CONVEX-TRANSITIVITY AND FUNCTION SPACES

JARNO TALPONEN

ABSTRACT. It is shown that the Bochner space LP([0, 1], X) is convex-transitive
for any convex-transitive Banach space X and 1 < p < oo. If H is an infinite-
dimensional Hilbert space and Co(L) is convex-transitive, then Co(L,H) is
convex-transitive. Some new fairly concrete examples of convex-transitive
spaces are provided.

1. INTRODUCTION

This paper is concerned with several aspects of symmetries of real Banach spaces.
We denote the closed unit ball of a real Banach space X by Bx and the unit sphere
of X by Sx. A Banach space X is called transitive if for each x € Sx the orbit
Gx(z) = {T'(z)| T: X — X is an isometric automorphism} = Sx. If Gx(z) = Sx
(resp. conv(Gx(x)) = Bx) for all € Sx, then X is called almost transitive (resp.
convez-transitive).

These concepts are motivated by the Banach-Mazur rotation problem appearing
in [2, p.242] which remains unsolved to this day and asks whether each separable
transitive space is isometrically a Hilbert space. A branch of the isometric theory
of Banach spaces has developed around this problem, and we refer to [3] for an
extensive survey of this field. In this article we will investigate the abovementioned
transitivity conditions, mainly convex-transitivity, in different settings. For some
important results related to this investigation, see [10], [11], [16] and [23].

The main line of study in this paper involves the rotations of certain Banach-
valued function spaces. It is already a classical result that the space LP is almost
transitive for p € [1,00) and convex-transitive for p = co (see [24]). In [10] the
almost transitivity of the Bochner space LP([0, 1], X) was established in the case
where X is almost transitive and 1 < p < oo. See [1] for the analogous study of
the spaces Cy(L, X). We will extend these investigations into the convex-transitive
setting. We will show that if X is convex-transitive, then L>°([0,1],X) is convex-
transitive. Similarly, it turns out that if L is a locally compact space such that Cy(L)
is convex-transitive and H is an infinite-dimensional Hilbert space, then Cy(L,H) is
convex-transitive. The arguments are different compared to [10] and [1], since, for
example, the rotation group G~ differs considerably from Gy» for p < co. Some
implications of the transitivity conditions of Cy(L, X) for the topology of L are also
discussed.

We will also give some new, fairly concrete examples of almost transitive and
convex-transitive spaces. These examples are built starting from classical function
spaces. For example, it turns out that the subspace of L' consisting of all the
functions whose average is 0, is almost transitive in the usual norm.
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Finally, we will study non-separable transitive spaces. Recall that any Banach
space X of density character x can be isometrically embedded as a subspace of an
almost transitive space of the same density character (see [21] and [3, p.8-11]) or of
a transitive space (see [3, Cor 2.21]). Starting from a transitive space one can also
pass to a separable almost transitive subspace (see [5] and also [3, Thm. 2.24]).
We will prove here that each transitive space contains a transitive subspace, the
density character of which does not exceed 2%°.

Preliminaries. Throughout this article we will consider real Banach spaces de-
noted by X,Y and Z unless otherwise stated. For non-empty subsets A, B C X we
put dist(A, B) = infscapen||a — b||. The group of rotations Gx of X consists of
isometric automorphisms T': X — X, the group operation being the composition of
the maps and the neutral element is the identity map I: X — X. If f € X* and
x € X, then we denote by f ® x the map f(-)z: X — [z].

We refer to [18] for background on measure algebras and isometries of LP-spaces.
In what follows X is the completed sigma algebra of Lebesgue measurable sets on
[0,1]. We denote by m: 3 — R the Lebesgue measure. Let us define an equivalence
relation ~ on ¥ by setting A < B if m((AU B) \ (AN B)) = 0.

For an introduction to ordinal numbers and such matters we refer to [7]. We
denote the cardinality of a set A by |A|. Here we will apply cardinal arithmetic
notations, so that 2% = |R|. Recall that the density character of X, dens(X) for
short, is the smallest cardinal x such that X contains a dense subset of cardinality
k. Given a limit ordinal k, its cofinality is cf(x) = min{|A|: A C k, sup A = k}.

2. CONVEX-TRANSITIVITY OF BANACH-VALUED FUNCTION SPACES

For notational simplicity we abbreviate the Lebesgue-Bochner space LP([0, 1], X)
by LP(X) for 1 < p < co. Recall that this space consists of strongly measurable
maps f: [0,1] — X endowed with the norm

1
1M = [ 10N . for p e [1,00)
and || f||pe(x) = ess sup||f(t)||x. We refer to [6] for precise definitions and back-
te[0,1]

ground information regarding the Banach-valued function spaces appearing in this
section.

2.1. Convex-transitivity of L?(X). Recall that L is convex-transitive (see [22]
and [24]). Greim, Jamison and Kaminska proved that LP(X) is almost transitive
if X is almost transitive and 1 < p < oo, see [10, Thm. 2.1]. We will prove the
analogous result for convex-transitive spaces, that is, if X is convex-transitive, then
L>(X) is also convex-transitive.

Recall also that LP(¢P) = LP isometrically and that ¢P is not convex-transitive
for p # 2, so that the above implications can not be reversed. We do not know an
example of a transitive space X such that L?(X) is not transitive.

Theorem 2.1. Let X be a convez-transitive space and 1 < p < co. Then LP(X) is
convex-transitive.

We will make some preparations before giving the proof. The following two
facts are obtained from the definition of the strong measurability and the triangle
inequality, respectively.



CONVEX-TRANSITIVITY AND FUNCTION SPACES 3

Fact 2.2. Let F = x 4,21 + XA4,Z2+ ...+ XA, Tn, wheren € N, {Ax|1 <k < n} s
a measurable partition of [0,1] and x1,...,z, € Bx. Such simple functions F are
dense in Breo(x)-

Fact 2.3. Let X be a Banach space and T1,...,T, € Gx, n € N. Assume that
z,y,z € X satisfy dist(y, conv({T;(z)|j = 1,...,n})) =€ >0 and ||z — z|[ = § > 0.
Then

dist(y, conv({T};(2)|j =1, ...,n})) < e+ 0.

Proof of Theorem 2.1. Our strategy for the case p = oo, which we mainly concen-
trate on, is to show that for a given & € Sx the constant function o yjz € L>(X) is
a big point and that x[o,1jz € €oNV (G (x)(F)) for each F' € Sy (x). This suffices
for the claim according to Fact 2.3.

First we will show that for any x € Sx the function x[o 1)# is a big point. By
using Fact 2.2 it suffices to show that any simple function F' € Sy~ (x) (as in Fact
2.2) is contained in €onV(Gre~(x)(X[0,11%)). Let F' = xa,91 + ... + XA,Yn, Where
{Ak|1 <k <n} is a measurable partition of [0,1] and y1,...,y, € Bx. Let € > 0.

Since X is convex-transitive, there are for each j € {1,...,n} finite sets M; C N,
families of isometries (T,Ej ))ke M, C Gx and convex weights (a,(j ))
such that

keM; € SE}F M coo

(2.1) szeMj a(j)T(j)(x) - yjH <e forje{l,...,n}.

Observe that, given (i;); € HJ . Mj, one obtains rotations R € Gre(x) by
setting
(2:2) R(9)(t) = X< jen Xa, (T (g(t)) for ace. t € [0,1].

Next we will take a convex combination of this type of rotations. By induction on
the number of terms in the product one can check that

(2.3) Z(ihi%...,in)ny 1 g) 1

where the summation is taken over all the combinations (i1, 2, .. .,4,) € H?Zl M;.
One can also verify by induction on the number of terms in the product that

(2.4) E(il,i27...,zn (Hl 1@ ) Zl 1 XA, (t ) Ez 1 ZzleMl azl XAz( )T()

where the leftmost sum is taken over all combinations (i1,...,4,) € HFl M;.
Indeed, the case n = 1 is clear. To verify the induction step, observe that

m m l
Z(’Ll ’Lm+1) (Hl J’l_l a ) Zl J’l_l X ( )111(1)
m+1 m l m—+1
ZT’GMm+1 a’£ " )Z (1yeeBm) (Hl 1 ()) ((Zl:l XAL( )T'( )) + XAm+1 (t)TT( * ))
m+1 m+1
= Yty (T 0) S X OT + S,y 0™ X (T
m l am T
= Y Caenn @ xa DT + e, a8 a0 (0T

for m < n —1. Above we used that > .,/ @ "t =1 = D inn iy Lz agll)
and the second equality is provided by the induction hypothesis.

Hence we obtain by (2. 4) (2.1) and the definition of F' that
HEH, Hin) (Hl 1 45, )Zl ]_XAL() 7,l H
Hzl 121LEMZ il DX, ()T i V(w) - e 12“@/[1 51 XAL( )F()H <e.

Le=(X)
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Note that according to (2.2) and (2.3) the map
n l n l
9= 2 ir,in) (Hz:1 az(‘z)) 2ol XALTz‘(L) °g

above belongs to conv(Gre(x)). We conclude that F' € conv (G- (x)(x[0,1]2)), since
€ > 0 was arbitrary.

Let us check next that for each F' € Sy (x) and x € Sx it holds that x[o,1jz €
conv (G (x)(F)). To achieve this we employ a kind of sliding hump argument. Fix
F € Sp(x). Since [|[F|| =1, one can find by Fact 2.2 a sequence (), C Sx and
a sequence (By,), of measurable (but not necessarily pairwise disjoint) subsets of
[0,1] such that

(2.5) sup ||F(t) — azn||x < 27+
teB,

and 0 < m(B,) < % foralln. Put A, =[1-2"",1— 2_(”‘*‘1)] for n € N. We claim
that there is a sequence g, : [0,1] — [0, 1] of measurable mappings such that

(2.6) gn(Bn) ~[0,1]\ A, and g, (By) ~ A,
and
(2.7) the measure p,(-) = m(gn(-)): ¥ — R is equivalent to m.

for each n € N. Indeed, let us define two sequences of auxiliary mappings. Define
en: [0,1] — [0,1] by
® { (1-— 2—(%1))% ifte B,
en(t) =

n)

(1— 270 4 o= () Pl Balif ¢ € [0,1]\ B,

n

and hy,: [0,1] — [0,1] by

(1) = t if t €[0,1—27"]
YT =27y — (= (1 =27 D)) ifte (1277, 1]

for n € N. Then g, = h,, 0 e, is the desired mapping for n € N. Above ¢, (B,) ~
[0,1]\ A, whose complement A,, is the support of the sliding hump.

Next we will apply some observations which appear e.g. in [9] and [8]. Denote
by X\, the quotient sigma algebra of Lebesgue measurable sets on [0, 1] formed
by identifying the m-null sets with (). Note that (2.7) gives in particular that the
map ¢,: X\;m — U\;u determined by ¢,(A) ~ g,(A) for A € ¥ is a Boolean
isomorphism for each n € N. According to the convex-transitivity of X, there are
for each n € N a finite set K,, C N, a set of rotations (T-("))ieKn C Gx and convex

weights (dl('n))ieKn € SQ N cgo such that

(2.8) Hx - EieKn dgn)Ti(n)(xn)

For each n € N denote by ¢ — g¢,;'(t) a measurable mapping [0, 1] — [0, 1] defined
m-a.e., which is induced by the Boolean isomorphism g, 1: 3\,, — X\,, (see e.g.
[9, p.209] or [19, p.463]). Define mappings Sf"): L>(X) — L>(X) for n € N and
i€ K, by

‘X<2n% for all n € N.

SM(F) ) =T (F(g; ' (1) for ae. t €[0,1], F € L®(X).
By (2.7) we get that Si(") € Gr(x) (see also [8, p.467-468]).
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The function x| 1)* can be approximated by convex combinations coming from
conv(Grex)(F)) as follows:

k (n) (")
(2.9) HX[O,l]x — & omm1 ek, S ‘ ‘LW(X)
Indeed, for n € N and a.e. ¢t € [0,1]\ A,, it holds by (2.5) and (2.8) that
2= Sier, dsMENO)|| < ||o - Sier, 47T @)

On the other hand, ||z — 7, x d ”)S(") (F)(t)||x <2 for ae. t€A,.
Consequently, x[o,112 € GonV(Gr~(x)(F)) for all ' € Sy (x) by (2.9). Thus
L>(X) is convex-transitive.
The case 1 < p < oo is a straightforward modification of the proof of [10, Thm.
2.1], where one replaces U;z; by suitable elements of conv(Gx(z;)) for each i. We
will not reproduce the details here. O

2+E1 127" k—oo
R a1}

1 1
‘X+W§2—n-

Remark 2.4. The Bochner space L>°(X) is not almost transitive for any non-trivial
separable X. Indeed, take any isometric automorphism 7": L*°(X) — L>(X). Then
it follows that ess infyepo,17 [|T'(F)(t)||x = ess infygjo,1) [|F(t)[|x for any F' € L>(X)
(see [8, Thm. 2]). We obtain that for G = X[0,1)% € Spe(x), Where x € Sx, one
has

Ix0,17 = T(G)l[L=(x) 2 1
for any isometric automorphism 7', which yields the claim.

2.2. Convex-transitivity of Cy(L,X). If L is a locally compact space and X
is a Banach space, then Cy(L,X) consists of the X-valued continuous functions
on L tending to 0 at infinity. This is a Banach space endowed with the norm
Lf1] = supser |1f (B)]Ix

Let us recall that for the Cantor set K the space C(K) is convex-transitive but
not almost transitive (see [24]). There exist plenty of convex-transitive spaces of
the type Co(L) (see e.g. [27]).

The following problem about the almost transitivity of Co(L) spaces has at-
tracted attention: Wood [27] conjectured that if L is a locally compact Hausdorff
space and Cy(L) is an almost transitive space over the scalars K, then L is a sin-
gleton. This problem was answered by Greim and Rajagopalan in [11] in the case
K = R in the positive and was recently refuted independently by Kawamura in [16]
and by Rambla in [23] in the case K = C. Theorem 2.5 below extends the work in
[11] (and here K = R).

We will require the following generalization of Stone’s theorem due to Jerison
(see e.g. [4, p.145)):

Let (L, T) be alocally compact Hausdor(f space and let Y be a strictly convex Banach
space. Then a map T: Co(L,Y) — Co(L,Y) is a rotation if and only if T has the
form

(2.10) T(F)(t) = o(t)(F(h(t))) for F € Co(L,Y); te L,

(
where o: L — Gy is (1,S0T)-continuous and h: L — L is a homeomorphism.
(

Theorem 2.5. Let (L,7) be locally compact Hausdorff space that is locally con-
nected at some point x € L. Suppose that X is a non-trivial strictly convexr Banach
space.

(i) If Co(L,X) is almost transitive, then L is a singleton.



6 JARNO TALPONEN

(ii) If Co(L,X) is convex-transitive, then L is connected.

Proof. Let us first make some preparations towards both these claims. Let z,y € L
be such that x # y and L is locally connected at z. Since L is completely regular
and Hausdorff, there are open neighbourhoods V, and V, of x and y, respectively,
such that V N V; = (. According to the complete regularity of L, there is a
continuous map fo: L — [0, 1] such that fo(L\ V;) = {0} and fo(z) = 1. Since L
is locally connected at x and f(;l((%, 1]) is an open neighbourhood of z, there is
an open connected neighbourhood U, C f5*(( £,1]) of z. Again, by the complete
regularity there is a positive continuous map e: L — [0, 1] such that e(L\U,) = {0}
and e(z) = 1. Define f = min(fo, 3) + max(e - (fo — 3),0). Note that f € Co(L),
its range is in [0, 1], f(L\U,) C [0, 3] and f(z) = 1. Let g: L — [0, 1] be a positive
map in Cy(L) such that g(L\ V,) = {0} and g(y) = 1.

Fix w € Sx. Note that f ® w, (f +g) ® w € S¢,(r,x) by the construction of f
and g.

Claim (i). Suppose that x,y € L are as above. Then Cy(L,X) is not almost
transitive.

Indeed, assume to the contrary that Co(L,X) is almost transitive. Hence there
must be a rotation T': Co(L,X) — Co(L,X) such that

@1 [T @w)ll = I(f+9) @l [ <[T(f @w) - (f+9) ©w|| < 1—10-

By (2.10) we know that T(Q ® w)(t) = o(t)(Q(h(t))w) for any @ € Co(L), where
h: L — L is a homeomorphism and o: L — Gx. In particular

(2.12) IT(Q@w)(®)llx = |Q(h(t))wllx = |Q(h(t))| for each t € L,

since ||w||x = 1. Thus by (2.11), (2.12) and the positivity of f and g we obtain
that

1 1
(2.13) f(h(t)) — 0 < (f+9)@) < f(h(t) + 10 for t € L.
Note that since f(x) = g(y) = 1, and f(y) = g(z) = 0, it holds that f(h(z)), f(h(y)) >
2. Since f(L\ Uy) C [0,1], we obtain that h(z),h(y) € U, and hence z,y €
h=1(U,). By (2.13) and the selection of U, we have that

1 1 1 2
hl(t He—>-——=2
(f+ ) 0) > f(0) 75> 5 - 16 = 5
for all t € U,. Since f and g are disjointly supported, we get that
wy € h™H(Uz) C f7H(2/5,1) U g~ ((2/5,1)).
Moreover, there exists a separation between the open sets f~1((2/5,1]) = and
9= %((2/5,1]) > y. Thus h=*(U,) is not connected and hence U, is not connected;
a contradiction.
Claim (ii). Suppose that z,y € L are as in the beginning of the proof. Since
y was arbitrary, it suffices to show that x and y belong to the same connected
component.
Let w* € Sx« be a support functional for w € Sx. Define F' € S¢,(r,x)~ by
F(u) = 77‘”*(“(””;_"(9)) for each u € Cy(L,X). Note that F' is a support functional
for (f —g) ®w € S¢y(1,x) as

F((f—g)®@w)=
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Since Cy(L, X) was assumed to be convex-transitive we obtain that

sup F(conv(Ge, (,x)(f @ w))) = F((f —g) @ w) = 1.
In particular we may select by the linearity of F' an element G € G, (1,x)(f ® w)
such that F(G) > <. This means that w*(G(z)), —w*(G(y)) € (55,1]. Hence
(2.14) IG(@)lIx, [|G(y)lIx € (4/5,1],
since ||w*||x« = 1.
Again, by (2.10) we may write G(t) = o(t)(f(h(t))w). Note that ||G(t)||x =
|f(h(t))| for all t € L. Thus ||G(t)||x < & for all t € L\ h™(U,) and hence

x,y € h~1(U,) by (2.14). Clearly z and y belong to the same connected component
as U, is connected. |

Theorem 2.6. Let (L, 7) be a locally compact Hausdor(f space.

(1) If X is a strictly convex Banach space and Co(L,X) is convex-transitive,
then X is convex-transitive.

(ii) If H is a Hilbert space, dim(H) = oo and Co(L) is convex-transitive, then
Co(L,H) is convezx-transitive.

Our argument below relies strongly on the assumption that dim(H) = co. We
do not know if this assumption can be removed.

Proof. (i). Fix z,y € Sx. Let F,G € Co(L,X) be given by F = e()z, G =
e(-)y, where e € S¢,(1). By the local compactness of L and the continuity of e
there is to € L such that |e(top)| = 1. Since Cy(L,X) is convex-transitive, there
exists a sequence (T )nen C Gey(r,x) such that G € conv((Ty(F))nen). Since X
is strictly convex, representation (2.10) gives that T.,(F)(to) = o, (to)(e(hn(to))x)
for suitable sequences (o,,) and (h,). Recall that here o,,: L — Gx are continuous
and h,: L — L are homeomorphisms for n € N. Since G(to) € {£y} we obtain for
an = e(hy(to)) € [—1,1] that

(2.15) y € conv({on(to)(anx)|n € N}) C conv(conv({o, (to)(xz)|n € N}))
' = conv({xo,(to)(x)|n € N}) C conv(Gx (z)).

Hence X is convex-transitive.

(ii). Let H be an infinite-dimensional Hilbert space and let {e,} er be an
orthonormal basis of H. Fix v9 € I', 0 < € < 1 and Fy,Go € Sc,(r,m)- Define
r: H— Sy U {0} by r(z) 2z for z # 0 and r(0) = 0. Recall that r is continuous

IEl

away from 0.

We will make crucial use of the fact that there exists a (|| - ||, SOT) -continuous
map A: Su \ {e4,} — Gu such that
(2.16) A(z)(ey,) = x for all x € Sy \ {eq, },

see [1, Prop 5.4]. We will advance in two steps to complete the proof. The first,
rather technical step is needed in order to apply the above fact (2.16). This step
uses the assumption that dim(H) = co. The second step involves applying the fact
(2.10).

Step 1. Note that the subset {t € L : [|Fo(t)|| > §} C L is compact, and its
image under the continuous mapping Fy is also compact. Since dim(H) = oo one
can find by approximation an index p € ', p # 70, such that [|P, o Fy(t)|| < § for
t € L such that |[Fy(t)[| > §. Above P,: H — [e,] is the orthogonal projection. It
follows that |[P, o Fy(t)|| < § forall t € L.
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Towards an application of (2.16) we define an auxiliary mapping F € Co(L,H)
by perturbing Fj as follows:

[ IR@I(F) + Se) it o0
F®) = { E @) (I Fo )l (Fo(t) + Se) + (£ = HIR@®)lDen) it [[Fo(t)]

Put rp(t) = r(F(t)) for t € L such that F(t) # 0 and rp(t) = e, otherwise. Then
F and rp satisfy the following conditions:

2
<

[ SIS Y

(a) [|F@)|| = ||Fo(t)]| for t € L.
(b) ||[Fo — F|| <e.

(c) ( ) [e~o] € {0}
@l rr(t) = e

Indeed, conditions (a) and (d) are immediate. Condition (b) follows by analyzing
the upper and lower cases separately. In the upper case one applies geometric
estimates in the euclidean plane spanned by Fy(t) and e, in H. If one writes
[[Fo(t)[|r(Fo(t) + §en) = bFo(t) + ce for suitable b,c € R and el Fy(t), where
lle]| = 1 and [[Fo(t)]| > §, then [([[Fo(t)]] — b)] < § and [c] < §. The lower
case follows immediately by applying the triangle inequality. Towards condition
(c), given t € L, write P, (Fyo(t) + Seu) = ae, for suitable a € R. The fact that
||Pyo Fo(t)]] < £ for t € L yields that a > 0 above. Thus P,r(Fy(t) + Se,) # 0 for
all t € L and Pur(||[Fo(t)||r(Fo(t) + gen) + (£ — 1l[Fo(t)||)en) # 0 for ¢ such that
|[Fo(t)|| < §. Hence (c) holds, since e, Le,.

Similarly, by using a suitable v € I\ {e, }, one can define G € Cy(L, H) and rg,
which correspond to Gy and have analogous properties. Observe that rp and rg
are continuous mappings L — Sy by condition (d) and the continuity of F' and G.

Step 2. We claim that the map

E(t) — A(ra(t)) o Ap(®) "L (E(t), te L, E e Co(L,H)

defines an element in Ge (z 1. Indeed, recall that A is (|| - ||, SOT)-continuous and
(Gu, SOT) is a topological group, which means that the group operation and the
taking of the inverse are continuous. Thus the composition L — Sy x Sy — Gu
given by

t (rg(t),1r(t) = Alra(t) o (A(rp(1) ™
is (7,SOT)-continuous. Clearly A(rg(t)) o (A(rp(t)))~! € Gu for t € L. By (2.16)
we obtain that

(217)  16(t) = Alta(t)(e) = ACra(D) o (Atp (1) (p(t) for t e L.

Consider ||G()|], [|F(-)]] € Co(L). One can find by the convex-transitivity of
Co(L) and (2.10) homeomorphisms h,: L — L and continuous functions 6,,: L —
{—1,1} for n € N such that ||G(-)|| € conv({6,()||F (hn(-))|| : n € N}).

Put T,,(E)(t) = A(rg(t)) o (A(rp(hn(t))))"H(E(t)) for n € N, E € Cy(L,H) and
t € L. By (2.17) we obtain that T, (F o hy,)(t) = ||F(hn(t))||ra(t) for all t € L.

Since ||G(+)|| € conv({0,()||F (hn(-))|| : n € N}) C Co(L), we obtain that

G() = [IGO)Ire() € conv({0n()[|F(ha()[ra(-) : n € N})
= @ ({(0n()T) 0 Tu(F(hn(-)) : n€N}) C Co(L,H).

Note that according to (2.10) the map E(:) — (0,()I) o T,,(E(h,(+))) defines an
element in G, (r,m) for n € N. Hence G € conv(Ge, (z,m)(F)). Since Fy, Go and €




CONVEX-TRANSITIVITY AND FUNCTION SPACES 9

were arbitrary, Fact 2.3 and condition (b) yield that Co(L,H) is convex-transitive.
(I

3. SOME NEW EXAMPLES

Even though there exist plenty of transitive spaces, very few concrete examples
of almost transitive and convex-transitive (scalar-valued) function spaces are known
(see [3]). Next we will demonstrate transitivity conditions for a few fairly concrete
spaces by direct proofs. These new examples are obtained by performing natural
operations on classical function spaces.

In this section we denote

(52(k) = o € (%(r) : lsupp(a)] < A} € (),

where k, A are infinite cardinals and A < k. This clearly defines a closed subspace of
0>°(k). Recall that £ stands for the successor cardinal of &, i.e. the least cardinal
strictly larger than k, and k™ = (xT)*.

In [25] the special role of 1-codimensional subspaces of L? in connection with
the rotations is discussed. There it is also verified that the subspace

{xeLl‘/ dt—O}CLl

appearing in the following result is neither 1-complemented, nor isometric to L®.
Theorem 3.1. The subspace M C L' is almost transitive.

Proof. For each f € L' we denote f(t) = max(f(t),0) and f_(¢) = min(f(¢),0),
sothat f = fy + f_. Fix x,y € Syn and € > 0. Let AUB = [0, 1] be a measurable
partition such that A = supp(z4). Similarly, let C U D = [0,1] be a measurable

partition such that C' = supp(y4). Observe that ||z4|| = ||z—|| = l|ly+|| = lly=]|| =
1
5.

Note that if E,F C [0,1] are measurable sets with strictly positive measure
and R Ll( ) — LY(F) is a positive linear isometry onto, then [, f(¢) dt =
S R(f)(t) dt for f € L'. Indeed,

fE f@) dt = [5 f+(t) dt+fE dt—||f+||L1 y — I =llL )
= |[R(f)lrm) = IR r) = fF fp —R(f-)(t) dt
= JpR(H(H) dt

since f = fy + f—, R(f+) > 0 and R(f-) <0.

Let Ry: L'(A) — LY(C) and Re: L*(B) — L'(D) be positive linear isometries
onto. Then [,z (t) dt = [, Ri(z4|a)(t) dt and [px_(t) dt = [, Ro(x_|p)(t) dt
by the above observation. Since both Ri(z1|a),yi|c € L*(C) are positive and
have norm , it follows by the standard argument, which is used to prove that
L'is almost transitive (see e.g. [19, Thm. 3.1]), that there is a positive rotation
Ty: L'(C) — LYC) such that ||TiRi(z4]a) — y4+|c|| < §. Similarly there is a
positive rotation Ty: L' (D) — L'(D) such that [|ToRa(2—|p) — y—|p|| < 5. Now

T\Ry ® ThRy: L' = L*'(A) @, LY(B) — LY(C) @, LY(D) = L*
is a positive linear isometry onto. Hence f[o y f() dt = f[o 3 R()() dt for each
f € LY so that (Th Ry @ ToR2)|p1: MY — M? is a linear isometry onto. Note that

|[(T1R1 & TaRs2)x — y|| < €. Since x,y and € were arbitrary, we conclude that M?!
is almost transitive. O
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We refer to [13] for background in ultraproducts in Banach space theory. Recall
that an ultrafilter ¢ is non-principal if it does not contain any singletons. The writer
thanks A. Hirvonen and T. Hyttinen for providing help in proving the following fact.

Lemma 3.2. (Homogeneity) LetU be a non-principal ultrafilter on N and A, B C N
be infinite sets such that A, B ¢ U. Then there is a permutation h: N — N such
that

(i) h(A) = B.

(ii)) h(U) €U if and only if U € Y.
Proof. Observe that N\ (AU B) € U. Let L, M C N\ (AU B) be infinite disjoint
subsets such that LU M = N\ (AU B). Without loss of generality assume that
MeUand L ¢U.

Since A and L are infinite and disjoint, there is a bijection g: AUL — AUL
such that g(A) = L and g(L) = A. Define §: N — N by glaur = g and g|a aur) =
id|w\(aur)- Note that V' € U if and only if V'\ (AU L) € U. Hence §(U) € U if and
only if U € U.

Similarly, one can construct a bijection f: N — N such that f(L) = B, f(B) =1L
and f(U) € U if and only if U € Y. Observe that h = fo §: N — N is the claimed
permutation. O

Fact 3.3. Let I’ be a non-empty set. Then Byee () = conv({—1,1}") C £=(T).

The proof is left as an exercise (see [12, p.99]). Note that each x € By (1) can
be approximated by elements of {—1, —%, oo 2L 1 where n € N.

Theorem 3.4. Let U be a non-principal ultrafilter on N and
Y = {(x,) € £=°] hzflnx” =0}.

Then Y /co is convez-transitive.

Let us make a few comments before the proof. Recall that ¢°° itself is far away
from being convex-transitive in view of the characterization of the rotations of £*°
(see [20, 2.£.14]). Note that ezactly one of the sets {2n| n € N} and {2n+1| n € N}
is a member of U, say {2n + 1jn € N} € U. Thus (x,) — (0,21,0,22,0,z3,...)
defines an isometric embedding ¢*° — Y. In particular, Y/co is a non-separable
space containing an isometric copy of £*°/cg.

Proof. First note that if z = (z,) € £ is such that limy |x,| = ¢ > 0, then
dist(z,Y) > ¢ > 0 because ||z — y|| > ¢ for each y € Y. Thus Y C £ is a closed

subspace.
Recall (see [20, 2.£.14]) that T' € Gy if and only if

(3.1) T((xn)n) = (0(n)Tr(m))n,
where m: N — N is a bijection and : N — {—1,1}. Also note that such an isometry
T restricted to ¢ is a member of G, .

Next we will check that if T € Gy, then T:z+ co — T(x) + ¢, for x € £,
defines a rotation £>°/cy — £ /cy. Indeed, it is well-known that T: £°/cy —
£ /¢y is a linear bijection. Moreover, inf.c., ||z — 2|| = inf.eq, ||T(z) — T(2)|| =
inf e, ||T(2) — z||, so that T: €°°/co — £°°/cq is an isometry.

Note that if the permutation 7 above is such that 7= 1(U) € U exactly when
UelU, then T|y: Y — Y is a rotation. To summarize, f|y/60 € Gy/e, for such m.
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Fix u,v € Sy ¢y. lf 2,y € Y are such that u = x + ¢ and v = y + ¢o, then

(3.2) dist(z, ¢p) = limsup |z, | = 1 = dist(y, ¢p) = lim sup |y, |,

n—oo n—oo

since u,v € Sy/.,. Hence we may pick x,y € Sy such that u = x+co and v = y+co.

Fix k€ N. Let A={neN: [z, >1—1}and B={n e N: [y,| > 1+}.
Observe that these are infinite sets by (3.2) and that N\ A, N\ B € Y. Thus, by
Lemma 3.2 there is a bijection 7: N — N such that 7(B) = A and n(U) € U if
and only if U € Y. Observe that T: Y — Y; (Zn)nen = (Zx(n))nen is a rotation.
Put w = (wn)nen = (Tr(n))nen € Gy (). By the definition of the sets A and B we
obtain that |w,| > 1— 1 if and only if n € B.

Fix an auxiliary point z € Y, which satisfies

1 1
||y—z||ygE, |zn|Sl—EfornEBandzn:OfornEN\B.

Write £°° = (°°(B) & £°(N '\ B). It follows from Fact 3.3 that
z|p € comv({(8(n)| 6(n) = £1 for n € B}).

Since

(3.3) l(wnnes — (ign(uwn)nesllis) <

we obtain by Fact 2.3 that

(3.4) dist(z| g, conv({(8(n)wn )nep| 8(n) = £1 for n € B}) < %
It follows that

(3.5) dist(z, conv({(8(n)wn )nen| 0(n) = £1 for n € N})) < %

Indeed, one can use convex combinations

(3.6) % <Z a;i(fi +9)+ Z ai(fi — g)) €07,
where f; € {(0(n)wn)nep| 0(n) = £1 for n € B} are obtained from (3.4) such that
1> aifi — 2|Blle=(p) < 3 and g = (wn)nem 5 € (°(N\ B). Above we used that
z(n) =0 for n € N\ B.

Since ||y — z|| < £ by the selection of z and (wy,) = (2x(n)) € Gy(z), Fact 2.3
yields that

dist(y, conv(Gy ())) < dist(y, conv({(8(n)xr(n))nen| 0: N — {£1} })) <

NN

Since k was arbitrary we obtain that y € conv(Gy(z)). Thus v = y + ¢y €
conv(Gy /e, (1)), so that Y /co is convex-transitive. O

We note that the technique applied above does not give that Y or £°° /¢y should
be convex-transitive. However, by applying similar ideas we obtain another fairly
concrete example of a convex-transitive space:

Theorem 3.5. The space (25 (k1) /0° (k1) is convea-transitive for any infinite
cardinal k.
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Proof. Let £ be an infinite cardinal and denote X = £°9 (k*1)/00°(k*T). Fix
x,y € Sx. Pick u,v € £33 (k771) such that x = u+ £ (k1) and y = v+ £° (k7).
Thus ||u|| > 1 and ||v|| > 1. Observe that

1 1
Haew™ : Ju(a) > 1+ EH <rkand [{a € kT Jv(a)|>1+ EH <k

for each k € N since x,y € Sx. Thus, by using the fact that |wg X k| = k we obtain
that [{a € k1T : |v(a)] > 1} <k and [{a € k1T : |u(a)] > 1}| < k. Hence u and
v above can be chosen such that u,v € Sg?+(ﬁ++).

Put 4; = {o € k7" ¢ Ju(a)] > 1 — 1} for i € N. Observe that |A;] = x*
for i € N since € Sx. Also note that [supp(u)| = [supp(v)| = &*. Fix B C
kT \ (supp(u) U supp(v)) such that |B| = k*. Write I' = supp(u) U supp(v) U B.

This finishes the combinatorial part of the argument at hand. The essential point
above was to find suitably normalized u,v and I". Next we aim to show that when
regarding u, v € Sy (ry it holds that

(3.7) v € eonv(Gyee (ry(u)) C £7°(T).

In such a case one can see similarly as in the proof of Theorem 3.4 that y €
conv(Gx (x)), which gives the claim.

To prove (3.7) observe that for each i« € N there is a bijection m;: ' — I such
that 7;(4;) = supp(v). For each i € N define w: T' — R by

w? (@) = Xeupp(w) (@)sign(u(m; ())) + Xr\supp(e) (@)ulm; * (@)).

One can check that v € W({(G(a)w(i)(a))aep] 0: T — {£1} }) by applying
Fact 3.3 on supp(v) and the (trivial) equality M = 0 on I' \ supp(v)
similarly as in (3.6) and (3.5). Finally, Fact 2.3 and the observation that ||u(m; ) —

w®||gory < 1 for i € N yield (3.7). 0

4. FINAL REMARKS: CONSTRUCTIONS FOR TRANSITIVE SPACES

Recall that each transitive space contains a separable almost transitive subspace
(see [5, Cor.1.3], also [3, Thm. 2.24]). In fact, it turns out below that one can
always pass to a suitable transitive subspace of density character at most 2%,

Theorem 4.1. Let X be a transitive space and let Y C X be a subspace with
dens(Y) < 2%, Then there exists a closed subspace Z C X such that

(1) YcCZ

(2) dens(Z) < 2%
(3) Z is transitive with respect to subgroup T = {T € Gx| T(Z) = Z} of Gx.

Let us recall the following folklore fact which is proved here for convenience.

Fact 4.2. Let (Y,d) be a metric space, k a cardinal with cf(k) > wo and {Yo }a<x
an increasing family of closed subsets. Then |, ., Yo is closed.

—d
Proof. Assume to the contrary that there is € (J, . Ya \ Uy<, Ya. For each
n < wy let o, < K be the least ordinal such that dist(z,Y,, ) < n%rl It follows from
the selection of = that sup,,_,, 0n = &, which contradicts cf(x) > wo. O
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Proof of Theorem 4.1. If dens(X) < 2%°, then the claim holds trivially by putting
7 = X, so let us assume that dens(X) > 2%°. We will apply the following fact. If £
is a Banach space with dim(FE) > 2 and dens(E) < 2% then |[Sg| = 2%°. Indeed,
clearly |Sg| > 2%. If D C E is dense and |D| < 2%, then of course D N B is
dense in B and |[DNBg| < 2% Note that for each e € By there is a sequence
(dn) € DN Bg such that d,, — e as n — oo. Thus, in order to estimate |Bg|, let
us estimate the number |(D N Bg)“?| of sequences of D N Bg as follows:

[(DNBg)“°| < (2%0)%0 = 2RoNo = g%,
Hence |Sg| < |Bg| < 2% and consequently |[Sg| = 280, Observe that there are
(4.1) ISE x Sg| = |20 x 2%0| = 2%

many pairs (z,y) € Sg X Sg.

We may assume without loss of generality, possibly by passing to a larger sub-
space Y, that dens(Y) = 2%, Next we will apply the transitivity of X in a transfinite
induction. We will construct increasing sequences {7 } o <oxo and {Za }o<o%0, which
consist of subgroups of Gx and closed subspaces of X, respectively. Put Z;5 =Y
and 7o = {Ix}. For each 0 < a < 2% we will construct a subgroup 7, C Gx and a
subspace Z, C X, which satisfy the following conditions:

(a) [Ta] < 2%.

(b) 73 C 7, for 5 < cu.

()ForeachmyGSXﬁU o 23 there is T' € 7, such that T'(z) =

(d) Z, =span(U{T(Z3)] T E Ta, B < a}l).

(e) dens( o) = 2%,

In the case @ = 0 only (a) and (e) apply. Suppose that we have obtained this kind
of construction for all o < v, where 0 < y < 2%, Observe that

dens (U Z’y) < |y x 280 = 2%,

a<ly

Thus, by (4.1) and the transitivity of X there is a subset F C Gx such that for
each pair z,y € Sx N Ua<7Z there is T' € F such that T'(z) = y and |F| = 2%,
Let 7, C Gx be the subgroup generated by the set an To UF. Then 7, satisfies
conditions (b) and (c) (for @ = ). Note that |7,| < |(y 4+ 1) x 280 x Rg| = 2%, s0
that 7, satisfies condition (a). Observe that dens(Z,) < |7, x v x 280 x Rg| = 2%o,
so that condition (e) holds, as Y C Z,. This completes the induction.

Put Z = {J, .o Za and observe that dens(Z) = 2%. Note that Y C Z by the
construction. Recall that according to Konig’s Lemma cf(280) > Ry (see e.g. [7,
Lm. 10.40]). Hence by Fact 4.2 we obtain that

(4.2) Z= | Za

a<2Ro

Fix z,y € Sz and T € J, v Ta- Let 0 < 2% be such that T' € 7,. According
to (4.2), there is 3 < 2% such that x,y € Zg. Then T(x) € Zmax(o,5)+1 C Z by
the construction of Z. Since T and € Sz were arbitrary, we get that in fact both
T(Z) C Z and T~Y(Z) C Z hold. This means that Tz is a bijection Z — Z.
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Observe that there is S € 7341 such that S(z) = y by the construction of Z.
Since = and y were arbitrary and (J,_qx, 7o C 7, we conclude that Z is transitive
with respect to 7. O

Remark 4.3. Observe that in Theorem 4.1 one has some control of the density
character of Z, which, even though being a superspace of Y, is a still subspace of
X. To put Theorem 4.1 into perspective, recall that every Banach space can be
isometrically regarded as a subspace of a suitable transitive Banach space (see [3,
Cor. 2.21]). Recently Hirvonen and Hyttinen observed using model theoretic tools
[15, Thm.2.10] (see [14, Thm. 1.13] for details) that there exist very homogeneous
Banach spaces containing all the Banach spaces up to a given density character:
Let p be an infinite cardinal. Then there exists a Banach space X such that

(1) If Y is any Banach space such that dens(Y) < p, then X contains an
isometric copy of Y.

(2) If closed subspaces Y1, Yy C X with dens(Y1) = dens(Y2) < p are mutually
isometric, then there is T' € Gx such that T(Y;) = Yo.

The construction of X above is not economical in the sense that typically dens(X)
is much larger than p. Since the 1-dimensional subspaces [z] and [y] are isometric
for all ,y € Sx, it follows that in (2) either T'(x) = y or —T'(z) = y, so that X is in
particular transitive. For recent results regarding somewhat economically produced
homogeneous spaces, see [17].
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