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1 Introduction. Main definitions.

The recent achievements in the metric space theory are closely related to some gener-
alizations of differentiation. The concept of upper gradient [HeKo] and [Sh], Cheeger’s
notion of differentiability for Rademacher’s theorem in certain metric measure spaces [Ch],
the metric derivative in the studies of metric space valued functions of bounded varia-
tion [Am], [AmTi] and the Lipshitz type approach in [Ha] are interesting and important
examples of such generalizations. These generalizations of the differentiability usually
lead to nontrivial results only for assumption that metric spaces have ”sufficiently many”
rectifiable curves.

The our main goal is the introduction of the notion of ”differentiable” functions from
a metric space X to a metric space Y for arbitrary X and Y. We define "tangent” spaces
at a point of a metric space as some quotient space of the sequences which converge to this
point and after that introduce the ”derivatives” of functions as corresponding quotient
maps.

Let (X, d) be a metric space and let a be point of X. Fix a sequence 7 of positive real



numbers 7, which tend to zero. In what follows this sequence 7 be called a normalizing
sequence.

1.1. Definition. Two sequences & = {xp}tnen and § = {Yn}nen, Tn,yn € X, are
mutually stable (with respect to a normalizing sequence 7 = {r,}nen) if there is a finite
limyt o )

Tny Yn T~ ~ T~ o~
Wn ) . G5,9) = d(, ). (11)

lim
n—oo Tn
We shall say that a family F' of sequences of points from X is mazimal mutually stable
(with respect to a normalizing sequence 7) if every two &,y € F are mutually stable and
for an arbitrary Z = {2, }nen with z, € X either Z € F or there is # € F such that 7 and
Z are not mutually stable.
The standard application of Zorn’s Lemma leads to the following

1.2. Proposition. Let (X,d) be a metric space and let a € X. Then Jor every
normalizing sequence T = {[n}neN there exists a maximal mutually stable family X, = X, 7
such that a :={a,a,...} € X,.

Note that the condition @ € X, implies the equality
lim d(z,,a) =0

for every ¥ = {x, }nen which belongs to X,. ) )
Consider a function d : X, x X, — R where d(Z,9) = d(Z,7) is defined by (1.1).
Obviously, d is symmetric and nonnegative. Moreover, the triangle inequality for d implies

d(z,5) < d(#,2) +d(z,9)
for all Z, ¢, 2 from X,. Hence (X,,d) is a pseudometric space.

1.3. Definition. The pretangent space to the space X at the point a with respect to
normalizing sequence T is the metric identification of the pseudometric space (X, 5, d).

Since the notion of pretangent space is an important step in the development of general
machinery for the definition of tangent spaces and differentiability in arbitrary metric
spaces, we recall this metric identification construction.

Define a relation ~ on X, by # ~ § if and only if d~(a~c, y) = 0. Then ~ is an equivalence
relation and let €2, be the set of equivalence classes in X, under the equivalence relation
~. It follows from general properties of pseudometric spaces, see for example [Kell,
Chapter 4, Th.15], that if p is defined on 2, by

pla, B) = d(.5) (1.2)

for some € a and y € 3, then p is well-defined metric on €2,. By definition the metric
space (Qq, p) is the metric identification of (X, d).

Remark that Q.7 # 0 for all 7 because the constant sequence a belongs to X’a,,: in
accordance with Proposition 1.2.

Let {ny}ren be an increasing sequence of natural numbers. Denote by 7 the subse-
quence {ry, tren of the normalizing sequence 7 = {r, }nen. It is clear that if T = {z, }nen



and § = {yn}nen are mutually stable with respect to 7, then 7’ := {z,, }reny and ¢ :=
{Yn,, }ren are mutually stable with respect to 7 and that

H(&.9) = do(@, 7). (1.3)

If )N(af is a maximal mutually stable (with respect 7) family, then by Zorn’s Lemma there
exists a maximal mutually stable (with respect 7') family X, » such that

{j/ 1T E Xai} - Xa,f’-

Denote by inm the mapping Xaf — X'W:/ with in#(Z) = &’ for all & € )E'M:. If follows from
(1.3) that after metric identifications the mapping iny induces an isometric embedding
in": Qu7 — Qg, i.e., the diagramm

Xa,? iﬂ—_) Xa,f’
pl lp’ (1.4)
Qai L’ Qa,f”

is commutative. Here p, p’ are metric identification mappings p(7) = {y € Xor o dilZ,7) =
0} and p'(Z) = {¢ € Xom : do(Z',9') = 0}. Let X and Y be two metric spaces. Recall
that a map f: X — Y is called an isometry if f is distance-preserving and onto.

1.4. Definition. A pretangent Q,; is tangent if for every 1’ the mapping in': Q, 7 —
Qg 15 an isometry.

1.5. Remark. As has been stated above, the function in’ : Q, 7 — €, is an isometric
embedding. Since every surjective, isometric embedding is an isometry, (2, 7 is tangent if
and only if in’ is surjective for all 7.

The following question naturally arieses.

1.6. Problem. Let (X,d) be a metric space and let ¢ € X. Find the conditions
under which all pretangent spaces (), ; are tangent.

Let (X1, d;) and (X5, dy) be metric spaces, and 71, 72 normalizing sequences, and ay,

ay points of X; and X, respectively, and X a17r Xoy, Maximal mutually stable families

of sequences of points from X; and X, respectively. Let f: X; — X, be a function such

that f(a1) = ag. For every &y := {z} }nen € X ; write

F(@1) = {f(xp) nen.

Xc%gig)

1.7. Definition. The function f is differentiable with respect to the pair ()Nfl

ai1,r1?

if f(#1) € X2 -, and dy(1,51) = 0 implies do(f(21), f(1)) = 0 for all 1,9 € X}

a ai,r1”



Let p; : Xfmzl — Qg 7, © = 1,2, be metric identification mappings.

1.8. Definition. A function Df : Q4 7 — Qa, 7, is a derivative of f with respect to
pretangent spaces g, 7, © = 1,2, if f is differentiable with respect to (X;1 T17X32 &) and
if the following diagramm

o1 f 2
Xa1 ,1 Xaz ,2
y4 D2

Df
Q(11,?:1 Qa2i2

15 commutative.

Definitions 1.7 and 1.8 are a main goal of all previous constructions, so we present them
here, although the properties of "metric space valued derivatives” D f are not discussed
in this paper.

2 First examples. Finite tangent spaces.

It is clear that €2, is an one-point space if a is an isolated point of X. The converse
proposition is also true.

2.1. Proposition. Let (X, d) be a metric space and let a € X. Then a is an isolated
point of X if and only if the pretangent space §,; is one-point for every normalizing
sequence 1.

Proof. 1f a is not an isolated point of X, then there is a sequence b = {bn}nen of
points in X such that lim d(a,b,) = 0 and d(a,b,) # 0 for all n € N. Consider the

normalizing sequence 7 = {rn}ne ~ with 7, := d(a,b,). It follows immediately from (1.1)
that dz(a,b) = 1 where @ is the constant sequence {a,a,...}. The application of Zorn’s
Lemma shows that there is a maximal mutually stable famlly Xar such that @,b € Xa,,
Then the metric identification of the pseudometric space (Xa,x, d) has at least two points.

The following proposition characterizes the points a € X such that the pretangent

spaces (), have cardinality at most two.
Define the function F': X x X — R by the rule

d(x, y)(d(z,a) Nd(y,a)) .
F(z,y) = (d(x,a) V d(y,a))? t(@9) # (a,0) (2.1)
0 if (z,y) = (a,a).

2.2. Theorem. Let (X,d) be a metric space and let a € X. Then the inequality
card(€,7) < 2 (2.2)
holds for every normalizing sequence 7 if and only if

lim F(x,y) =0 (2.3)

y—a



where F is defined by (2.1).

Proof. Suppose that (2.3) does not hold. Then in X there are some sequences {x/, }nen
and {y,, }nen such that
lim 2/, = lim y, = a

n—oo n—oo

and !, # a # y,, for all n € N and

limsup F(z),,y.) > 0. (2.4)

n—oo

Consider the normalizing sequence 7 = {r, },en with r, = d(z},, a) V d(y,,, a). Write

n1 Yn (yr,xh) if d(yl,a) > d(x),a).

Then we obtain

Fla',y) = F(x,, y,) = 2.5
() = Pl ) = HEte) S (25)
Since
d(yn,a) <1y (2.6)
and
(T, yn) < d(20, a) + d(yn, a) < 21y, (2.7)
we have
F(2n,yn) <2 (2.8)
for all n € N. Let {z,,, yn, tren be a subsequence of {x,,, y, }n for which
limsup F(z),,y.) = klirn F(xn,, Yn, )-
The inequality (2.4) and (2.8) imply that
0< klim F(2n,,Yn,) < 2. (2.9)

We may assume without loss of generality that {z,,, yn, tren and {z,,yn nen coincide.
Conditions (2.6) and (2.7) imply the existence of finite limits

d d
lim —(wnm,ynm) <2 and lim —(yn"“G)

m— oo Trm m— oo Tn

<1

m

for some subsequence {z,,, , Yn,, tmen Of {Zn, Yn }nen. Now we can, once again, take n,, = n.
It follows from (2.5) and (2.9) that

0 < lim F(x,,y,) = lim M lim d(yn, )

n— oo n—00 Tn n— oo Tn

<2

Consequently, we have



for = {xn tnen, U = {Un}nen. Hence, a, 3,7 correspond to distinct points of the pretan-
gent space €2, 7, that contradicts (2.2). The implication (2.2)=(2.3) is established.
To prove that (2.3) implies (2.2), suppose that

card(§2,7) > 3

for some normalizing sequence 7. Then there exist sequences & = {x,},ey and § =
{Yn }nen such that all three quantities

7 d n) T~ ~ . d )
d(z,a) = lim M, d(§,@) = lim d(yn, )
n—oo Tn n— o0 Tn
and p
d(z,§) = lim 2Entn)
n—oo Tn

are finite and positive. Consider the sequence {F(z,,y,) tnen where F' was defined by
(2.1). Since
d(x,,a) V d(y,,a)

0 < lim = d(z,a) vV d(j,a) < oo
n—oo TTL
and J J
ns A ) T/~ ~ ~ ~
0 < lim (z a)r (g, @) =d(Z,a) Nd(g,a) < oo,
we obtain
d(Tn,Yn) . d(zn,a)Ad(yn,a) e N T e o~ ~
lim F(ZL‘n,yn) — lim rn T , _ d(xyg/)(d(maa{/\ d(y72a)) € (O, OO),
o T (et (de,a) v d(5,a))

contrary to limit relation (2.3). Hence, (2.3) implies (2.2). B

Theorem 2.2 can be generalized to the case of pretangent spaces with an arbitrary
finite cardinality.

For every natural n > 2 let us denote by X™ the set of all n-tuples z = (zy,...,2,)
with terms x;, € X for all £ = 1,...,n. Define the function F), : X™ — R by the rule

(

kf_ll d(zg, 1) (k/i\1 d(zy, a))

k<l

n

\/ d<xk‘7 (l)

Fn(l'l,,l‘n) = n(n271)+1
(v

where

/\ d(zg,a) == 1r<1r1]€1£1n d(xg,a) and \/ d(xg,a) == max d(zg,a).
k=1 == k=1 ==



2.3. Theorem. Let (X,d) be a metric space, a € X and let n > 2 be a natural

number. Then the inequality
card(Q,7) <n (2.11)

holds for every normalizing sequence 7 and every pseudometric space (Xa,;, cZ) if and only
if
Jim, Fo(xy,...,z,) =0 (2.12)

Tn—a

where F, is defined by (2.10).

The proof of this theorem can be obtained as a direct generalization of the proof of
Theorem 2.2 so we omit it.

2.4. Remarks. The value [] d(xy,z;) in (2.10) can be regarded as a metric-space
k,l=1
k<l

analog of the well-known Vandermonde determinant.
There is some other functions ®,, : X™ — R which can be used similarly as the function
F,, in Theorem 2.3. As an example consider the function

(

/n\ d(zy, 1) (k/i\1 d(z,, a))

k=1
k<l

Oy (21, o ) = (5/1 d(a;k,a)>2

L 0 it (z1,...,2,) = (a,...,a).

it (z1,...,2,) # (a,...,a) (2.13)

Then (2.12) holds if and only if

lim @, (z1,...,2,) = 0. (2.14)

that
Fo(xy, ..., x,) <2 -

On the other hand we have

Fo(zy, ..., x,)

Y
<[>
a

8
T
Y

a)

e
Il
—



n(n—1)
2 n(n—1)

/n\ d(l’k,l’l) d(a:k,a)

k,l
k<l

k/:\l d(zy, a)

n(n—1)
= (Pp(T1, .0y p)) 2

v

<z|>=

d(xy,a)

i
I

Using Theorems 2.2, 2.3 we can easily construct metric spaces with finite tangent
spaces. To this end, we first establish a lemma.

Let W be a family of some sequences of points from X. Suppose that a € W and
that every two Z,§ € W are mutually stable with respect to a fixed normalizing sequence
7. Denote by W,, a maximal mutually stable family such that W,, D2 W, by Qg7 the
pretangent space corresponding to (Wm, d) and by QF: the metric identification of the
pseudometric space (W, d). Clearly, there is an unique "natural”, isometric embedding
E,: Qg’i — Q7 for which the diagramm

~ n
w o —

W,
pl lpm (2.15)
v, —In Qo

is commutative. Here p and p,, are metric identification mappings and in(z) = 7 for all
zeWw.

2.5. Remark. F,, is bijection if and only if for each y € W,, there is # € W such
that d(g,z) = 0. For a formal proof of this simple fact see Lemma 3.1 in Section 3.

2.6. Lemma. Let (X,d) be a metric space, a € X and let n > 2 be a natural number.
Suppose that limit relation (2.12) holds. Then the inequality

card(Qgz) > n (2.16)

implies that the embedding Ey, : gz — Qa7 is an isometry and that a pretangent space
Oy 7 1s tangent.

Proof. By Theorem 2.3 limit relation (2.12) implies that
card(€,7) < n. (2.17)
Since FE,, is an injective mapping, inequalities (2.16) and (2.17) imply
card(Qq7) = card(Q ;) = n

These equalities show that each isometric embedding (2 — €, 7 is an isometry because
n is a natural number.

Consider now commutative diagram (1.4) with X’a@ = W,,. In complete analogy with
the above proof we can show that in’, is an isometry for every subsequence 7’ of 7. Hence,
2,7 is tangent by Definition 1.4. B



2.7. Example. Let H be a Hilbert space with the norm || - || and
dim H >m (2.18)

where m is a positive integer. It follows from (2.18) that for every natural & < m there are
orthonormal vectors ey, ...,e, in H. Let ¢ = {t;},en be a sequence of strictly decreasing

positive numbers ¢; for which
t .

lim — = co. (2.19)
J—00 tj+1

Write

ie, 0€ X, and

XN{zeH:|z|]|=t}=10
if t # r; for all j € N, and

XN {l’ € H: ||J]|| = t]} = {tjel, ...,tjek}.
Consider the following sequences of elements of X

() = {0, ...,0, }, Zfl = {t]‘61}j€N, 7§7k = {tjek}jeN.

It is easy to see that all these sequences are pairwise mutually stable with respect to the
- ~ tie, —t;e
normalizing sequence 7 = ¢ and that d(Z,, Z,) ;= lim [liep = tieqll = /2 for p # ¢, and
J—00 Tj
that

~ t-
a0, 7,) = tim el 4
p Jj—00 Tj

for all p € {1, ..., k}.

Let W,, be a maximal mutually stable family such that W,, D> W := {0, %1, ..., 71}
We claim the following:

a) For each § € W,, there is # € W such that d(§, %) = 0;

b) The space € 7, corresponding to Wm, is tangent.

Since card(€2y ;) = k + 1, for the proof of (a) and (b) it is enough to show that

}}glo Pry1(z1, oy Tpg1) =0 (2.21)

Tpy1—0

where ®,, is defined by (2.13), see Remarks 2.4 and Lemma 2.6.

Let (z1,...,7k41) be a k + 1-tuple with z; € X, i € {1,...,k + 1}. We may assume,
without loss of generality, that x; # 0 for all i = 1,...,k+ 1 because g1 (z1, ..., Tp41) =0
for the opposite case. Using (2.20) we can define natural numbers j = j(z1, ..., xx41) and
s = s(x1, ..., Tpy1) such that

k+1 k+1

ti=\llll,  tivs= \llzll
=1 =1
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Note that these numbers are well defined because the sequence ¢ = {t;};en is strictly
decreasing. It follows from definition (2.20) that s > 1 and that lim0 gz, .oy Tpyr) =
T —
Tl —0

oo. Now from (2.19) we obtain

k+1
A ]

0 < limsup ®(z1, ..., Tp41) < 2limsup — F =

z1—0 ry— —0
Tp41—0 wp1—0 \/ ||xl||
: liv1 ljro  tjps— : t +1
= 2limsup 2 - 2= T <2 lim 5 = 0.
@1 —0 tj tj+1 tj-i—s j—00 tj

zk+1~>0
Relation(2.21) is proved.

Let (X, p) and (Y, d) be metric spaces. Recall that a homeomorphism f: X — Y isa
similarity if there is a positive number k such that

d(f(z), f(y)) == kp(z,y)

for all x,y € X. The number k is the dilatation number of f. Two metric spaces X and
Y are similar if there exists a similarity of X onto Y.

2.8. Proposition. Let H be the Hilbert space from Example 2.7. Then, each tangent
space at the point 0 € X, where X was defined by (2.20), is either one-point or similar to
the space {0, ey, ...,er,} C HY.

Proof. Let ;7 be a tangent space to X at the point 0. Equality (2.21) implies that
card(Qo7) :=m < k+ 1.

Let XOJ: be a maximal mutually stable family for which p(f(o,;) = Qo,i, see diagramm
(1.4). If Qg 7 is not one-point, then there are sequences &; = {2’ },en € Xo 7 such that

—”H = ci(f),iz) € (0,00) (2.22)
fori=1,...,m — 1 and that

lim ——"—
n—oo T‘n

= d(%;,%;) € (0,00) (2.23)

fori,5 € {1,...,m — 1} if i # j. Relations (2.22) imply

i A
lim 1ol dO35) o oy (2.24)
n—oo |z} || d(0, ;)

Tt is clear that a tangent space 7, in Example 2.7, is isometric with {0, eq, ..., ex }.
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It follows from (2.20), that for every x € X \ {0} there is an unique [ = [(x) € N for which
[|z[l = t.
Substituting #;,) in (2.24) we obtain

n—oo tyziy  d(0,7;)

I

Q
m
=
8

These relations and (2.19) imply the equality
||zl = [,

for all 4,j € {1,...,m — 1}, if n is taken large enough. Hence, using (2.23) and (2.20) for
all sufficiently large n we see that

la, — || = tV/28, Nyl =t (2.25)
where d;; is Kronecker’s delta, 7,7 € {1,...,m — 1} and [ = [(2J) = [(z}). If
card(Qo7) < k + 1,
then there exists &, = {2 },en such that
ey, — | = V2, ||zl =t (2.26)

for all i =1,...,m — 1 and for all n,l which satisfy (2.25). Relations (2.22), (2.23), (2.25)
and (2.26) imply the existence of positive finite limits

m i m
L [ [
n—oo Tn n—0o0 Tn

for all i = 1,...,m — 1 but it contradicts maximally of Xo,f. Consequently,
card(Qp7) = k + 1.

It also follows from (2.25) that spaces Qg7 and {0, ey, ...,ex} C H are similar.
To construct an one-point tangent space {2 ; consider the normalizing sequence 7 =

{7 }nen such that
Tn = \/tntni1 (2.27)

where {¢;};en is the sequence from definition (2.20). For all € X \ {0} this definition

and (2.26) give either
[|]] tn [ _tn
> =4/— 2.28
Tn V tntn—‘rl Zfn—i—l ( )

||x|| < tnt1 _ Iy

Tn - V tntn—‘rl B tn

,if ||z|| > t,, or

(2.29)
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tn e . . : .
if ||z|| < t,. By (2.19) tends to infinity with n — oco. Hence, if there is a finite
n+1

Tn T . . .
lim —H H, then d(0,Z) = 0, i.e. the pretangent space (o7 is one-point. To complete the
r

n—oo

proof, it suffices to observe that (2.28) and (2.29) imply

lall o [t
or, respectively,

lall [t

Tnk tnk+1

for every subsequence 7 = {ry, }ren of 7. Hence, €y is also one-point. Therefore the
one-point pretangent space {17 is tangent. ll

The following problem seems to be interesting.

2.9. Problem. Let (X, d) be a metric space and let a be an accumulation point of
X. Find the conditions under which there is an one-point tangent space €1, ;.

2.10. Example. Let C be the complex plane with the usual distance function
d(z,w) = |z — w|. Fix the following three sequences:

{zj}jen with z; € C and |z;| =1,

{oj}jen with o; € R and }LIEO a; = 0;

t:
{tj}jeN with tj € R+, tj+1 < tj and hm a 0.
j—oo i
Write X := {t;z; : j € N} U {t;z;¢" : j € N} U{0}. In the case under consideration the
function (2.1) has the form

_ [z = wi(lz][ A fw])

F(z,w) (2.30)
(Jz] v wl)?
if (2,w) £ (0,0).
We claim that
lim F(z,w) =0 (2.31)
w—0

holds. Indeed, as in Example 2.7, for every (w, z) € (X \ {0})? we can find j and s such
that 7 < s and
lw|V |z| =t; and |w|A|z| = ts.

If 7 < s, then we have

Fiows bt |y

2
t5
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but if j = s we obtain

Jtyzge —tzlt;

F(z,w) = ” = |e —1].
J
Since ;
lim 2L = Jim [1 — €| = 0,
j—o0 j—o0

j
(2.31) holds. Theorem 2.2 implies that each pretangent space at the point 0 € X is
either two-point or one-point. Note that two-point pretangent spaces at 0 € X exist by
Proposition 2.1 because 0 is not an isolated point of X. Moreover, all these pretangent
spaces are tangent by Lemma 2.6. To construct an one-point tangent space it is enough to
take a normalizing sequence 7 with r; = /%;f;11, see the end of the proof of Proposition
2.8.

3 Some properties of pretangent and tangent spaces.

Let (X,d) be a metric space and let a € X. If X, 5 is a maximal mutually stable family
of sequences ¥ = {xp}nen, z, € X for n € N, and if Y, ; is a nonempty subset of X, 7,
then there is an unique isometric embedding in, : Q ; — €, such that the following

diagramm
Y/ai i_) Xai
pyl lp (3.1)
Qv Q, -

Y _is a metric

a,r

identification of ffa,;, py and p are metric identification maps and in(g) = g for all § € }7@’;.

is commutative. Here €, ; is a pretangent space corresponding to X, ,,

3.1. Lemma. The mapping in, is an isometry if and only if for every T € X’ai there
is Yy € Yo7 such that .
d(z,9) = 0. (3.2)

Proof. The mapping in, is an isometry if and only if this mapping is surjective, that
is if
ing(a) # 0
for all a € Q, . The last condition and
p, " (in, (@) # 0 (33)

are equivalent because p, is surjective. Since in, o p, = p o in, we can rewrite (3.3) as

0 #in~ (p(a)). (3.4)
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If 7 is an element of X, ; such that p(#) = a, then pHa)={y € X7 @ d(&,9) = 0}.
Hence (3.4) holds if and only if (3.2) occurs for some 3y € Y, . B

Suppose now that Y is a subspace of X. The closed spheres with center a and radius
p, 0 < p < 0o, are denoted by

S,=98(a,p) :={r e X :d(a,z)=p}.

Write
e(p) :=p~'sup mf d(x,y) (3.5)
€S, YE
for p > 0.

We present some necessary and sufficient conditions under which the map in, in (3.1)
is an isometry. In the following theorem we denote by }7&7; a maximal mutually stable
family of sequences § = {y, }nen for which all elements y, belong to Y C X and by in
a pretangent space to Y at the point a € Y.

3.2. Theorem. Let (X, d) be a metric space, let Y be a subspace of X and leta € Y.
The following conditions are equivalent.

(1) An embedding in,, : in — Qg7 15 an isometry for every normalizing sequence T
and all maximal mutually stable families Y/W-: and Xa’,: for which f/aﬂ: - Xaf.

(ii) The equality

lime(p) =0
p—0

holds.

Proof. Let Xa,; and }7&; be maximal mutually stable families and let Yor C )N(a’,:.
Suppose that condition (ii) holds true. Then for every & = {z,},en € X, there is
7 = 9(Z) = {Yn}nen such that y, € Y for all n € N and

0z, §(#)) = lim 2EnYn)

n—00 Tn

= 0. (3.6)

Indeed, if Ci(i’, a) = 0, then we can put § = a. If

d(#,d) = lim d(wn, a)

n—00 Tn

> 0,

then there is #' = {2/, }nen € X such that d(z, 7/ ) =0 and d(a,z),) > 0 for all n € N. It
follows from (3.5) with = «/, and p = d(z},,a) th

d(x;,,yn) < pz(p) + p
for some y,, € Y. The last inequality and (ii) imply (3.6). Write
F,={§(2): 7 € Xor} UY 5

Since X, ; is mutually stable, (3. 6) implies that F, is also a mutually stable family of
sequences from Y. Maximality of Y, 7 implies that YM D) F Hence, for every = € XM
there is (%) € Y, such that d(Z,§(#)) = 0. Condition (i) follows by Lemma 3.1.
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Suppose now that (ii) does not hold. Then there is a sequence p of positive numbers
pn, With
lim p, =0

n—o0

and there is a constant ¢ > 0 such that for every n € N there exists =, € S(a, p,) for
which
inf d(x,,y) > cpn. (3.7)

yey

Let us denote by Z the sequence of points x, from X which satisfy (3.7). Take the
sequence p = {py, }nen as a normalizing sequence. Let Xos 5 be a maximal mutually stable
with respect to p family such that a, € Xos - If in, is an isometry for some Y C Xus i
then there is § € Y, ; such that d(&,7) = 0, see Lemma 3.1. Tt contradicts (3. 7) because
(3.7) implies

d
lim sup —(%’ n)

n— oo Pn

>c>0

for every ¢ = {yn }nen with y, €Y. R

Obviously, condition (ii) of Theorem 3.1 holds if Y is a dense subset in X. Therefore
we have the following

3.3. Corollary. Let (X, d) be a metric space, let Y be a dense subspace of X and let
a € Y. Then the pretangent spaces to X and Y at the point a are pairwise isometric for
all normalizing sequences.

The next our goal is to show that all tangent spaces to metric spaces are complete.

3.4. Lemma. Let (X,d) be a metric space, let 7 = {r, }nen be a normalizing sequence
and let Y, F2, F3 be mutually stable families of sequences & = {xy }nen with @, € X for
n € N. Suppose that F} is mazimal, F? C F} N F? and that pseudometric space (F2,d)
is a dense subspace of (F2,d). Then the inclusion

F3CF! (3.8)

holds.

Proof. Suppose that (3.8) does not hold. Since f}l is maximal mutually stable with
respect to 7, there are two sequences T = {Z,, tneny € F2 and § = {y, }nen € F? such that

either y p
00 > limsupM > liminfM >0 (3.9)
n—o0 T'n n—o0 Tn
or i
lim WEna¥n) _ (3.10)
n—oo rn

For every € > 0 we can find Z = {2, }nen € F?2 such that

d(z,79) < e
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because F2 is dense in F2 by the hypothesis of the lemma. The triangle inequality implies

d(@n,yn)  d(znsyn) | _ d(n, 20)
for all n € N. Consequently we obtain
d ny In T/~ ~ T/~ ~
limsupM —d(z,9)| <d(z,9) <e (3.11)
n—oo TTL
and 4
lim inf $(&n: ) _ d(z,g)‘ <e
n—oo ’]"n
Therefore, the equality
d ny JIn . . d ny JIn
lim sup M — lim inf M < 2e
N—00 Tn n—00 Tn

holds for all € > 0, this contradicts (3.9). To complete the proof, it suffices to observe
that (3.11) contradicts (3.10). W

3.5. Lemma. Let (X,d) be a metric space, let a € X and let Qy 7, 7 = {7 }nen, be a
pretangent space with a corresponding maximal mutually stable family X, 7. Suppose that
A is a bounded subset of Q4. Then there is a constant ¢ > 0 such that for every a € A
we can find T = {xp}neny € Xa7 such that
d(x,,a)

< 3.12
< (312

p(Z) =a and

for all n € N where p is the metric identification of f(a,,:.

Proof. Write B
A:={% € X, : p(T) € A}

Since A is bounded in €, 7, we have
sup{d(z,a) : & € A} ==k < oo.

For every & = {x, }nen € A introduce the sequence &* = {z },,cny by the rule

. ) wa if d(zna) < (k+ D)y
T a it d(xp,a) > (k+ 1)r,.

Note that for every & € A there is n(Z) € N such that z,, =« if n > n(Z) because

d(#,d) = lim d(wn, )
n—oo Tn

<k<k+1.

Consequently i* € X, ; for all & € A. Moreover, relations (3.12) evidently hold with
T =21 x, =z, and ¢ = k + 1, which is what had to be proved. B
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3.6. Theorem. Let (X,d) be a metric space, a € X and let ¥ € {rp}nen be a
normalizing sequence. Then a tangent space g, if it exists, is complete.

Proof. Let {a?},cn be a fundamental sequence in the metric space Q,7 We must to
show that {a’} jen is convergent. Let XW: be a maximal mutually stable family with the
pretangent space €1, and let p : Xa,f — ), be a metric identification mapping. Every
fundamental sequence of an arbitrary metric space is bounded. Hence, by Lemma 3.5,
there is ¢ > 0 such that for every j € N there exists 77 = {27 }nen € X, for which

d(z}, a)

< 3.13
< (3.13)

p(@?) =a’ and
for all n € N.
In accordance with Definition 1.4 and Lemma 3.4 it suffices to prove that there exists
a sequence T = {z,}nen of points from X such that for some subsequence of natural
numbers 7y and for all j € N the sequences &' = {zy, bren and 77 = {z] }ren are
mutually stable with respect to 7 = {r,, }ren and

d(p, , 73
fim T o T,)

j—00 k—o0 Tn

— 0, (3.14)

k

see diagramm (1.4).
Suppose now that (3.14) holds and, in addition, we have the following condition: for
every k € N there is j(k) € N such that

Ty, = xﬁl(kk) (3.15)
where :v‘%(,f) is ng-th element of #/(®). Then it follows from (3.13) that the inequality
ng’

d(x?  xp,) <o

Ty

holds for all 5,k € N. In particular, we obtain

d(x’}Lk ) xnk) < 20
Ty -

for all k£ € N. Since every bounded infinite sequence of real numbers has a subsequence
that converges to a real number, there is a increasing infinite subsequence {ng)}keN of the
d(xng) : ZL’TIZ(I))

sequence {ng}ren such that lim k

) is finite. Hence, the sequences {xn(l)}keN
—00 ’["n(l) k
k

and {2, }ren are mutually stable with respect to {r_ o }ren. Analogously, by induction,
ny k

we can prove that for every integer ¢ > 2 there is a subsequence {n,ii)}keN of the se-
quence {n{' "}y such that {z_ tren and {2* ;) }ren are mutually stable with respect to
k Ny

{rn(i)}keN. Consider now the diagonal sequence {n,(f)} ren. For every i € N the sequences
k
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{$;;€k)}keN and {xnék)}keN are mutually stable with respect to {Tnlgk)}keN. Moreover, (3.14)

evidently holds with n, = j(k) = n,gk). Consequently, for the proof of the theorem it
suffices to construct 7 such that (3.15) and (3.14) are satisfied. In order to construct this

d(z),, 7,) .

Z, an estimate for is needed.
Tn

3.7. Lemma. Let {Z;}jen, T; = {2 }nen, be a fundamental sequence in a pseu-
dometric space (X’ai,ci). Then there is a sequence {zfc;}jeN € X’ai with the following
properties:

(i) The equality

d(i;,35) =0 (3.16)
holds for all j € N;
(i1) For every e > 0 there exists jo(e) € N such that the inequality

d *] *1
sup 22 w) (3.17)
neN Tn

holds if i A j > jo(e).

Proof. Let {Z;, }ren be a subsequence of {Z;},en such that j; < jo < ... < ji... and

d(z;,%;) < (%)kﬂ (3.18)

whenever 7 > j,.. For all j,n € N write

(@), if j <
, d(zit, z7) 1
. j . . . no n -
Wyi = o 1L J>g and === < (3.19)
' d(xit. I 1
xt i j>7 and M > —
\ T'n 2

and put '
Oi; = {Vaf}ren.
Inequality (3.18) implies that for every j € N there is no(j) € N such that Mz = 27 for
all n > ng(j). Hence, we have the equality
d(z;,Mz;) =0 (3.20)

for all 7 € N. Note that (3.20) implies the inequality

B 1 k+1
d(Wi;, 2;,) < (5)

whenever j > ji. Moreover, it follows from (3.19) that

d(W i i d(W gt i
( xn?'xn)_i_sup ( x?’wxn) <1

sup —— S sup
neN Tn neN Tn neN Tn
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whenever i A j > j;. Now we define ® 27 by induction in .
If K> 2 and j,n € N write

(Ve i<
i s g A, “Vad) (1)
)i = =Dy if j>j, and . ) < (5)

d(oft, “Vad) (1)

% if § >, and
\ I'n

and put ‘
®; = {V2] }ren.

In the same manner as in the case k = 1 we obtain the equality
d(z;,WE;) =0 (3.21)

for all 7,k € N and the inequality

d(® g | k)i 1\*
sup % < <§> (3.22)
whenewer 7 A 7 > jr. Now set for all n € N
a =Wl if 1<j5 <7,
v =@l i 1 <j <o,
w) =Wl i iy <j < g,
and so on. The sequence T} := {x}7},en has the properties (i) and (ii) because (3.21)

implies (3.16) and, moreover, (3.17) follows from (3.22). B

Continuation of the proof of Theorem 3.6. Using Lemma 3.7 we may assume that for
every € > 0 there is jo = jo(¢) € N such that

d(z',, 2
sup A, ) <e (3.23)
neN Tn

if i Aj > jo(e). Set x, = a) for all n € N. Then if follows from (3.23) that

d J
lim sup —(xn’ Ta)

n—oo T?’l

<e. (3.24)

It was shown in the first part of the proof that there is a subsequence 7 = {r,, }ren of
the sequence 7 such that the sequences #7 = {zJ, }ren and &' = {2y, }ren are mutually
stable with respect 7 for all j € N. Hence, by (3.24), we obtain

n—oo Tn

<eg
k
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if 7 > jo(e). The last relation gives (3.14) when j — oo. To complete the proof, it suffices
to observe that (3.15) holds with j(k) = n;. B

Recall that a map f : X — Y is called closed if the image of each set closed in X is
closed in Y.

3.8. Corollary. Let (X,d) be a metric space, let Y be a subspace of X and leta € Y.
If a pretangent space S . is tangent, then the map in, : Qzﬂ: — Qu7 15 closed.

a,r

Proof. The map in, is an isometric embedding. Hence, in, is closed if and only if the
set in, (€2 ;) is a closed subset of Q7. The space €2 ; is complete by Theorem 3.6. Since

a metric s’pace is complete if and only if this space is closed in every its superspace, see
for example [Sear, Th.10.2.1], in, (€2 ;) is closed in Q, ;. W
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