AHLFORS-DAVID REGULAR SETS AND BILIPSCHITZ
MAPS

PERTTI MATTILA AND PIRJO SAARANEN

ABSTRACT. Given two Ahlfors-David regular sets in metric spaces,
we study the question whether one of them has a subset bilipschitz
equivalent with the other.

1. INTRODUCTION

In this paper we shall study Ahlfors-David regular subsets of metric
spaces. Throughout (X, d) and (Y, d) will be metric spaces. For E, F' C
X and = € X we shall denote by d(F) the diameter of F, by d(E, F)
the distance between E and F', and by d(z, E') the distance from x to
E. The closed ball with center x and radius r is denoted by B(x,r).

1.1. Definition. Let £ C X and 0 < s < co. We say that E is s-
regular if it is closed and if there exists a Borel (outer) measure p on
X and a constant Cg, 1 < Cg < oo, such that p(X \ F) =0 and

r* < pu(B(x,r)) < Cgriforalz e E,0<r <dE),r < oc.

Observe that this implies that the right hand inequality holds for all
r e E,r>0,and

w(B(z,r)) < 2°Cpr® for all z € X, r > 0.

We would get an equivalent definition (up to the value of Cg), if we
would use the restriction of the s-dimensional Hausdorff measure on F,
with r* on the left hand side replaced by 7°/Cgr. When we shall speak
about a regular set F, u will always stand for a measure as above.

We remark that closed and bounded subsets of regular sets are com-
pact, see Corollary 5.2 in [DS2]. Self similar subsets of R™ satisfying
the open set condition are standard examples of regular sets, see [HJ.
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A map f: X — Y is said to be bilipschitz if it is onto and there is
a positive number L, called a bilipschitz constant of f, such that

d(z,y)/L < d(f(x), f(y)) < Ld(z,y) for all z,y € X.

The smallest such L is denoted by bilip(f). Evidently any bilipschitz
image of an s-regular set is s-regular. But two regular sets of the same
dimension s need not be bilipschitz equivalent. This is so even for very
simple Cantor sets in R, see [FM], [RRX] and [RRY] for results on the
bilipschitz equivalence of such Cantor sets, and for [DS2] for extensive
analysis of bilipschitz invariance properties of fractal type sets.

The main content of this paper is devoted to the following question:
suppose E is s-regular and F is t-regular. If s < ¢, does F have a subset
which is bilipschitz equivalent to E7 In this generality the answer is
obviously no due to topological reasons; E could be connected and F
totally disconnected. We shall prove in Theorem 3.1 that the answer
is yes for any 0 < s < t if F is a standard s-dimensional Cantor set
in some R™ with s < n. We shall also prove in Theorem 3.3 that the
answer is always yes if s < 1. In Section 4 we show that if £ and F
as above are subsets of R” and s is sufficiently small, then a bilipschitz
map f with f(E) C F can be defined in the whole of R". We don’t
know if this holds always when 0 < s < 1.

In the last section of the paper we shall discuss sub- and supersets of
regular sets. It follows from Theorem 3.1 that an s-regular set contains
a t-regular subset for any 0 < ¢t < s. In the other direction we shall show
that if £ C X is s-regular and X is u-regular, then for any s <t < u
there is a t-regular set F' such that £ C ' C X. On the other hand
there are rather nice sets which do not contain any regular subsets: we
shall construct a compact subset of R with positive Lebesgue measure
which does not contain any s-regular subset for any s > 0.

Regular sets in connection of various topics of analysis are discussed
for example in [DS1] and [JW].

2. SOME LEMMAS ON REGULAR SETS

In this section we shall prove some simple lemmas on regular sets.

2.1. Lemma. Let 0 < s < oo and let E C X be s-regular. For every
0<r<R<dAFE),R< o0, and p € E there exist disjoint closed balls
B(z;,r),i=1,...,m, such that z; € EN B(p, R),

(5°Cp) N (R/r)* <m < 2°Cr(R/r)*
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and
m

ENB(p.R) C | Bz, 5r).

i=1

Proof. By a standard covering theorem, see, e.g., Theorem 2.1 in [M],
we can find disjoint balls B(z;,r),i = 1,2,..., such that z; € EN
B(p, R) and the balls B(x;,5r) cover E N B(p, R). There are only
finitely many, say m, of these balls, since the disjoint sets B(x;, ) have
all p measure at least r°, they are contained in B(p,2R) which has
measure at most Cg(2R)°. More precisely, we have

m

mr® < 3 p(B(i,r) < u(B(p,2R)) < Cp(2R)’",

=1

whence m < 2°Cg(R/r)*, and

mCg5°r® > > u(B(x;,5r)) > u(B(p, R)) > R,

i=1

whence m > (5°Cg) Y (R/7)*. O
For less than one-dimensional sets we can get more information:

2.2. Lemma. Let 0 < s < 1,C>1,R >0, let E C X be closed and
bounded and let p be a Borel measure on X such that (X \ E) = 0
and that

w(B(x,r)) < Cr® forallz € E;r >0,
and

w(B(x, 7)) > 1 forallz € E,0<r < R.

Let D = (302%)Y0=%) 4 1. For every 0 < r < R/(2D) there emist
disjoint closed balls B(x;,7),i = 1,...,m, and positive numbers p;, r <
pi < Dr, such that m < Cd(E)*/r®,z; € E,x; & B(x;, pi) fori < j,

E C UB(mi,pi) and E N B(x;, p; + 1)\ B(zi, pi) = 0.
i=1
Proof. Let x1 € E. Denote
Ao = B(xy,7r), A; = Bz, (0 + 1)) \ B(2y,ir),i=1,2,....

If ENA; =0, denote p; = r. Otherwise, let [ be the largest positive
integer such that 2lr < Rand ENA; # 0 fori=1,...,1,say y; € ENA;.
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Then B(y;,r) C Ai—1 U A; U Ay C B(xy,2lr). Therefore

I I
Ir* < ZM(B(%,T’)) < ZM(Ai—l UA;UA) <
i=1

i=1

3u(B(xq,2lr)) < 3C2°1°r®,

whence (7% < 3C2° and, since s < 1, 1 < (302°)Y/0%) = D — 1. As
2(1+1) < 2D < R/r, we conclude that ENA;,; = () by the maximality
of I. Let py = (I+ 1)r. Then r < p; < Dr and EN B(z1,p1 + 1)\
B(xy,p1) = 0. Let 29 € E\ B(x1,p1) = E\ B(z1,p1 + 7). Then the
balls B(z1,7) and B(xzy,r) are disjoint. Repeating the same argument
as above with x; replaced by zo we find py such that r < py < Dr and
EN B(xa, pa+ 1)\ B(zs, p2) = 0. After k — 1 steps we choose

k-1

z, € B\ U B(z;, ps),

i=1
if this set is non-empty. As in the proof of Lemma 2.1 this process
ends after some m steps when FE is covered by the balls B(z;, p;),i =

1,...,m. Also, as before, m satisfies the required estimate m <
Cd(E)*/re. O

The following lemma will be needed to get bilipschitz maps in the
whole R™.

2.3. Lemma. Let C > 1 and A > 9. There are positive numbers
so = s0(C,A),0 < sg <1, and D = D(C,\) > 1, depending only on C
and X\, with the following property.

Let 0 < s < sg, let E C X be closed and bounded, let R > 0 and let
i be a Borel measure on X such that (X \ E) = 0 and that

w(B(x,r)) < Cr® forallz € E;r >0,

and
w(B(x, 7)) > 1 forallz € E,0<r < R.

For every0 < r < R/D there exist disjoint closed balls B(x;, A\p;/3),i =
L,...,m, such that x; € E, r < p; < Dr, m < Cd(E)*/r*,

EcC U B(xi, p;) and E N B(xy, A\p;) \ B(zy, pi) = 0.

i=1

Proof. The function s +— (1—3C\?*(\*—1))~%/* is positive and increas-
ing in some interval (0,s;), so it is bounded in some interval (0, sg).
We choose sy and D so that

A1 —=3CA2(\ —1))"Y* < Dfor0<s < s.
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Set ¢ =log D/ log \.
Let z € F and denote

Ao = B(z,7), A = B(z,\'r) \ B(z,\"'r),i =1,2,....
If ENA; =0, denote r(x) = r. Otherwise, let [ be the largest positive
integer such that [ < ¢ and that ENA; # () for 1 =1,...,1. Then for
1=1,... ,l there is Y; € EnN Az with B(yz, )\i_QT) C Az’—l U Az U Az‘—l—l'
By the choice of ¢, X'=?r < Dr < R. Hence
it ~ i)

— S S(1— <
v

T8>\_8

This gives
(1—=3CA= (N — 1)t < 1,
whence
A< A1 = 30N (A = 1))V < D.

Thus [ + 1 < ¢ and we conclude that E N Ay = 0. Let r(z) = \r.
We have now shown that for any « € E there is r(z),r < r(z) < Dr,
such that N B(xz, Ar(x)) \ B(x,r(z)) = 0.

Let My = sup{r(z) : x € E}. Choose z; € E with r(z) > M;/2,
and then inductively

J
x4 € B\ U B(z,r(x;)) with r(xj1q) > M; /2
i=1
as long as possible. Thus we get points z; € E and radii r(z;),r <
r(z;) < Dr, for i = 1,...,k; such that r(z;)/2 < r(z;) < 2r(z;),
x; & B(x;,r(x;)) for i < j, and
k1
{z € E:r(z) > M/2} C | B(xi, r(x:).
i=1
If for some | = 1,2,... the points x1,..., 2y, have been selected and
E\ULL, B, r(z:)) # 0, lot
ki
My =sup{r(z) :z € E'\ U B(zi, ()},
i=1
choose zy,,, € E\UM™, B(zy,r(x;)) with 7(@k,,,) > Mi41/2, and so on.
This process will end for some [ = p. Thus we get points z1,...,x,, €
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E,m = k,, such that, with p; = r(z;),r < p; < Dr, for i < j,z; &
B(z;, pi) and r; < 2p;,

E C UB(xi,pi) and E N B(x;, A\p;) \ B(x;, pi) = 0.
i=1
To show that the balls B(x;, Ap;/3) are disjoint, let ¢ < j. Then
d(z;, ;) > Ap; and (A/3)(pi + p;j) < Ap; < d(zx;, z;), which implies that
B(xi, Api/3)NB(xj, Ap;/3) = 0. The required estimate m < C'd(E)*/r*
follows as before. O

3. BILIPSCHITZ MAPS

In this section we begin to prove the bilipschitz equivalences men-
tioned in the introduction. It is easy to get explicit bounds for the
bilipschitz constants of the maps from the proofs. In Theorem 3.1
bilip(f) is bounded by a constant depending only on s,¢,n and Cg.
In Theorems 3.3 and 4.2, if Cg,Cr and d(E)/d(F) (interpreted as 0
if ' is unbounded) are all < C', then bilip(f) < L where L depends
only on s,t and C, and also on n in Theorem 4.2. If ¥ and F are
bounded, this dependence on the diameters is seen by first observing
that we may assume that d(F') < d(FE); otherwise F' can be replaced
in the proofs by F' N B(p,d(E)/2) for any p € F. Secondly, changing
the metrics to dg(x,y) = d(x,y)/d(E) and dp(x,y) = d(z,y)/d(F), we
have d(E) = d(F) = 1, the regularity constants don’t change and a
bilipschitz constant L changes to Ld(E)/d(F).

For any 0 < t < n we shall define some standard t-dimensional
Cantor sets in R™. Define 0 < d < 1/2 by 2"d" = 1. Let Q C R™ be a
closed cube of side-length a. Let Q1,..., Qs C @ be the closed cubes
of side-length da in the corners of ). Continue this process. Then
C(t,a) is defined as

C(t,a) = ﬂ U Qi ..iy,»

k=1141...i

where i; = 1,...2" and each @);, ;, is a closed cube of sidelength d*a
such that @, ;,.i,¢ =1,...,2", are contained in the corners of Q;,. ;.
It is well known and easy to prove that C(¢,a) is t-regular, it is also a
particular case of a self similar set satisfying the open set as considered
in [H].

3.1. Theorem. Let E C X be a bounded s-regular set and 0 < t < s.
Then there is a t-reqular subset F' of E and a bilipschitz map f : F —



AHLFORS-DAVID REGULAR SETS AND BILIPSCHITZ MAPS 7

C(t,d(F)) where C(t,d(E)) is a Cantor subset of R™ with t < n as
above. Moreover, Cr < C' where C depends only s,t,n and Cg.

Proof. We may assume that d(E) = 1. Choose a sufficiently large
integer N so that denoting d = 27N/t ie., 2V"d" = 1, we have d < 1/3
and d*~' < (15°Cg)~! =: ¢. Then we can write C'(¢,1) as

C(t’ 1) = ﬂ U Qzlzk

k=111...p

where each Q;, 4,1 < 4; < 2V" is a closed cube of side-length d*
such that Qi ..ii,., C Q4.5 By Lemma 2.1 we can find disjoint balls
B(x;,3d),z; € E,i=1,...,m, such that m > cd™* > d~ = 2"". Now
we keep the first 2V" points x; and forget about the others. Repeating
this argument with E replaced by ENB(x;,d) and so on, we can choose
points

Ty . igipyn c EN B(l’“zk, dk), 1< ’ij < 2Nn’

such that the balls B(wx;, i, 3d*1),i =1,...,2V" are disjoint subsets
of B(x, i,,3d*). Then for 1 <1 <k,

E

k—1 —1
(3.2) ATy iy Tiy i) < Zd(xil...ijaxil.--ijJrl) < d’ < 2d"
=1

j=l

as d < 1/2. Denote

F = ﬁ U B(=’Ei1...ika3dk)'

k=1 11...ij
Then F' C E. Let y;, 4, be the center of ();, ;, and denote
Fp={zi i i;j=1,....2" j=1,...k}
and
Cr =iy 85 =1,....2"" =1, k}.
Define the maps

Jet B — Cr by f(%iy.0) = Yir.oin-

We check now that f. is bilipschitz with a constant depending only on
s,t,nand Cg. Let v =x;, 4, 2" =z, j, € Fj, withz # 2. Let 1 > 1
be such that iy = ji,...,4 = j; and 4;11 # ji1; if i1 # J; the argument
is similar. Then by (3.2) € B(%4,..i,,,, 2d" )N B(x;,..,, 2d") and 2’ €
B(le...jlju_lu 2dl+1> N B(xil...ila 2dl) Since the balls B(xil---ilil+17 3dl+1>
and B(xj,. jji.., 3d"™) are disjoint, we get that d'™ < d(z,2") < 4d".
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Letting y = v;,..;, and ¥ = y;,.;, we see from the construction of
C(t,1) that (1 —2d)d' < |y —¢/| < v/nd'. Hence

d(fr(x), fr(@) = ly = ¢'| < (Vn/d)d(z, ")
and
d(fx(x), fe(@) = ly = y| = ((1 = 2d) /4)d(z, 2").

Denote L = max{y/n/d,4/(1 — 2d)}.

If ©+ € F there is a unique sequence (iy,4s,...) such that = €
B(wi, 4,,3d") for all k = 1,2,.... Let y € C(¢,1) be the point for
which y € Q4,4 for all £ = 1,2,.... Then y = limg_0o ¥iy..i, =
limy oo fr(@iy.4,). We define the map f : FF — C(t,1) by setting
f(x) =y. If also ' = limy,_.o0 z;,..;, and ¥’ = limy,_.» y;, . j, we have

A7), ) = i (Fulai ). ol )
< lim Ld(xi, 4, %) ;) = Ld(x,z')

k—o0

and similarly d(f(x), f(z')) > d(x,2")/L. Obviously, f(F) = C(t,1).
The last statement, Cr < C', of the theorem follows immediately from
the fact that L depends only s,t,n and Cg. 0

Next we turn to study less than one-dimensional sets.

3.3. Theorem. Let EE C X be s-reqular and F' C Y t-regular with
0<s<1ands<t. Suppose that either E is bounded or both E and
F are unbounded. Then there is a bilipschitz map f : E — f(E) C F.

Proof. We shall first consider the case where both E and F' are bounded.
By the remarks in the beginning of this section, we then may assume
that d(E) = d(F) = 1. Let D = (3C52*)/1=%) + 1. Choose d so small
that

0<d™* < (2°15'D*CCr) " and 2Dd < 1.

We shall show that there exist s-regular sets Ej, ,,, points z;, ; €
E,y;, i, € F and radii p;, ;, where

1<i; <miyi;_,,J =1, k, with my, i, < Cp2°D*/d*ig =0,
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such that for all k =1,2,...,

E=J Ei. ..

i
Ei ivier C By iy
d* < pi,. i, < Dd,
Tiyap € Eiy iy C B4y igs Piriy,)s
E N B(xiy iy, piy.iy + d°)\ B(@iy s piy.i) = 0,
d(Ei . i, Ej ) > d* if iy # jr,
Yiy.ipins € F'N B(yz'l...ik7dk)7
B(Yi, igipsr, 24" C Blysy. iy, 2d"),
B(Yiy...ip» 3d°) 0 B(yjy.. 5, 3d") = 0 if iy, # ji.
By Lemma 2.2 we find x; € E and p;,d < p; < Dd, with i =

L,...,mg,mg < Cg/d*, such that the balls B(x;,d) are disjoint, z; &
B(xwpl) for i < j7

mo
i=1
and
E 0 B(xi, pi +d) \ B(xi, pi) = 0.
By Lemma 2.1 we find y; € F with i = 1,...,ng,ng > (15'Cpd")~! >
Cg/d® > my such that the balls B(y;, 3d) are disjoint. We define
i1
Ey, = ENB(zy,p1) and E; = EN B(z, p) \ U E; fori > 2.
j=1
Then the required properties for k = 1 are readily checked.

Suppose then that for some & > 1,E; ;.2 4. € E, v i € F
and p;, ;, have been found with the asserted properties. Fix i;...1.
We shall apply Lemma 2.2 with £ = E;, ;R = d*, r = d*"! and
C = Cg, recall that 2Dd < 1. Since d(E;, ., E \ Ei, 4,) > d*, we
have E N B(x,r) = E;,. ;. N B(x,r) for x € E;,_;, and 0 < r < d*,
so this is possible. Thus we obtain z;, ,,; € E; ., and p;, it =
1, ceey Mgy such that M. 4y, S CEd(E“Zk>8/d(k+l)8 S CE28DS/dS,
the balls B(z;, ., d"") are disjoint, @y, i; & BT _izi, Pip-yi) foOr
1< 7,

dk+1 S Pix..iyi S de+17
Mig .4,
Ei i, C U B(Z4y . iis Pir.ini)

=1
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and
E N0 B(%iy. iy Piy.ii + dkH) \ B(Ziy . ipiy Piy..ipi) = 0.
Define
Ei i1=FEiy i NB(xi, i1, Piy.ir1)

and

i—1
Ezlzkz = Ezlzk N B(%l...z’ki, pil...iki> \ U Ez'l...z'kj for i > 2.

j=1

Applying Lemma 2.1 we find points i, ;s € F N B(yi,. i, d"),i =
1, ey Mgy g with Nig...iy, 2 (15tOth)_l 2 CE‘QSDS/CZS 2 Mg .. 4 such
that the balls B(y;,. i, 3d"™),i =1,...,n;,. 4, are disjoint. Then the
required properties are easily checked.
Set

Ak = {.Z'lek . 2] = 1, e ,mio___ijil,j = 1, ey ]{f}
and

By = {yzlzk sy =1, >mio...z’j,1,j =1,...,k}.
Define the maps

fr + A — By, by f(lezk) = Yiy...ip -

We check now that f; is bilipschitz with a constant depending only
on s,t,Cg and Cp. Let v = x;, 4,2 = xj, j, € A, with x # 2.
Let [ > 1 be such that i1 = jy,...,4 = j; and 4,41 # jJie1; if i3 # J1
the argument is similar. Then, as in (3.2) in the proof of Theorem
3.1, r € F; ﬂB(xil...ila 2Ddl) and 7’ € Ej1~~~jljl+1 ﬁB(I‘Z‘lmil, 2Ddl)
Since d(Eiln-iliH-l? Ej1~~~jljl+1) 2 dl+1, we get that dl+1 S d(I, l’/) S 4Ddl
Letting y = v;,..;, and ¥’ = y;,.j,, we have y € B(Yi, i, 2d ) N
B(yilmil,le) and y, S B(yjl...jljl+172dl+l) N B(yzlzl,le) Hence, as
B(Yi. it 3d') N B(Yji...qijisr> 3d™h) =0, d* < d(y,y') < 4d,

d(fr(x), fe(a)) = d(y,y) < (4/d)d(z, 2

l"'ilil+1

and
d(fr(z), fr(2) = d(y,y) > (d/(4D))d(z,z").

Denote L =4D/d > 4/d.

As in the proof of Theorem 3.1 we define the map f: £ — f(E) C F
by

fla) = lim fi(@ )

when = = limy_ x, ;. Then bilip(f) < L.

If FE is bounded and F unbounded, the same proof works with F
replaced by FNB(p, 1) for any p € F. Suppose E and F are unbounded,
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and let p € E. Using the proof of Lemma 2.2 we find Ry, (2D)* < R, <
D(2D)* k=1,2,..., such that

E N B(p, Ry + (2D)*)\ B(p, Ry) = 0.

Let By = E N B(p, Rx). We check that Ej is s-regular with Cp, <
(2D)*Cp. To see this, let x € Ej, and 0 < r < d(E),) < (2D)*L If
r < (2D)*, then ExNB(z,r) = ENB(x,7), so w(ExNB(z, 7)) > re. If
r > (2D)*, we have u(E, N B(x,r)) > (2D)* > (2D)~*r®. These facts
imply that Cg, < (2D)°CE. Since the sets Ej are bounded we can find
bilipschitz maps fr : By — f(E) C F with bilip(fi) < L where L
depends only on s,t,Cr and C'r. Using Arzela-Ascoli theorem we can
extract a subsequence (fy,) such that the sequence (fg,)g, > converges
on Ej, for every k=1,2,.... Then f =lm; .o f, : £ — f(E) C Fis
bilipschitz with bilip(f) < L.

[

4. MAPPINGS IN R”

In this section we prove for small dimensional sets in R" that we can
find bilipschitz mappings of the whole R”. The following lemma may
be well known, but we have not found a suitable reference in literature.

4.1. Lemma. Let 0 < § < ¢(n), where ¢(n) < 1/2 is a positive constant
depending only on n and determined later. Let p,q € R™ and R > 0.
Fori=1,....mlet R <r; < R/3 and z; € B(p,R) and y; € B(q, R)
with B(x;, 3r;)NB(x;,3r;) = 0 and B(y;, 3r;)NB(y;,3r;) = 0 fori # j.
Then there is a bilipschitz map [ : R™ — R"™ such that f(x) =z —p+q
forz € R"\ B(p,2R) and f(x) = v—x;+y; forx € B(z;,1;). Moreover,
bilip(f) < L where L depends only on n and 0.

Proof. We may assume that p=¢ =0 and R = 1. Let e = 6**3. It is
enough to construct a bilipschitz map f : R" — R"™ with bilip(f) < L, L
depending only on n and ¢, such that f(x) = z for |z| > 3\/n and
f(z) = —a; +y; for x € B(x;,€). To see this, consider bilipschitz
maps g, h : R” — R” with bilipschitz constants depending only on n
and 0 such that g(z) = (¢/r;)(x —x;) +x; for x € B(x;, 1), g(x) = x for
v € B(0,3/2\UL, Blo:, 2r0), hly) = (e/) (y—y:)-+y: for y € By, 1),
h(y) =y for y € B(0,3/2) \ U~ B(y:,2r;), g(z) = h(x) for |z| > 2
and g(B(0,2)) = h(B(0,2)) = B(0,3y/n). Then h™' o f o g has the
required properties.

For the rest of the proof we assume that n > 2, for n = 1 a much
simpler argument works. Denote Q = [—2,2]"" . Let a,b € B(0,1) C
R"!. For v € dB(a,¢€) denote by v’ the single point in 9Q N {t(v —
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a)+a:t>1}. Let g(a,b) : Q@ — Q be the bilipschitz map such that
g(a,b)(x) =x —a+bfor z € B(a,e)

and for v € 0B(a,€) g(a,b) maps the line segment [v,v'], affinely onto
the line segment [v — a + b,v']. Then g(a,b)(z) = x for € 0Q and
g(a,a) is the identity map. Moreover, g(a,b) has a bilipschitz constant
depending only on n.

Now we show that there exists a unit vector # € S™! such that
60 - (z; — ;)| > 5e and |6 - (y; — y;)| > be for ¢ # j. To see this, let o
denote the surface measure on S"~!. We have by some simple geometry
(or one can consult [M], Lemma 3.11)

o({0 € S0 (x; — x;)| < 5Be}) < C(n)|w; — i e < Cy(n)d*+2,
J J

and similarly for y;, y;. There are less than Cy(n)d " pairs (x;, z;) and
(vi,y;), whence

o({0€S" |0 (v; —x;)| < 5eor |0 (y; —y;)| < be for some i # j})
<0,

if C1(n)Cy(n)d < 1, which we have taking c(n)
the statement of the theorem. Taking also ¢(n) <
We may assume that 6 = (0,...,0,1).

< (C1(n)Cy(n))~! in

(S™1) our 6 exists.

Let t; and u;,7 = 1,...,m, be the n’th coordinates of z; and ;,
respectively, and let tg = up = —2,t,11 = U1 = 2. We may assume
that ¢; < t;41 and u; < w4y for i = 0,...,m. Then |t; — t;| > 5e and

\u; — uj| > be for i # j,i,7=0,...,m+1. Forz = (z!,... 2") € R,
let 7= (zt,...,2""). Let Qo =[-2,2]" and fori=1,...,m,

Ry ={z € Qo:[z"—t;| <€},

Si={y € Qo:|y" —u| <e}.

We shall define f in Qg with the help of the maps g(a, b) in such a way
that it maps R; onto S; translating B(x;,€) onto B(y;, €). Between R;
and R;,q f is defined by simple homotopies changing f|R; to f|R.1,
and similarly in Qo 'below’ R; and ’above’ R,,. Finally f can be
extended from @)y to all of R" rather trivially. We do this now more
precisely.
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Let z € Qpand 1 <7< m+ 1. We set
f(@) = (g((2e — [2" = ti]) /€)@, (2e — [2" — Li]) [€)9:) (L), 2" + u; — L;)
if e <|z" —t;] < 2e and i < m,
~ " — ti—l — 2¢
f(x) - (Z', tl —ti_l — 4e
if tz‘—l + 2¢ S x" S tz — 26,
fle)=xif —2<2" < -242c0r2—2<a" <2

ti—2e—x”

=2+
(u 6>+ti—ti_1—4€

(wi—1 + 2€))

Then f : Qo — Qo is bilipschitz with a constant depending only on n
and ¢, f(z) = x — z; +y; for © € B(x;,¢€), f(x) = z for z € Qy with
r, = —2 or x, = 2, and at the other parts of the boundary of @y f
is of the form f(x) = (Z, ¢(2")) where ¢ : [-2,2] — [—2,2] is strictly
increasing and piecewise affine. It is an easy matter to extend f to a
bilipschitz mapping of R™ with a bilipschitz constant depending only
on n and ¢ and with f(z) = x for x € R™\ B(0,34/n). For example,
setting ||Z||c = max{|z!|,...,|z""!|}, we can take

f(x) = (2, (3 = [[z]lec)p(2") + ([|2|oc — 2)2™)

when 2 < ||Z||oo < 3 and |2"| < 2, and f(z) = x when ||Z|| > 3 or
|z™] > 2. 0O

4.2. Theorem. Let C' > 1 and let sy = so(C, 18),0 < so < 1/6, be the
constant of Lemma 2.3. Let 0 < s < sp and s <t <n, let E C R"
be s-reqular and F C R™ t-reqular with Cg,Cr < C. Suppose that
either E is bounded or both E and F are unbounded. Then there is a
bilipschitz map f : R™ — R" such that f(E) C F.

Proof. We assume that E and F' are bounded. The remaining case can
be dealt with as at the end of the proof of Theorem 3.3. We can then
assume that £, F' C B(0,1) with d(E) = d(F) = 1/2. Let ¢(n) and
D = D(C,18) be as in Lemma 2.3, and choose d such that

d < c(n),12Dd < 1 and 0 < d'~* < (2°60'CrCrD") 1.

By Lemma 2.3 we find z; € E and p;,d < p; < Dd, with ¢ =
L,...,mg,mg < Cg/d’, such that the balls B(x;,6p;) are disjoint,

E - Cj B(l’z,pz)

=1
and
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By Lemma 2.1 we find y; € F with i =1,...,ng,

no > (5'Cr)~Y(1/(12Dd))" > Cg/d* > mg such that the balls B(y;, 6Dd),
7 = 1,...,n9, are disjoint. Next applying Lemma 2.3 with E re-
placed by E N B(w;,p;), R = d,r = d*> and C = Cf, we find for ev-
ery i = 1,...,mg,xz;; € EN By, p;) and py;,d*> < p;; < Dd?, with
j=1,....m;m; < Cgd(EN B(z;,p;))*/d* < Cg2°D?/d*, such that
the balls B(x;;,6p;;) are disjoint,

E N B(xz;, p;) C U B(wyj, pij)
7=1

and

EN B(xij, 18pij) \ B(wij, pij) = 0,
and by Lemma 2.1 we find y;; € F N B(y;,d),j = 1,...,n; n; >
(5'Cp)~1(d/(6Dd?))! > 2°Cg/d* > m; such that the balls B(y;;,6Dd?)
are disjoint. Continuing this we find for all k = 1,2, ..., iy 4, Piy.i,
and y;,..4, such that for all i; = my, 4,7 = 1,...,kk = 1,2,...,
with i = 0,

1.0
B(xiy.ip, 6piy.i) NV B(xjy s 6piy i) = 0 if i # ji,
Ty iping, € BN B(Ziy iy Pir.ir,)s
d* < . < DA,
B(Iil...ikik+17 4pz’1...z‘kik+1> C B(xil...z‘k, 2pz’1...z’k)7
ENB(ziy iy, 18piy i) \ B(Tiy iy, Pir.in) = 0,
Yiy.ipize, € LN B(yil...ikadk)>
B(Yi, i, 6Dd") N B(yj, _j,, 6Dd") = 0 if i, # ji.
Using Lemma 4.1 we find a bilipschitz map f; : R” — R” such that

fi(z) =z for |z| > 2 and fi(z) = x — z; + y; for x € B(x;,2p;), and
bilip(f) < L where L depends only on s,t,n and C. Let

0105
Then Byyy C By for all k and E = ()~ By. We use Lemma 4.1 to de-
fine inductively f; : R" — R™ such that fy1(x) = fx(z) for x € R™\ B,
where By is the interior of By, fit+1|B(%4,. 4y, 20iy....i,) 1S L-bilipschitz
and fk+1(x> =T = iy, i + Y., Tkt1 for z € B(xil---ik+17 2pi1 ~~~~~ ik+1)'
We check now by induction that

(4.3) |lx —y|/L < |fe(x) — fr(y)| < Llx — y| for all z,y € R".
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For k = 1 this was already stated. Suppose this is true for k—1 for some
k>2andlet z,y € R*. If z,y € R"\ By, (4.3) follows from the defi-
nition of f; and the induction hypothesis. If =,y € B(xy i, 2p0iy...4,)
for some i1 .. .14, then (4.3) follows from the fact that f; is a trans-
lation in B(xi, i,,2pi..4,)- Finally, let © € B(zy, 4, 2pi,....4,) and
Yy € R"™ \ B(xlllw 2pll ..... Zk) Let z € aB(,f“Zk, 2pll Zk) be the pOiIlt
on the line segment with end points x and y. Then, by the two previous
cases,

.....

[fe(@) = fe@)] < |fu(@) = fr(2)] + [fu(z) = fe(y)] <

Lix — 2|+ L|z —y| = L|x — 2.
This proves the right hand inequality of (4.3). A similar argument for

We have left to show that the limit limg oo fr(x) = f(x) exists for all

x € R™. Then also f satisfies (4.3) and f(F) C F. First, if x € R"\ £,
then x € R™\ B; for some [, and so fy(z) = fi(x) for k& > [. If
x € E, there are iy,1iy,..., such that x € B(x; ., ,2p;,..,) for all k.
Then fy(z) € B(yi,. i, 2Dd") and limg o fe(z) = y = f(z) where
Y = limy o0 Yiy..iy -

4

5. SUB- AND SUPERSETS

In this section we shall consider the question whether a given regular
set contains regular subsets of smaller dimension and whether it is
contained in higher dimensional regular sets.

5.1. Theorem. Let E C X be s-reqular and 0 < t < s. For every
x € Eand 0 < r < d(E), EN B(z,r) contains a t-reqular subset F'
such that Cp < C and d(F') > cr where C' and ¢ are positive constants
depending only on s,t and Cg.

This can be proven with the same method as Theorem 3.1. In fact,
that method gives that E N B(x,r) has a t-regular subset which is
bilipschitz equivalent with C'(¢,r) with a bilipschitz constant depending
only on s,t and Cg. Observe that the regularity of £ implies that

d(EN B(z,r)) > Cz'"r.

5.2. Theorem. Let 0 < s < t < u. Suppose that E C X is s-reqular
and that X 1s u-reqular. Then there is a t-reqular set F with E C F C
X. Moreover, Cr < C where C' depends only on s,t,Cg and Cx.

Proof. We shall only consider the case where X and E are bounded.
A slight modification of the proof works if X or both X and E are
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unbounded. Recalling the remarks at the beginning of Section 3,
we may assume that d(E) = 1. Let 0 < d < 1/30 be such that
dv= < 473307C5'Cx'. By Lemma 2.1 there are for every k =
1,2..., disjoint balls B(xy,,6d%),i = 1,...,my, such that z;; € F
and the balls B(xy;,30d") cover E. Further, there are disjoint balls
B(y;,6d%),i = my +1,...,ng, such that 2, € X \ U B(zy, 30d")
and the balls B(zy;,30d"),i = 1,..., ng, cover X.
Fix k£ and 7,1 <7 < my. Denote

J={je{l,...,n}: B(vpy1,d"™) C Bwp,,3d")},
J' ={je{l,...,m}: B(xy1,30d") N B(wy,, d¥) # 0},
I={jeJ: EnN B($k+1,ja6dk+l) # 0},

and let n,n’ and m be the number of indices in J, J" and I, respec-
tively. Then, as d < 2/31, J' C J and so n’ < n. Since B(zy;,d*) C
Ujes B(zgy1,4,30d"), we have, comparing measures as in the proof
of Lemma 2.1, that n > n’ > 30_“C§1d_“. If 7 € I there is z; €
E N B(xg41,;,6d"™) and then, as also j € J and d < 1/7,

B(z, d*™) C B(wpg, 7d") C Blag,, 4d¥).
Then the balls B(z;,d"™),j € I, are disjoint and

md™ 0> <N (B, ) < p(Blan, 4dY)) < 4°Cpd®,

jel

whence m < 4°Cgd~®. Combining these inequalities and recalling the
choice of d, we find that

m < 4°Crd™® < 307"Cx'd™ < n.

Thus we can choose some j € J\ I. Let yr; = wpy1; and By, =
B(yr,d*1). Denote also 2By; = B(yg, 2d*1). Then for a fixed k
the balls 2By ;,7 = 1,...,my, are disjoint. If z € 2By, then, as j & I,
d(x, E) > 4d**'. On the other hand, as j € J, d(z, E) < d(x,z;) <
d(x, yri) + d(Yi, o) < 2d5T 4+ 3d% < d*1. Tt follows that the balls
2By, ; and 2B, ; with |k — 1| > 2 are always disjoint. Hence any point of
X can belong to at most two balls 2By ;,t =1,... ,my, k=1,2,....
By Theorem 5.1 we can choose for every k,i,1 < i < my, t-regular
sets Fj; C By, such that Cp,, < C and d(Fy;) > cd* with C' and ¢
depending only on ¢,u and Cx. Let v, be the Borel measure related
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to Fj, as in Definition 1.1. We define

oo My

F=EulJJF.

k=11:=1

=3 s

k=1 i=1
Then F' is a closed and bounded subset of X containing F.
We check now that F'is t-regular. Let x € F' and 0 < r < d(F). It
is enough to verify the required inequalities for » < d, so we assume
this. Let [ be the positive integer for which d*!' < r < d'. Denote

K={(k,i):i=1,...,my,k <land By, N B(z,r) # 0}

and

and
L=A(kyi):i=1,...,mg, k >1and By; N B(x,r) # 0}.
We have
v(B(z,r)) < Z Vki(Bri N B(z, 7)) + Z Vki(Bri N B(x,r)).
(ki)eK (k,i)eL

If (k,i) € K, then r < d**! and B(x,r) C 2By,;. Since this can happen
for at most two balls 2By, ;, K can contain at most two elements and the
first sum above is bounded by 2!7'Crt. To estimate the second sum,
let pr be the number of indices in Iy = {i : (k,i) € L}. Let (k,i) € L.
Then By; N B(x,r) # 0, and so d(xy, v) < d(xk, Yei) + d(ygs ) <
3dF+2dF 1 +r < 5d', which gives B(zy;, d*) C B(z,6d'). Consequently,

prd™ <Y " p(Blas, d¥)) < p(B(x,6d)) < Cpl2°d”,

i€l

and so py < 12°Crd“—"s. Hence

E V]“ B]“ N B(x,r) E SCEd(l—k)SC4td(k+1)t <

(kji)el el
S 1

sat ls (t—s)k __ st w1

12°4'CpCd Ek—l:d — 124 CpCd s <
1

s At —t t

124 CpCd ™

This proves the upper regularity of v.
To prove the opposite inequality, suppose first that x € E. Let k
be the positive integer for which 33d* < r < 33d*~!. Then for some
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i,1 <i < my,x € B(wy;,30d%). Since By; C Bz, 3d*) we have that
By; C B(z,33d*) C B(x,r). Thus

v(B(x,1)) > vgpi(Bii) > d(Fk,i)t > tdkt > tdtazTit

Suppose finally that z € Fy; for some k and i. If r < 9d*, then
d(Fy;) > cd® > (c/9)r, whence

v(B(z,7)) > v(B(x, (c/9)r) > (c/9)r".

If r > 9d", then d(z, z;;) < 3d" < r/3, so B(x};,r/2) C B(x,r). Since
zr; € E, the required inequality follows from the case x € E.
O

In the next example note that lim, o L'(F N B(z,r))/(2r) = 1 for
L' almost all z € F by the Lebesgue density theorem. However, F' has
no subset F with £!(E) > 0 for which £'(F N B(x,r))/(2r) would be
bounded below with a positive number uniformly for small » > 0.

5.3. Example. There exists a compact set /' C R with Lebesgue mea-
sure L'(F') > 0 such that it contains no non-empty s-regular subset for
any s > 0.

Proof. Let a < ,0 < A < 1/2 and 0 < ¢t < 1. We shall construct
a family Z([a,b], A\, t) of closed disjoint subintervals of [a,b]. We do
this for [0, 1] and then define Z([a,b],\,t) = {f(I) : [ € Z([0,1], A\, %)}
where f(z) = (b—a)z + a.
Let
Li=[1-X)/2,(1+))/2].

Then [0, 1]\ I;,; consists of two intervals .J; ; and J; 5 of length (1—X\)/2.
We select closed intervals I3 ; and I5 5 of length A(1—X)/2 in the middle
of them (that is, the center of I5; is the center of .J; ;). Continuing this
we get intervals Iy;,4 = 1,...,2" 1 and Jy;,4 = 1,...,2% such that
d(I1.;) = 277*A(1 — N1 and d(Jy;) = 27%(1 — A\)*. Moreover, each
I ; is the mid-interval of some J;_1; and Ji_;; \ I),; consists of two
intervals J, ;, and J j,. Then

[ 2k-1 l
D2 dlh) =) M1 =N
k=1 i=1 k=1

=1-(1-X\' —1asl— oo

We choose [ such that
1 2kt

Z Z d([kﬂ) >t

k=1 i=1
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and denote
Z(0, 1, M) ={L;:i=1,....,25 k=1,...,1}.

Then for any compact interval I C R,

> d(J) > td(I).

JEI(I,\¢)

Let 0 < A\ < 1/2,0 <t <1,k=1,2,..., such that limg_ ., A\x =0
and ¢ = [[,—, tx > 0. Define

7y :I([()? 1],)\1,t1),
and inductively for m =1,2,...,
Tos1={J:J €I, \ps1,tms1), I €T}

The compact set F' is now defined as

F:ﬁ Ur

m=1 IEI’m

For every m = 1,2,... we have

whence L'(F) > t.

Suppose that s > 0 and that F is an s-regular subset of F'. Choose
m so large that \,, < Cg®/4. Let x € E. Then for every m =
1,2,...,x € I for some I € Z,,. Suppose that I would be one of the
shortest intervals in the family Z,,. Then by our construction there is
an interval J such that [ is in the middle of J I NE = JN E and
d(I) = M\pd(J). As B(x,d(J)/4) C J we have by the regularity of E,

47d(J)” < (B, d(J)/4)) =
p(B(z,d(I)) < Cpd(I)” = Cp(And(J))".

Thus A, > 051/8/4. This contradicts with the choice of m. So F
contains no points in the shortest intervals of Z,,. But then we can
repeat the same argument with the second shortest intervals of Z,,
concluding that neither can they contain any points of E. Continuing
this we see that £ = (.

O
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