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ABSTRACT. We study the Lipschitz continuity of generalized sub-Gaussian
processes, and provide estimates for the distribution of the norms of such
processes. The results are applied to the case of weakly self-similar stationary-
increment generalized sub-Gaussian processes (the fractional Brownian mo-
tions are special cases).
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1. INTRODUCTION

Let (T, p) be some pseudometric space. We consider the Lipschitz continuity
of stochastic processes X = (X(¢),t € T), and provide estimates for the dis-
tribution of norms of such processes. In particular, we provide function f, the
modulus of continuity, such that

sup | X () — X(s)|

. p(t,s)<e
lim sup

e—0 f(g)

and estimates for the probabilities

X (1) — X(s)
P{M,itf%gv F(p(t, ) >y}‘

<1

The case when (7, p) is a subset of a d-dimensional Euclidean space is con-
sidered as an example.

Obtained results are applied then to the weakly self-similar stationary-
increment processes (wsssi, for short) from the space Suby(2) of generalized
sub-Gaussian processes.

For Gaussian processes the moduli of continuity f were found by Dudley [2].
These results were generalized for some classes of processes from Orlicz spaces
in the paper by Kozachenko [4]. In [1] for random processes from some classes
A of Orlicz spaces besides modula of continuity also there were found estimates
for distributions of norms of such processes in Lipschitz spaces.

Date: August 25, 2008.



2 KOZACHENKO, SOTTINEN, AND VASYLYK
2. PRELIMINARIES

2.1. Space Sub,(€2). We recall briefly some basic facts about the generalized
sub-Gaussian space Suby(£2) [1, 3].

Definition 2.1. A continuous even convex function u is an Orlicz N-function if

it is increasing for x > 0, @HO asx—>0and@—>ooasx—>oo.

For details on convex functions in Orlicz spaces we refer to Krasnoselskii and
Rutitskii [5].

Let (Q,.%,P) be a standard probability space.

Definition 2.2. Let ¢ be an Orlicz N-function such that

p(z)

3 =

>0

lim inf
r—0 T

(condition Q). The constant C' may be equal to +0co. A zero mean random
variable ¢ belongs to the space Suby(f2) if there exists a positive constant a
such that the inequality

Eexp (A§) < exp (¢(aN))
holds for all A € R.

Example 2.3. The following functions are N-functions satisfying condition Q:
_ |=[®

plr)=—,1<a<2;
«

|| <1 2
plr) =1 \go IS ha=

2 el > 1.

The space Sub,(f2) is a Banach space with respect to the norm

@~ (InEexp (X))

7o (£) = sup o
and the inequalities
Eexp (X)) < exp(p(A1p(£))), (2.1)

(BE): < Cry(9).
hold for all A € R, where C' > 0 is some constant.
Definition 2.4. Let (7, p) be a pseudometric space. The metric entropy is
H(u) :=In N7 ) (u)

where N7 ,)(u) denotes the least number of closed p-balls whose diameter do
not exceed 2u needed to cover 7.

Definition 2.5. Let (T, p) be pseudometric separable space. A stochastic pro-
cess X = (X(t),t € T') belongs to the space Sub,(Q2) if X(t) € Sub,(€) for all
tefT.
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2.2. Auxiliary theorem. Recall that the Young-Fenchel transformation ¢* of
an Orlicz N-function ¢ is

©*(x) :=sup (zy — p(y)), x>0.
y>0

The following theorem is rather technical, but it is needed to get our main
results.

Theorem 2.6. Let {&}], € Suby,(R2), x > 2, M and b be such numbers that

b>1, M>‘p(()) then

P{max\m > b max 7, (¢;) - w*(‘l)(Mln(n))}

j=Tn j=In
<t M e (2}, (2.2)
Proof. Let n: = max [;|, a: = bmzlxim'sp(fj)7 u,: = "D (M 1In(n)).
J=Ln 1=1n
P{n > zau,} = El{w:n> zau,}
< Y Ei{n=I§]} Yot §] > vaun}
=1
< ;malEl{w: &5 > zau, } (2.3)
j=Tn

n' ' n" max El{w: [§| > zau,} - M

< pl-M_M
B j=ln exp{¢*(x)}

Since if % >x>2,n>2and Mln(n) > ¢*(2) (that is, u, > 2) then

ool () oo ()

Therefore we have

P{n>zau,} = n'"Mexp{—¢*(z)} maXEeXp{@ (U) }
(s

j=Tm
Sa)f e

= ' Mexp{—¢*(z)} maerxp{so

J: 7n

In the book [1, Corollary 4.1] it is shown that if

p(lel> o) < conls(5) ]
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where C > 0, D > 0 then for all A > D we have

ool (§)} <1+ 2 »

From [1, Lemma 4.3] we also have that

P(>) <2e0{ (55}

then it follows from (2.5) that for b > 1

N & b+1
Eexp{“ﬁ (wigﬁ)} b1

ub+1
b—1

Therefore
P{n > rau,} <n'~

exp{—¢"(z)}.

3. MAIN RESULTS
Let (T,p) be a metric (pseudometric) separable compact space, X = {X(¢),
t € T} be a separable random process from the space Sub,(€2).

Suppose that there exists a monotonically increasing continuous function o =
{o(h),h > 0} such that ¢(0) = 0 and the following inequality holds

sup To(X(t) — X(s)) < o(h). (3.1)
p(t,s)<h

Let N(u) be the least number of closed balls of radius u covering (T, p).

Theorem 3.1. Let N(u) — o0 as u— 0, M > max(l, %(22)))7

o(u)
u - *(=1) n oV v < 00
500 = 575 O/so M (BN (D @) do < oc,

where B > 1, b > 1 are some numbers, and v is such a number that N(v) > 2.
Then for y > 2b the following inequality holds true

| X(t) — X(s)]
P{0<ps(1t1£)<v fB(p(t;s)) >y}

<wormme e el (1) 62

Proof. Let r € (0,1), {vg,k = 0,1,2,...}, be a such sequence that vy =

inf sup p(t, s), vkr1 = min{ryg, o}, where
seT teT

6r = Ainf{r: N(c""V(v)) < BN(c""V ()}, (3.3)

where (=D (v) is the inverse function of the function o, B > 1, A is such a
number that A > 1 and Ar < 1. For sequence {vg, k=0,1,2,...} we have

Vel <rvg, k=0,1,2,... (3.4)
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that is

(v = vieg)- (3.5)

From (3.3) and (3.4) we have that

NV (gs2)) = N@V ()
> N(cY(#6,)) > BN(6 Y (). (3.6)
That is
N(o™Y (1)) > BN(6""Y (1—2)) = B2N (6" (1_y)) > . (3.7)
Let eg = oD (1), ..., e = oD (). Let V., , k=0,1,2,..., be a set of the

centers of closed balls of radius ¢, that form a minimal covering of the space

(T, p). The number of points in V, is equal to N(ex) = N(c"V (). Let
oo

Vo = U V.. It follows from (3.1) using Chebyshev inequality that the process

k=0
X is continuous in probability. Therefore the set V{ is a set of separability of

the process X. Let «,, be the mapping of the set Vj into V, , where a,(t) =t,
if t € V., and otherwise a,(t) is a point in V., satisfying p(t, an(t)) < e,. It
follows from Chebyshev inequality, (3.1) and (3.4) that

E(X(t) — X(on(t)))?

P{|X(t) - X(an(t)| > 77} <

where C' > 0 is some constant.

Therefore
D P{X(t) - X(om(t))| > 2} < co.
n=1

Now it follows from Borel-Cantelli lemma that X (a,(t)) — X (¢) with probability
one as n — oo. Since the set Vj is countable then X («,(t)) — X (t) as n — oo
with probability one for all ¢ € Vj.

Take 0 < u < gg, and choose such m that e,+1 < u < &,,. Since V is a set
of separability of the process X, then with probability one

sup [X(H) ~ X(s)| = sup |X(6) — X(s)] (33)
p(t,s)<u p(t,s)<u
t,se€T t,seVp

Let t and s belong to Vy and p(t,s) < u. Let k > m + 1. Denote t; = ax(t),
the1 = ag—1(tk), - tm = am(tmy1); sk = ag(s) sg—1 = ak—1(Sk)s- -, Sm =
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am(tm+1). Then for any t,s such that p(t,s) < u we have

k

X(t) = X(s) = (X(t) = X(te)) + > (X(t) — X(ti-1))
l=m-+2
k
— (X(s) = X(sk)) = > (X(s1) = X(s1-1))
l=m+2
+ (X (tm+1) — X(sm+1))- (3.9)

It follows from (3.9) that

X(tm1) = X(smr1) = (X () = X(s)) — (X(¢) — X (t&))

and

1) = X(sm+1))
t) = X () + 7p(X(t) = X(t)) + 70 (X (ts) — X (s1))
k

k
+ 7 (X (0) = X () + Y (X (s1) — X(s1-1))
=m+

2 l=m—+2

o~

k

< U(p(t, 3)) + U(p(tvtk)) + 0(p(8, Sk)) + Z U(p(tbtl*l))
l=m+2
k

+ Z a(p(si,s1-1))
l=m+2

< o(u) +20(ex) +2 Z o(ei-1) (3.10)
l=m+2

+2 Z El 1 +2 Z Vi1

l=m+2 l=m+2

oo
<o(u)+ 22 Uil < o(u) + 2 Z Vm+17“l_1

=1 =1

2

3—r
1—7r

=o(u)
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7

It follows from (3.9) and (3.10) that for all ¢,s € T" such that p(t,s) < u we have

[ X(t) = X(s)]

k k
< D IX(E) = X ()l + D X (s1) = X (si-)]

l=m+2 l=m+2
+[X () = X(te)| + X (s) = X(su)| + [X (tms1) — X (8mt1)]
k
<2 X(w) — X (g
<2 ) max |X (w) = X (ar-1(w))]
l=m+-2
+ max | X (w) — X (v)]
weVe, ¢

7 (X (w) —X (v)) <o (u) §=7
X (@) = X ()] + | X (s) = X(sp)]-

Now making k& — oo in (3.11) we have that with probability one

k
X() - X(s) <2 ) max | X (w) — X(ag-1(w))|
l=m+2 !
s X)X

7o (X (w) =X (v) <o (u) §=7
That is, it follows from (3.8) that

sup | X(t) = X(s)| = sup |[X(¢) — X(s)|

pt,s)<u p(t,s)<u
t,seT t,seVp
o0
<2 > max |X(w) - X(ar_1(w))]
k:m+2w€V€k
+ ma X(w) — X(v)].
o [ X (w) — X (v)]

T (X (w) =X (v)) <o (u) $=7

Let
a = bo(e-1)p" "D (M In(N(g)))),
3 _
b () = b D (M (N2 (1)) (w) T
Em+1 < U < e
Let
& = max | X(t) — X(oy—1(1))]
teVe,
and for g1 <u < ey
m(u) = X - X(2)].
i (1) LX) - X()

7o (X ()= X (2))<or () 3=

(3.11)

(3.12)
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Let v > 0 be such that N(v) > 2 and n be such a number that £,+1 <V < ¢,.
Let {G(u),u > 0}, be such a function that G(u) increases and

where m is such a number that ¢,,11 < u < &,,. Then if z > 2, N(v) > 2

X() - X()|
p{ ap FCT)

< P{max[ sup sup
m>n—+1 em+1<p(t,8)<em (,0 t? S))

X=X _
b e Glolts) F }

< P{max[ sup sup (2 i & =+ 1 (p(2, 8))>><

m2ntl  enp1<pt,s)<em \ | 7o

x (z S et bl s>>)1,

l=m+2

sp (2 > &+ miot.9)) (2 3 cl+bn<p<t,s>>)1]>x}

en+1<p(t,8)<v I=n+2 I=n+2

<y p{8eafe > p{ a0

l=n+2 I=n—+1

ep{ wp Bt

ent+1<usv bn(u)

(3.13)

Evaluate the probabilities in (3.13). It follows from Theorem 2.6 that

m(u) }
P sup >
{51+1<U<51 bl(u)

< P{ sup ax [X(w) = X ()| :U}
eip1<u<e wveVe g bi(u)
T (X (w) =X (v) <o (u) =7
<of p (R0 )X,
el <u<er wweVe, To( X (w) — X(v)) o(u){=
T (X (w)—X (v))#0,
T (X (w) =X (v)) <o (u) §=F
_ 3—r
x (by(uw)) Lo (u) T r> > :c}
| X (w) — X (v)] “(—1) 2 }
<P max > xbp MIn(N*(g 3.14
{ Lmx SRR (MIn(N2(e) | (3.14)

< o (W) ™ exp{—o"(@)).
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Reasoning similarly we obtain that

P{enii%@ ZZE% g } < I (V) Mot @). (315)

It follows from the Theorem 2.6 also that

")

s (X0) -~ X)) _
<Pl mm e ey )
To (X (t)— X(Oél 1(8)))#0
< T (NG expl—" (). (3.16)

It follows from (3.14), (3.15), (3.16) and (3.6) that for x > 2, v > 0 such that
N(v) > 2

X() - X(s)]
P{ojéfi’)gv Glolts) }
< (X e S e ) P o)
l=n+2 l=n+1
<2 Y (V@) M el (@) (317)
l=n+1
4 > 1 \'b+1 §
< e () popero o)
- 4BM=1(h+1) .
T M) BT e - P
4BM=1(b+1) .
S WEyET - ne- 1) POk
Now we shall evaluate the sum 212§+2 1+ (u). Set Z(v) = bp*(=D(Mu), then
Y oa= > uaZn(Ne () = Ar + Ay,
l=m-+2 l=m+2

where
Av= 30 maZm(N(e V),
leDim)
D™ = (I >m+2,u =ry_1},
A=) v Z(In(N(e" (1)),
1epf™

Dém) ={l>m+2,y=0§_1},
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It follows from (3.5) that

A== Y uZa(Ne )
1ep{™
<L S - u) ZW(N D ))))
r(l—r) =

o0 Vi

1 > / Zn(N (oD (w)))) du

< -
“r(l—r
l=m—+2

S

Therefore

Z(In(N (e (w)))) du. (3.18)

Since N(oc(=1(8;)) < BN(¢(=Y (1)) then

Ay =Y maZ(In(N(eV(5-1)))
1ep§™

< Y uaZa(BNEI o)

1ep§™

Vm—+41

/ Z(n(BN (oD (u)))) du.

0

Since Vpi2 < Umt1 < o(u) it follows from (3.18) and (3.19) then

21:%;2 4= 7248 f:; 0/ Z(In(BN (0'=V (u))) du. (3.20)

For Emt+1 < U <éem (l/m—i-l < U(U) < l/m)

3—r
1—r

bin(u) < Z(2W(N (07D (vn11))))o (u)
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Since Vy,41 = min(rvy, 6,,) then let’s consider two cases vy41 = 6y, and V41 =
TVpm. Let vpi1 = 0y, then it follows from (3.3)

o(u)Z2I(N (e (1)) = o (@) Z(2In(N (o (6,))))
o(u)Z(2In(BN (61 (1))
o(u)Z(2In(BN (o1 (u))))

o(u)

/Z2ln (BN (=Y (0)))) dv.
0

IA

IN

IN

If 41 = rvpy, then

o(u)Z2I(N ('™ (v 41)))) = o (W) Z(2 (N (o) (rvm)))

Therefore

So we have the following estimation

o o(u)
2 Y cl—l—bm(u)gf)ib / eV (M2In(BN (c=Y(v)))) dv.  (3.21)
I=m+2 r(l=r) 5

That is, it follows from (3.17) that for = > 2

X)X
P{O<p(t,£))§v Gr,b(p(tvs)) ~ }

4BM=1(b+1)

< W) iBY T - -1 P (3.22)

where

o(u)

/ D (M2 (BN (0D (v)))) dv.
0

Grp(u) =0

r(l—r)
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; ; Sotr
Since Og}il o) = 1o 2\ﬁ then for = > 2

X() - X _
P{o<§5€ o b)) }

4BM=1(p41)
< —p"(x)}. 2
= WeyET - ne-p P (3:23)
The inequality (3.2) follows from this inequality (for y = xb > 2b). O

Theorem 3.2. Let the assumptions of the Theorem 3.1 hold true. Then with
probability one

sup [ X (t) — X(s)|

lim su plts)<e
P 2bf5(c)

<1, (3.24)

where

o(u)
W [ D M (BN (oD () d
o) H_N%O/so M (BN (oD @)

Proof. Tt follows from (3.12) that with probability one

sup [ X(t) = X(s)[ <2 > &+ nm(u) (3.25)
p(t,s)gu k=m+2

It follows from (3.15) that for sufficiently large k& mg(u) < 2bx(u) with prob-
ability one. From (3.16) we have that for sufficiently large k & < 2¢; with
probability one. Therefore for sufficiently large &k (or small enough u) we have

sup | X(t)— X \<2< Z A+ b ) (3.26)

p(t:s)<u k=m-+2

Now it follows from (3.21) and (3.23) that for sufficiently small u

sup | X(t) — X (s)| < 2bfp(u)
0<p(t,s)<u

with probability one. O

The following corollary follows from the Theorem 3.2.

Corollary 3.3. For small enough u

sup | X (t) — X(s)| < 2bfB(u)
p(t,8)<u

with probability one.
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4. APPLICATION TO Suby(£2) RANDOM PROCESSES IN FINITE-DIMENSIONAL
SPACES

Let T be a cube in finite-dimensional space, i.e., T'= [T1, T3] x ... x [T1, T3],

d times

T) < Ty, p(t,s) = 1r£1?<xd|ti — si|, where t = (t;,i =1,d), s = (si,i = 1,d).

Theorem 4.1. Let X = {X(t),t € T} be a separable random process from the
space Suby(§2). Suppose that there exists a monotonically increasing continuous
function o = {o(h),h > 0} such that o(0) = 0 and the following inequality holds

sup T,(X(t) — X(s)) < a(h). (4.1)
plt,s)<h

Let M > max (1, ‘fn(( ))) , B>1,b>1 be some numbers. Then for any y > 2b

and v < 72521%1 the following inequality holds true

P{0<p(t,£))§v ffgl(p(t?s)) >y}

M—1 p O\ d-1) )
= (1}343]?—1 —(16)(;1—)1) <Tg2—T1> eXp{_‘P <%>} (42)

o(u)

doy _ 1 #(~1) 1/d T >>>
fp(u) T 0/ © (2Mdln (B <2a( (s )—i-l ds.

Moreover, with probability one

sup | X(t) — X (s)|

lim sup plts)<e
e—0 Qbfg (5)

<1. (4.3)

Proof. The theorem follows from the theorems 3.1 and 3.2 since in this case for
all z > 0 the following inequalities hold true

<T2 _T1>d < N(z) < (TQZ_Tl - 1)d. (4.4)

2z z

U
Remark 4.2. In (4.2) we have

o (u)

fi(u) < 1_2\ﬁ0/ (2Mdln <Bl/d (M)))d& (4.5)

Indeed, in (4.2) ¢(-V(s) < o-D(a(v)) = v < ;2;1%. Therefore 2¢7T(2;>T(13) >
2l/d > 1.

Il‘\p

Example 4.3. Let ¢(z) = ,p > 1, for sufficiently large |z|. In this case
©*(x) = %,Where %4—% =1, and ©* (=D (z) = (gz)"/9. Suppose that To—T; > 1
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and o(h) = (i 1)&, ¢c>0, he(0,1), %. Then o=V (h) = exp{— (%)Ua}
and for sufficiently small u we have
5 (u)
o(u)
s o))
nrag /e [ f vay vo e
T / (n(BY4T, — 1)) " dt + / (¥> dt (4.6)
0 0

1/q 1 cai %
_ (2]\4(@( (u )(ln(Bl/d( Tl)))l/ + 1 (o) aq)

11 —2v30 ~
< A (o) = —2
(Iny)" e
where

1

(2Mdq)'/4 Vg /g caa

2 (B -T + .
11 — 230 ( (T 1)) 1- L

—~

h) = Dh®, h >0,
Then

Example 4.4. Let ¢(z) be the same as in the Example 4.3, o
D>0,0<a<1,Ty,—T; >1. In this case 0(*1)(u) = ( )

Q\»—‘

()

< - ValomMdin | BYHTy, —Ty) [ = dt
= 11—2\/300/(1 ( n( T 1)<t> ))

D(X
(QMdQ)l/q 1/d 1 1. D\
< (In BYY(Ty — T+ [ =In= dt
11 — 24/30 a t
0
(2Mdq)'/ 1)/ a D\ /4
= T, Dua(lnBl/d(Tng))l/qu() /(mt) dt |,
— D\/ (0]
0
Du 1/q w 1/q
/(mD) dt:D/<ln1> dt
t t
0 0
Since

AN
N
Q
/D
=
IS
"
—_
~
=)
Q
-
~~
=)
/N
[u—
+
=
Q
5=
—_
N——
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U< x< %, then for sufficiently small « we have

1 1/q 1 1/q
fg.(u) < Ciu® + Cyu® <ln > < C3u® <ln > ,
U U

where C1,Cs,C3 are some constants.

Let now T = [T}, o], —oo < Ty < T < 00, then 2210 < N(u) < 2200 4]
and the next corollary holds.

Corollary 4.5. Let X = {X(t),t € [11,T2]} be a separable process from the
space Suby,(§2). Suppose that there exists a monotonically increasing continuous
function o = {o(h),h > 0} such that o(0) = 0 and the following inequality
holds:

sup To(X(t) — X (s)) < o(h). (4.7)

t sE[Tl,TQ]: p(t,s)<h

LetMZmax( VR ) B>1,b>1 and u is such a number that TQQ;uTl>2,
then for any y > 2b the following inequality holds true

X (@) = X(s)]
{o<|t deu Ja(lt—s)) >y}

4(b+1)(2u)M-tpM-1

S oD - TOM (BM 1 1) esp{ -~ (})}

o(u)

Fplu) = (11_12@ / o ) <2M In <B <M + 1))) dv

’lL

11—2\F/‘P <2M1 <w>>d”'

5. LIPSCHITZ SPACES

Definition 5.1. The function ¢ = {¢(¢),t € R} is called a modulus of continuity
if ¢q(t) >0, q(0) =0 and q(t) < qg(t +s) < q(t) +q(s) for t > 0,s > 0.

Example 5.2. The function ¢(t) = c[t|*, ¢ > 0, 0 < a < 1, is a modulus of
continuity.

Definition 5.3. Let (T, p) be a metric space and ¢ be a modulus of continuity.
The family of functions {z(t),t € T}, for which
t —
sup le(t) — 2(s)| < 00 (5.1)
veer (ot 5))

(or sup |z(t) —z(s)] = o(q(h)) as h — 0) is called a Lipschitz space Ay(T, p)
p(t.s)<h
(or AT’ p)).
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Theorem 5.4. Let X = {X(t),t € T} be a random process, for which the
assumptions of the Theorem 3.1 hold true. If fp(u) < q(u) (or fp(u) = o(q(u)))
then X belongs to the space Ay(T,p) (or Ag(T,p)) with probability one and the
following inequality holds true

P{ . |X<t>—X<s>|>y}

0<p(t,s)<v Q(p(ta 8))
M—-1
. ABM=1(h+1)

= (N@)MIBMT_1)p-_1) P {_9”* (Z)} '

(5.2)
This theorem is a simple corollary of the Theorem 3.1.

Corollary 5.5. Let X = {X(t),t € T} be a random process, for which the
assumptions of the Theorem 8.1 hold true, q be a modulus of continuity. If

dv < 00,

o(u)
ey [ ¢TPEM (BN (v)))
Tplu) = / q(v)

then X belongs to the space Ag(T, p) with probability one.

Proof. In this case

o(u)
*=D(2M In(BN (oY)
o) < o [ ACICMBBENEIY,,
q(v)
0
< q(u)efp(u)
o(q(u)),
and assertion of this corollary follows from the Theorem 5.4. O

6. APPLICATION TO WEAKLY SELF-SIMILAR STATIONARY INCREMENT
PROCESSES FROM THE SPACE Sub,,(£2)

Consider a centred square integrable process Zg = (Zy(t):t € [0,1]), H €
(0,1), that has the covariance function

1

RH(t7S) = 2

and belongs to the space Suby(£2). For short, we shall say that Zy is wsssi-

Suby () (weakly self-similar stationary increment processes from the space
Sub,(92)).

Remark 6.1. Note that if a stationary-increment second-order process Zy is
self-similar, i.e., the finite-dimensional distributions of Zy(t) and a= Z(at) co-
incide, then Zp has necessarily the covariance function Ryr.
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In2
1,b>1 and u € (0, %), then for any y > 2b the following inequality holds true

P{ wp 200 =ZnG)] y}

o<li—si<u  Ofp(|t —s|)

Corollary 6.2. Let Zy be a wsssi-Suby,(§2) -process, M > max (1, L(2)) , B>

e 4(b+1)BM=1(2y)M-1 exp {—cp* (y)} |

(b—1)(BM-1—1) b

where
uH

feu) = (11_12\/3—0)/s0*(‘” <2M1n <B <2£/H + 1))) dv

0

UH
1 B
- - =D (o In [ —— ) ) dw.
11—2\/30/@ ( n<v1/H>) !
0

This result follows from the Corollary 4.5 for o(u) = u'’, u > 0.

Example 6.3. Let p(z) = %, 1 < p < 2, for sufficiently large |z|. In this case

©*(x) = 2" Where %+ 1=1, and "D (z) = (ra)V/r.

r

In case of the process Zy we have o(u) = ul, u > 0, and o= (u) = (u)%
In accordance with Corollary 6.2 u € (0, 1). Then

w! 1/H\ \ /7
felu) < 1/7’1/7" 2M In B<1> dt
T 11-2v30 ) t
ull 1/
(2Mr)Y/T 1 (1 1) "
ik mB)Y" +(—=In- dt
11-2V30 (I B) "

H
1/r 1r 1/r
_ (M) uH(lnB)l/T’—i—(;I) /<1n1> dt |,
0

11 — 2v/30

,uH
1 1/r 1 1/r 1

/ n-) dt<uf (=) HY 14+ —F],
t U rHln -

0

U< x< %, then for sufficiently small « we have

Since

fB(w)
@M ], [ @M ! H< 1)”
[11—2@“3) T evm w1 M)

which implies that
R 1 1/r
fe(u) < Cput (111) )
u
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where
(2Mr)M/r 1 1
Cp=———"t—|(WB)Y +1 : 6.1
B —aygm0 \ BT T HI L (61

So, the following theorem holds true.

Theorem 6.4. Let Zy be wsssi-Suby,(Q2) with p(x) = %, 0<p<1. Then
this random process belongs to the space Ay(T,p) with probability one, where
1
T =[0,1], p(t,s) = [t—s|, q(z) = Cpzf (In1)", Cp is given in (6.1). Besides
that, for u € (0, %) and y > 2b the norm in this space satisfies the following
mnequality
Zyt)—Z
P sup |2 (?) u(s)] T >y (6.2)
0<|t—s|<u CB|t . S|H <1Il ﬁ) T
4(b 1 BMfl 2 M—-1 r
< (b+1) (2u) expl Y
(b—1)(BM-1 1) rb”
Remark 6.5. If Zy is a Gaussian process, that is the process of fractional
Brownian motion, then it satisfies theorem 6.4 with p = 2, r = 2 and ¢(x) =
1
~ W H 1\2 A _ _2VM 1/2 1
Cpa'' (In3)?, Cp = 11-2/30 ((lnB) P41+ 2Hlni)'
For u € (0,7) and y > 2b

P{ sup Zu) = Zuls)l (6.3)

0<|t—s|<u CB’t . 8’H (ln |tis|>§

4(b+ 1)BM—1(2u)M—1 y?
= (b-1)(BMT-) p{‘%?}‘

Remark 6.6. The constants b, B and M can be chosen in order to minimize
the estimate in (6.2).

Example 6.7. Let

LR g < 1
) = p’ 9
- {'i,"’, ol > 1.

1
|| b

r

In this case ¢*(z) = L for |z| > 1, where %-l— 1=1,and D (2) = (rz)
for [z > 1.

As in the previous example, under condition that
1

1\#H 1

2M In (B () ) > —,

u r

H
< BH —
0<u< exp{ 2Mr}’

or
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H 1
U € <O,min (BHeXp{_2Mr}’4>) ,

we have the same estimate as in the Example 6.3. Here
1

fe(u) < Cpu? (ln 1> '

u

or for
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