946-1991.

Nagaev, S. (1979). Large deviations of sums of independent random variables. Ann.
Probab. 7, 745-789.

Ng, K. W., Q. Tang, J. Yan, and H. Yang (2004). Precise large deviations for sums of
random variables with consistently varying tails. J. Appl. Probab. 41, 93-107.

Nyrhinen, H. (2009). On large deviations of multivariate heavy-tailed random walks. J.
Theoret. Probab. 22, 1-17.

Tang, Q. and J. Yan (2002). A sharp inequality for the tail probabilities of sums of i.i.d.
r.v.’s with dominatedly varying tails. Sci. China Ser. A 45(8), 1006-1011.

KALLE BOss
E-mail: KALLE.BOSSQIKI.FI

HARRI NYRHINEN

DEPARTMENT OF MATHEMATICS AND STATISTICS
P.O. Box 68

FIN 00014, UNIVERSITY OF HELSINKI, FINLAND
E-mail: HARRI.NYRHINEN@QHELSINKI.FI

12



