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Abstract

It is investigated the problem on extending to the boundary of the so—called ()—homeomor-
phisms between domains in metric spaces with measures. It is formulated conditions on the
function Q(z) and boundaries of the domains under which every Q—homeomorphism admits
a continuous or homeomorphic extension to the boundary. The results can be applied, in
particular, to Riemannian manifolds, the Loewner spaces, the groups by Carnot and Heisenberg.
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1 Introduction

It is studied properties of weakly flat spaces which are a far-reaching generalization
of recently introduced spaces by Loewner, see e.g. [BK], [BY], [Hey], [HK] and
[Ty], including, in particular, the well-known groups by Carnot and Heisenberg,
see e.g. [Hey|, [HH], [KRey], [KRes], [MaM], [MarV], [Mit], [Pa] and [Vo]. On this
base, it is created the theory of the boundary behavior and removable singularities
for quasiconformal mappings and their generalizations that can be applied to
any of the counted classes of spaces. In particular, it is proved a generalization
and strengthening of the known theorem by Gehring-Martio on homeomorphic
extension to the boundary of quasiconformal mappings between domains of quasi-
extremal distance in R™, n > 2, see [GM].

Various modulus inequalities play a great role in the theory of quasiconformal
mappings and their generalizations. In this connection, the following conception
has been introduced by Professor Olli Martio, see e.g. [MRSY;]-[MRSYj3]. Let
G and G’ be domains in R", n > 2, and let @ : G — [1, 0] be a measurable
function. A homeomorphism f : G — G’ is called a Q—homeomorphism if

(1.1) M(T) < [ Q) - "(x) dm(x)
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for every family I' of paths in G and every admissible function p for I'. Here the
notation m refers to the Lebesgue measure in R™. This conception is a natural
generalization of the geometric definition of a quasiconformal mapping, see 13.1
and 34.6 in [Va] and it is closely related to the theory of moduli with weights, see
e.g. [Cay], [Cag], [Ohy], [Ohy] and [Tal.

Recall that, given a family of paths T in R", a Borel function g : R" — [0, o0]
is called admissible for I', abbr. p € adm 7T, if

(1.2) / ods > 1
v
for all v € I'. The (conformal) modulus of I' is the quantity

(1.3) M) = inf /Q

o€admT

The main goal of the theory of ()—homeomorphisms is to clear up various in-
terconnections between properties of the majorant Q(z) and the corresponding
properties of the mappings themselves. The problem of the local and bound-
ary behavior of ()—homeomorphisms is studied in R™ first in the case QEBMO
(bounded mean oscillation) in the papers [MRSY;]-[MRSY3] and [RSY;]-[RSY2],
and then in the case of QEFMO (finite mean oscillation) and other cases in the
papers [IR]-[IRo] and [RSY3]-[RSYg]. The modulus techniques for metric spaces
are developed, for instance, in the papers [Fu|, [He|, [HK] and [Ma].

In what follows, (X, d, 1) denotes a space X with a metric d and a locally finite
Borel measure p. An open set in X all whose points can pairwise be connected
by continuous curves is called a domain in X.

Now, let G and G’ be domains with finite Hausdorff dimensions o and o/ > 1 in
spaces (X, d, p) and (X', d', i), and let Q : G — [0, 00| be a measurable function.
We say that a homeomorphism f: G — G’ is a Q—homeomorphism if

(1.4) M(JT) < / Q) - ¢ (@) dp(x)

for every family I" of paths in G and every admissible function g for T'.

The modulus of I in the space (X, d, i) is given by the equality

(1.5) M) = inf /Q

o€admT

where the admissible functions for I', as before, are defined by the condition of the
type (1.2). Moreover, in the case of the space (X', d', '), we take the Hausdorff
dimension o’ of the domain G’ in (1.5).

Recall, given a continuous way v : [a,b] — X in a metric space (X,d), its
length is the supremum of the sums

;d(’Y(lfz‘)a’V(tiq))
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over all partitions a =ty < t; < ... < tx = b of the interval [a,b]. The curve  is
called rectifiable if its length is finite.

A space (X, d, u) is called a—regular by Ahlfors if there is a constant C' > 1
such that
(1.6) Chr* < u(B,) < Cr®

for all balls B, in X with the radius r < diam X. As known, a—regular spaces have
the Hausdorff dimension «, see e.g. [Heq], p. 61. We say that a space (X,d, u) is
regular by Ahlfors if it is a—regular by Ahlfors for some « € (1, 00).

We will say that a space (X, d, 1) is upper a—regular at a point zy € X if
there is a constant C' > 0 such that

(1.7) w(B(xg,r)) < Cre

for all balls B(xg,r) centered at xy € X with the radius r < r9. We will also say
that a space (X, d, ) is upper a—regular if the condition (1.7) holds at every
point of X.

2 Connectedness in topological spaces

Let us give definitions of some topological notions and related remarks of a general
character which will be useful in what follows. Let T' be an arbitrary topological
space. A curve (or path) in 7T is a continuous mapping v : [a,b] — T. Later
on, || denotes the locus y([a,b]). If A, B and C are sets in T, then A(A, B, C)
denotes a collection of all curves v joining A and B in C| i.e. y(a) € A, v(b) € B
and y(t) € C, t € (a,b).

Recall that a topological space is connected if it is impossible to split it into
two non-empty open sets. Compact connected spaces are called continua. A
topological space T is said to be arc connected if any two points x; and x5 in T’
can be joined by a path 7 : [0,1] — T, v(0) = z; and 7(1) = 5. A domain in T
is an open arc connected set in 7. We say that a metric space T is rectifiable if
any two points x; and x5 in T' can be joined by a rectifiable path. In particular,
we say that a domain G in T is rectifiable if it is a rectifiable space. A domain G
in a topological space T is called locally connected at a point z, € JG if, for
every neighborhood U of the point x, there is its neighborhood V' C U such that
V NG is connected, [Ku], ¢. 232. Similarly, we say that a domain G is locally
arc connected (rectifiable) at a point zy € 0G if, for every neighborhood U
of the point xg, there is its neighborhood V' C U such that VNG is arc connected
(rectifiable).

2.1. Proposition. Let T be a topological (metric) space with a base of
topology B consisting of arc connected (rectifiable) sets. Then an arbitrary open
set Q2 in T' is connected if and only if ) is arc connected (rectifiable).

2.2. Corollary. An open set ) in R", n > 2, or in any manifolds is
connected if and only if  is arc connected (rectifiable).
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2.3. Remark. Thus, if a domain G in R", n > 2, is locally connected
at a point xg € OG, then it is also arc connected at xy. The same is true for
manifolds. As we will show later on, the connectedness and the arc connectedness
are equivalent for open sets in a wide class of the so—called weakly flat spaces
which include the known spaces by Loewner and, in particular, the well-known
groups by Carnot and Heisenberg.

Proof of Proposition 2.1. Let first €2 be arc connected. If €2 is simultaneously
not connected, then 2 = ; U Qs where §2; and )y are open non—empty and
disjoint sets in T. Take x; € Q; and x5 € €2y and connect them with a curve ~ :
[0,1] — Q,7(0) = 2; and v(1) = @5. Then the sets w; = y7'1Q; and wy = y71Qy
are disjoint non—empty and open in [0, 1] by continuity of . However, the last
contradicts to the connectedness of the segment [0, 1].

Now, let €2 is connected. Take an arbitrary point xy € €2 and denote by €2y the
set of all points z, in €2 which can be connected with zy through a finite chain
of sets B, C () in the base B, k = 1,...,m, such that xy € By,z, € B,,, and
BkmBk—f—l #@,/{3: 1,...,m— 1.

Note, firstly, that the set )y is open. Indeed, if a point yo € {2, then there
is its a neighborhood By C 2 in the base B and all points of this neighborhood
belongs to €1y . Secondly, the set ) is closed in €.

Really, assume that 09y N Q # (). Then for every point 2y € 9Qy N there is
its neighborhood By C € in the base B, and in this neighborhood there is a point
x, € Qg because zg € 0€)y. Thus, zy € €1y by the definition of the set 3. However,
o is open and hence Q¢ N 9y = 0. The obtained contradiction disproves the
above assumption.

Thus, € is simultaneously open and closed in €2 and, consequently, being non-
empty it coincides with the set 2 in view of its connectivity. But €2y by the
construction is obviously arc connected.

Finally, if the space T  has a base of topology B consisting of rectifiable domains,
then, covering any path v in T" by the elements of this base, we are able to choose
its finite subcovering leading to the construction of the corresponding rectifiable
path.

2.4. Proposition. If a domain G in a metric space (X,d) is locally arc
connected (rectifiable) at a point xy € 0G, then xq is accessible from G through
a (locally rectifiable) path v : [0,1] — X, 7([0,1)) C G, v(1) = .

Proof. Choose a sequence of neighborhoods V,,, of the point xy where W,,, =
VNG are arc connected (rectifiable) and W,,, C B(xy,27™) and also a sequence of
the points x,,, € W,,, m = 1,2,..., and connect the points z,, and x,,,; pairwise
with (rectifiable) curves =, in W,,. Uniting the curves ~,,, m = 1,2,..., and
joining ¢ in the end, we obtain the desired (locally rectifiable) path to the point
xo from G.

Recall it is said that a family of curves I'y in 7" is minorized by a family of
curves I's in T', abbr. I'; > I'y, if, for every curve v, € I'y, there is a curve v5 € I'y
such that =, is a restriction of ~;.
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2.5. Proposition. Let () be an open set in an arbitrary topological space

T. Then
A(Q,T\Q,T) > A(2,00,9Q).

Proof. Indeed, for an arbitrary curve 7 : [a,b] — T with v(a) € Q and
v(b) € T\ Q, by continuity of v the preimage w = y~1(Q) is an open set in |[a, 0]
including the point a. Similarly, the preimage w = v~1(T"\ Q) is also open in [a, b].
Thus, in view of connectivity of the segment [a, b], there is ¢ € v~ 1(9f2) such that
1(la,c)) € Q.

2.6. Proposition. Let v be a rectifiable curve in a metric space (X,d)
connecting points x; € B(xg, ) and x9 € X \ B(xg,r2) where 0 < r; < ry < 00
and let p : [0, 00] — [0, 00] be a Borel function. Then

/ pld(z,xo))ds > 7p(7“) dr.

5

Proof. Indeed, by the definition for the length of a curve in a metric space
v : la,b] — X, the length of a segment of the curve

s(t1,ta) > d(y(t1),(t2)) -

Moreover, by the triangle inequality
d(zo,v(t2)) < d(xo,y(t1)) + d(v(t1), v(t2))

and

d(zo,v(t1)) < d(xo,y(t2)) + d(v(t1),(t2)) ,
thus,

d(y(t1),~(t2)) = |d(zo, v(t2)) — d(zo, v(t1))]-
Consequently,

ds > |dr|
where r = d(x,z9), x = z(s). Finally, by the Darboux property of connected
sets, the continuous function d(x,zy) takes all intermediate values on ~, see e.g.
[Ku]. Hence the multiplicity of any value r in the interval (r1,rs) of the curve is
not less than 1 and the desired inequality follows.

2.7. Proposition. IfQ and €)' are open sets in metric spaces (X, d) and
(X', d"), correspondingly, and f : Q0 — € is a homeomorphism, then the cluster
set of f at every point xy € 0,

Clxo, f):={2 € X' : 2 = lim f(z,), o — T, T, € Q },

n—oo

belongs to the boundary of the set €Y.

Proof. Indeed, assume that some point yo € C(xg, f) is inside of the domain
V. Then by the definition of the cluster set, there is a sequence x, — xy as
n — oo such that y, = f(z,) — yo. In view of continuity of the inverse mapping
g = !, we have that x, = g(y.) — g(vo) = z. € Q. However, the convergent
sequence x, cannot have two limits zy € 02 and x, € () in view of the triangle
inequality d(x,, o) < d(xy, ) + d(,, o).
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3 On weakly flat and strictly accessible boundaries

In this section, G is a domain of a finite Hausdorff dimension o > 1 in a space
(X,d, u) with a metric d and a locally finite Borel measure p.

We will say that the boundary of GG is weakly flat at a point xy € 0G if,
for every number P > 0 and every neighborhood U of the point x( there is its
neighborhood V' C U such that

(3.1) M(A(E,F;G)) > P

for all continua £ and F in G intersecting OU and 0V.

We will also say that the boundary of the domain G is strictly accessible
at a point xy € 0G, if, for every neighborhood U of the point xg, there exist a
compact set £ C G, a neighborhood V' C U of the point xy and a number § > 0
such that

M(A(E, F;G)) > 8

for every continuum F' in G intersecting OU and OV.
Finally, we say that the boundary 0G is weakly flat and strictly accessible
if the corresponding properties hold at every point of the boundary.

3.2. Remark. In the definitions of the weakly flat and strictly accessible
boundaries, one can restrict itself by a base of neighborhoods of a point zy and,
in particular, one can take as the neighborhoods U and V of the point zq only
small enough balls (open or closed) centered at the point zy. Moreover, here one
may restrict itself only by continua F and F in U.

3.3. Proposition. If the boundary 0G is weakly flat at a point xq € 0G,
then OG is strictly accessible at the point x.

Proof. Let P € (0,00) and U = B(xg,19) where 0 < rg < dy = supd(z, o).
e

Tre
Then by the condition there is r € (0,7¢) such that the inequality (3.1) holds for
all continua F and F intersecting 0B(z, ro) and dB(zq, 7). By arc connectedness
of G there exist points y; € G N IB(xg,ro) and yo € G N IB(xg,7). Choose as a
compactum F an arbitrary curve connecting the points y; and y, in G.
Then, for every continuum F in G intersecting OU and 0V where V' = B(z, 1),
the inequality (3.1) holds.

3.4. Lemma. Let G be a (rectifiable) domain in (X,d, p). If 0G is weakly
flat at a point xy € OG, then G is locally arc connected (rectifiable) at x.

Proof. Let us assume that the domain G is not locally arc connected (recti-
fiable) at the point xy. Then there is rq € (0,dy), dy = sup d(x,zo) such that
G

fAS

o = (G N B(xg,m9)) < oo and, for every neighborhood V' C U := B(xg,1¢) of
the point xg, at least one of the following conditions holds:

1) VNG has at least two arc connected (rectifiable) components K; and Kj
such that xo € K1 N Koy;
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2) VN G has infinitely many arc connected (rectifiable) components K, ...,
K,,, ... such that zy = WILLI%O x,, for some z,, € K,,. Note that K,, N oU # () for

all m =1,2,... in view of the arc connectedness of G.

In particular, either 1) or 2) holds for the neighborhood V' = U = B(z,r).
Let 7, € (0,79). Then

* ok H
M(A(KZ,KJ,G>) < M, I:m < 00

where K = K; N B(wo,7.) and K; = K; N B(xo,7.) for all i # j. Indeed, one of
the admissible functions for the family I';; of all rectifiable curves in A(K}, K7; G)

1S
p(x) = o) € B\ B.,
0, zeX\(B\B),

where By = B(zo,r9) and B, = B(xg,7.) because the components K; and K;
cannot be connected by a (rectifiable) path in V' = B(z, rg) and every (rectifiable)
path connecting K and K7 at least twice intersect the ring By \ B..

In view of 1) - 2), the above modulus estimate contradicts to the condition of
the weak flatness at the point xy3. Really, by the condition, for instance, there is
r € (0,r,) such that

M(A(K? K ;G)) > My + 1

0?7~ "J07
for some pair i and jo, io # jo, because in the corresponding K and K7 there
is at least one curve intersecting 0B(xq,7.) and 0B(xo, 7).

Thus, the above assumption on the absence of the arc connectedness (rectifia-
bility) of G at the point xy was not true.

3.5. Corollary. A (rectifiable) domain with a weakly flat boundary is
locally arc connected (rectifiable) at every point of its boundary.

4 On finite mean oscillation with respect to a measure

Let G be a domain in a space (X, d, ). Similarly to [IRy], cf. also [HKM], we
say that a function ¢ : G — R has finite mean oscillation at a point x( € G,
abbr. ¢ € FMO(xy), if

(41) i o) =Bl dpfa) < oo
where .
Po=f P i) = s [ ola) dutw)

G(z0,e)

is the mean value of the function ¢(x) over the set

G(zo,e) ={r € G : d(z,20) < €}
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with respect to the measure p. Here the condition (4.1) includes the assumption
that ¢ is integrable with respect to the measure p over a set G(xg,e) for some
e >0.

4.2. Proposition. If for some collection of numbers ¢. € R, € € (0, &g,

4.3 lim ) — | du(r) < oo,
(43 Ty £ lo@) = duta)

then p € FMO(xy).

Proof. Indeed, by the triangle inequality

7Z o(x) =, du(z) < 7Z o) — @] du(z) +|ee — P <
G(moﬁ)‘ ( ) ‘ ILL( ) G(mo,€)| ( ) ‘ 'u( ) ’ ‘ -
< 2 olr) — @ du(z).
G(xo,e)‘ ( ) | 'LL( )

4.4. Corollary. In particular, if

(4.5) lim o(x)] dp(r) < oo,
e—=0 JG(xo,e)

then p € FMO(xy).

Variants of the following lemma have been first proved for the BMO functions
and inner points of a domain G in R” under n = 2 and n > 3, correspondingly, in
[RSY:]-[RSY,] and [MRSY,]-[MRSY3], and then for boundary points of G in R",
n > 2, with the condition on doubling of a measure and for the FMO functions

in [IR4].

4.6. Lemma. Let G be a domain in a space (X,d,u) which is upper
a—regular with o > 2 at a point ¢ € G and

(4.7) (G N B(xg,2r)) < 7 -log* 2 % - 1(G N B(xg, 7)) Vre (0,1).

Then, for every non—negative function ¢ : G — R of the class FMO(x),

(4.8) / ple) du(z) )a =0 (log log é)

1
GNA(e,e0) (d(l‘, :EO) log d(x,x0)

as ¢ — 0 and some g € (0,09) where 0y = min (e ¢, dy), dy = sup d(z, x¢),
zeG

Ale,e0) = {z € X 1 e <d(x,x9) <o}

Proof. Choose g € (0, dy) such that the function ¢ is integrable in Go = GN By
with respect the measure p where By = B(xq, €),

5= sup ]g(r)wmwm < oo,

r€(0,e0)



On the mapping theory in metric spaces

G(r) = GN B(r), B(r) = B(xzo,7) = {x € X : d(z,z9) < r}. Further, let
e< 2y, er=2%e, Ap={r€ X e <d(x,10) <er}, Brp= B(ex) and
let ¢ be the mean value of the function ¢(z) in G, = GN By, k= 0,1,2... with
respect to the measure p. Choose a natural number N such that e € [eyy1,en)

N

and denote »(t) = (tlogy1/t)=®. Then G N A(e,e0) C Ae) := U Ag where
k=0

A, =GNA, and

ne) = [ @) d(x,20)) du(x) < |5i| + S,
A(e)

Sl<€) = Z

k=1

(o(x) = pr) 2(d(x, 20)) du(z) ,

b

™=

S(e) = X o [ ld(w,a0) du(a)
1 Ag

Since Gy C G(2d(x,xy)) for x € Ak, then by the condltion (L.7) n(Gr) <
w(G(2d(x,x0))) < C-2% - d(x,x0)%, .. W <C-2¢ ( 5

Moreover, ——— < -L for z € A, and, thus,
(log, d(w,wo)) k

k

=z

1
15| < 50-2@2 = < 26C - 2¢

because under @ > 2

k=2 a—1
Further,
[ Adta o)) dute) < 7 [
Ap k ’
L O p(G) - p(Grn) _ O
T ke 1(Gr) ke

Moreover, by the condition (4.7)

p(Gir) = p(B(2) 1 G)) < 7 logg ™ — - u(Gi)

and hence

v -logg™ 7-logy o 0o 1
< TG / [(p(2) — r—1)| dp(z) < 6-v-logy™ —
k— 1 €k
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and, by decreasing ey,

k
or = lokl < o1 + ) ler—wial < @ +k57‘10g§“2€—
=1 k

Consequently, because under o > 2

dt 1

=1
— <1 =1 < 2
Z: ke — + a—1— """
= 1
we have the following estimates
N + ko - logy ™= —
2 — ‘SQ| < 020: k:a < Z()Ol 7 g €k <

< C2” <2¢1 + oy Z -

k=1

(k +logye')® 2) _

N (k +log, g )2
=2 <2¢1+5yz kao) )S
N o1
< 02~ <2g01 + d7(1 + log, 551)‘“’2 Z E)
and
Noq
n(e) <2°TC(5 + 1) +2°Coy(1 + logy g5 ') Z T
Since N
N o1 dt
ZE< / 7:logN<log2N
k=2 1
and, for gy € (0,271) and € < ey,

1 1 1
€o EN €
then under gy € (0,0dp), 09 = min(e ¢, dy) and € — 0

1
n(e) < 2°71C(8 + 1) +27Coy(1 +logy g5 1) (1 + log, log, g) =

_0 <log log 1) .
19

4.9. Remark. Note that the condition (4.7) is weaker than the condition
on doubling of a measure,

(4.10) w(G N B(xg,2r)) < v-u(GN B(xg,r)) Vr e (0,1)

applied before it in the context of R",n > 2, in the paper [IR4]. Note also that
the condition (4.10) automatically holds in the inner points of the domain G if X
is regular by Ahlfors.
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5 On a continuous extension to the boundary

In what follows, (X,d,u) and (X', d’, i) are spaces with metrics d and d’ and
locally finite Borel measures p and p/, and G and G’ domains with finite Hausdorff
dimensions « and o/ > 1 in (X, d) and (X', d’), correspondingly.

__5.1. Lemma. Let a domain G be locally arc connected at a point xo € JG,
G' be compact and let [ : G — G’ be a Q—homeomorphism such that 0G’ is
strictly accessible at least at one point of the cluster set

(52) C(J}O,f):{yEXI y:kh_)lgof(xk:)v Ty — o, .TkeG},

Q : G — [0, 0] is a measurable function satisfying the condition

(5:3) / Q(x) - ¥5, (d(z, x0)) dp(x) = o(I3(c))

G(zo,e)
as € — 0 where

G(zo,e) ={x € G:e <d(x,z0) < e(xg)}, e(x0) € (0,d(x0)), d(zo) = sup d(x,x),
zelG

and 1, (t) is a family of non-negative measurable (by Lebesgue) functions on

(0, 00) such that

(5.4) 0< I, (c) = /szo,g(t) dt < 0o Yee (0,2).

Then f can be extended to the point xy by continuity in (X', d').

Proof. Let us show that the cluster set F = C(zo, f) is a singleton. Note
that E # ) in view of the compactness of G, see e.g. Remark 3 of the section
41 in [Ku]. By the condition of the lemma, OG’ is strictly accessible at a point
Yo € E. Assume that there is one more point y* € E. Let U = B(yo,ro) where
0 <ro<d(yo,y").

In view of the local arc connectedness of the domain G at the point zq, there
is a sequence of neighborhoods V,,, of the point xq such that G, = G NV, are
domains and d(V,,) — 0 as m — oo. Then there exist points y,, and y;, € F,
which a close enough to yo and y*, correspondingly, for which d'(yo, ym) < ro and
d'(yo,y,) > ro and which can be joined by curves C,, in the domains F,,, = fG,,.
By the construction

Cm N 83(1‘0,7"0) 7é @

in view of the connectedness of C,,.
By the condition of the strict accessibility there is a compact set C' C G’ and
a number § > 0 such that

M(A(C,Cp, GN) > 6

for large m because dist(yy,Cy,) — 0 as m — oo. Note that K = f~1(C) is
compact as a continuous image of a compact set. Thus, g9 = dist(zg, K) > 0.
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Let T'. be the family of all paths in G connecting the ball B, = {z € X :
d(x,z0) < €}, e € (0,&9), with the compactum K. Let ¢} _ be a Borel function

T0,E

such that ¢ _(t) = 4, (t) for a.e. ¢t € (0, 00) which exists by the Lusin theorem,

T0,E

see e.g. 2.3.5 in [Fe].
Then the function

(ZL‘) _ ¢;0,a(d(xvx0))/]$0(€)7 S G(:EO?g)?
Pe 0, =€ X\G(xg,e),

is admissible for I'. by Proposition 2.6 and, consequently,
M(T.) < [ Q@) p(x) du(a)
a

Hence M(fT'.) — 0 as ¢ — 0 in view of (5.3).
On the other hand, for any ¢ € (0,¢), G,, C B. for large m, hence C,, C fB.
for such m and, thus,

M(fT.) > M(A(C,C; G")) .

The obtained contradiction disproves the above assumption that the cluster set
E is not degenerated to a point.

5.5. Corollary. In particular, if

(5.6) Iy [ Q@) v (dlw) dulx) < o

e—0
e<d(z,x0)<eo

where 1)(t) is a measurable function on (0, 00) such that
€0
0< I(e,20) = /Q/J(t) dt < oo Vee (0, =)
and I(g,e9) — 00 as ¢ — 0, then any Q—homeomorphism f : G — G’ can be
extended to the point xo by continuity in (X', d’).
Here we assume that the function @) is extended by zero outside of G.

5.7. Remark. In the other words, it is sufficient for the singular integral
(5.6) to be convergent in the sense of the principal value at the point z, at least
for one kernel i) with a non-integrable singularity at zero. Furthermore, as the
lemma shows it is even sufficient for the given integral to be divergent but with
the controlled speed

(5.8) [ Q@ v (dle,w0) dulz) = o(I°(e,e0))

e<d(z,x0)<eo

Choosing in Lemma 5.1 9(t) = 1/t, we obtain the following theorem.
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5.9. Theorem. Let G be locally arc connected at a point o € 9G, G’
compact and OG' strictly accessible. If a measurable function @ : G — [0, o]
satisfies the condition

(5.10) % = 0<[log ﬂa)

T, To)™
G(zo0,e,€0) 0
as € — 0 where G(zg,e,60) = {z € G : ¢ < d(x,z9) < €9} for g9 < d(zg) =

sup d(z, xg), then any Q—homeomorphism f : G — G’ can be extended to xo by
el
continuity in (X', d’).

5.11. Corollary. In particular, the conclusion of Theorem 5.9 is valid if
the singular integral

Q(x)dp(x)
5.12 / Glrjaptr)
(512) d(z, zg)™
is convergent at the point xo in the sense of the principal value.

Here as in Corollary 5.5 we assume that @) is extended by zero outside of G.

Combining Lemmas 4.6 and 5.1, choosing . (t) = tlog 1, t € (0, d,), we obtain
the following theorem.

5.13. Theorem. Let X be upper a—regular at a point rq € 0G, a > 2,
where G is locally arc connected and satisfies the condition (4.7), and let G be
compact and OG' strictly accessible. IfQ € FMO(xy), then any (Q—homeomorphism
f: G — G’ can be extended to the point xy by continuity in (X', d').

Finally, combining Theorem 5.13 and Corollary 4.4, we obtain the following
statement.

5.14. Corollary. In particular, if

(5.15) lim Q(z) du(x) < oo

e—0 G(zo,e)

where G(xg,¢) = {zx € G : d(x,x9) < €}, then any Q—homeomorphism f : G —
G’ can be extended to the point xoy by continuity in (X', d').

6 On extending the inverse mappings to the boundary

Here, as it was before, see (5.2), C(xg, f) denotes the cluster set of the mapping
f at a point zy € 0G.

6.1. Lemma. Let f: G — G’ be a Q—homeomorphism with Q € L,,(G). If
the domain G is locally arc connected at points x1 and xo € 0G, x1 # x5, and G’
has a weakly flat boundary, then C(x1, f) N C(xq, f) = 0.
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Proof. Set E; = C(x;, f), i = 1,2, and 0 = d(z1,72). Let us assume that
E\ N Ey # 0.

Since the domain G is locally arc connected at the points x; and xs, there
exist neighborhoods U; and U, of the points x; and 9, correspondingly, such that
Wy = GNU; and Wy = G N Uy are domains and Uy C By = B(x1,6/3) and
Uy C By = B(w9,6/3). Then by the triangle inequality dist(W;, Wy) > % and the
function

- % , x € G,
p(x)—{ 0, z€eX\G
is admissible for the path family I' = A(Wy, Ws; G). Thus,

M(T) < [ Q@) @) < 5. [ Q)dutr) < oo
X G

because @ € L,(G).

The last estimate contradicts, however, to the condition of the weak flatness
(3.1) if there is a point yo € F; N Ey. Indeed, then yo € fW; N fWW, and in
the domains W} = fW; and W3 = fW, there exist paths intersecting any pre-
scribed spheres 0B (yo,79) and 0B (yo, ) with small enough radii o and r,, see
Proposition 2.5 and Lemma 3.4. Hence the assumption that F; N E; # () was not
true.

By Lemma 6.1 we obtain, in particular, the following conclusion.

6.2. Theorem. Let G be locally arc connected at all its boundary points
and G compact, G' with a weakly flat boundary, and let f : G — G’ be a
(Q—homeomorphism with () € L}L(G). Then the inverse homeomorphism g =

f~':G' — G admits a continuous extension §: G’ — G.

6.3. Remark. In fact, as it is clear from the above proof, see also Proposi-
tion 2.7, it is sufficient in Lemma 6.1 and Theorem 6.2 as well as in all successive
theorems to request instead of the condition () € Li(G) the integrability of @) in
a neighborhood of 0G assuming @) to be extended by zero outside of G.

7 On a homeomorphic extension to the boundary

Combining the results of the previous sections, we obtain the following theorems.

7.1. Lemma. Let G be locally arc connected at its boundary, G’ have a
weakly flat boundary and G, G' be compact. If a function @ : G — [0, o] of
the class L)(G) satisfies the condition (5.3) at every point zo € OG, then any

QQ—homeomorphism f : G — G’ is extended to a homeomorphism f : G — G'.

7.2. Theorem. Let G and G’ have weakly flat boundaries and G and G’ be
compact and let Q : G — [0, oo] be a function of the class L,,(G) with

o e

X, To)”
G(x0,6,€0) ’
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at every point xy € 0G where G(xg,e,60) = {x € G : € < d(x,x0) < €0}, €0 =
e(xo) < d(xg) = supd(z, o). Then any Q—homeomorphism f : G — G admits
el

an extension to a homeomorphism f : G — G'.

7.4. Corollary. In particular, the conclusion of Theorem 7.2 holds if the
singular integral

g g

is convergent in the sense of the principal value at all boundary points.
As before, here it is assumed that ) has been extended by zero outside of G.

7.6. Theorem. Let G be a domain in an upper a—regular space (X, d, i),
«a > 2, which is locally arc connected and satisfies the condition (4.7) at all
boundary points, G’ be a domain with a weakly flat boundary in a space (X', d', i)
and G and G’ be compact. If a function Q : G — [0, o] has finite mean oscillation
at all boundary points, then any Q—homeomorphism [ : G — G’ can be extended
to a homeomorphism f : G — G.

7.7. Corollary. In particular, the conclusion of Theorem 7.6 holds if

(7.8) lim Q(z) du(xr) < oo

e—0 G(zo,e)
at all points xo € 0G where G(xg,e) ={z € G : d(z,x¢) < €}.
7.9. Remark. If the conditions of the type (5.3), (7.3), (7.5), (7.8) or
finiteness of the mean oscillation hold only on a closed set £ C dG, (), extended
by zero outside of the set F, is integrable in a neighborhood of F, G and G’ are

compact, G is locally connected at every point of F, and G’ is weakly flat at all
points of the cluster set

(T10) ' =C(E,f)={2" e X': 2/ = Jim flxy), o, € G, xp — xg € E},

then the @-homeomorphism f : G — G’ admits a homeomorphic extension f :
GUE—-GUFE.

8 On moduli of families of paths going through a point

In this section we establish conditions on a measure p under which the modulus
of a family of all paths in a space (X,d, 1) going through a fixed point is equal
7Zero.

8.1. Lemma. Let the condition

(8.2) [ vt w0)) dufw) = o [ [ dt]

A(zo,r,Ro)

15
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holds as r — 0 where
A(zg,m,Ry) ={x € X : r < d(x,z9) < Ry}, Ry € (0,00) ,

and let 1 (t) be a non—negative function on (0,00) such that
Ry
0</¢(t) dt < oo vr e (0, Ry)

Then the family of all paths in X going through the point xo has the modulus
zero.

8.3. Remark. The condition (8.2) implies that under r — 0

54 [ WMWWW@Z%UWW4) ¥ 1o € (0, Ro) -

A(zo,r,ro)
Proof of Lemma 8.1. Let I' be the family of all paths in X going through
the point xyg. Then I' = |J I'y, where I';, are the families of all paths in X going
k=1

through xy and intersecth_lg the spheres Sy = S(xg, ;) for some sequence such
that rp € (0, Ry),rp — 0 as k — oo.

However, M(I'y) = 0. Indeed, the function

W(d(w, 20)) <jf@/)(t) dt)l, v € Ay(r),
0, z¢€ X\Ap(r),

plz) =

where A(r) = A(zo,r,7r), is admissible for the family I'y(r) of all paths inter-
secting the spheres Sy and S(zo,7), r € (0,7%). Since I'y > T'x(r), then

M(Tx) < M(Dy(r)) < (/1/1(75) dt) / Vv (d(z, x0)) dp(z)
r Ap(r)

and by the condition (8.2), cf. also (8.4), it follows that M (I'y) = 0 because
r € (0,ry) is arbitrary.

Finally, from the subadditivity of the modulus, it follows that
M(D) €32 M(D) = 0.
k=1
8.5. Theorem. Let, for some Ry € (0,00), under r — 0
d Ry1”
(8.6) / _dp(@) =o0 {bg —0} .
de(z, xg) r
A(zo,r,Ro)

Then the family of all paths in X going through the point xy has the modulus
zero.
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8.7. Remark. For X =R" n > 2, and Ry € (0, 00),

00 ()]

A(zo,r,Ro)

where m denotes the Lebesgue measure and w, _; the area of the unit sphere in
R™.
For spaces (X, d, i) which are upper a-regular at the point xg with a > 1,

d R
(8.9) / @) <log—0> ,
d(z, zg)™ r
r<d(zo,xr)<Ro
see [Heq], cf. 54, and, thus, the condition (8.6) is also automatically holds in such
spaces.

9 On weakly flat and strictly connected spaces

Recall that a topological space T is said to be locally (arc) connected at a
point zy € T if, for every neighborhood U of the point x(, there is a neighborhood
V' C U of the point xy which is (arc) connected, see [Ku|, p. 232. We will say
that a space T is (arc) connected at a point x if, for every neighborhood U of
the point zg, there is a neighborhood V' C U of the point ¢ such that V' \ {z¢} is
(arc) connected. Note that (arc) connectedness of a space 1" at a point x implies
its local (arc) connectedness at the point xy. The inverse conclusion is, generally
speaking, not true.

Here (X, d, ) is a space with a metric d, a locally finite Borel measure p and
a finite Hausdorfl dimension o > 1.

We say that an arc connected space (X, d, 1) is weakly flat at a point 2y € X
if, for every neighborhood U of the point g and every number P > 0, there is a
neighborhood V' C U of xy such that

M(A(E, F; X)) = P

for any continua F and F' in X intersecting 0V and OU.

We also say that an arc connected space (X, d, p) is strictly connected at a
point zy € X if, for every neighborhood U of the point z(, there is a neighborhood
V CU of xyg, a compact set £ in X and a number § > 0 such that

M(AE, F; X)) > 5
for any continua F' in X intersecting 0V and OU.
Finally, we say that a space (X, d, 1) is weakly flat (strictly connected) if

it is weakly flat (strictly connected) at every point.

9.1. Remark. In the definitions of weakly flat and strictly connected spaces,
we may restrict ourselves by a base of neighborhoods of a point zy and, in partic-
ular, one may take as U and V' (open or closed) only small enough balls centered

17
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at the point zp. Moreover, here one may restrict itself only by continua E and F'
in U. It is also obvious that every domain in a weakly flat space is a weakly flat
space.

The following statement is not so important and proved similarly to Proposition
3.3 and hence we omit its proof here.

9.2. Proposition. If a space (X,d, ) is weakly flat at a point o € X,
then X is strictly connected at the point x.

In what follows, the following statement is much more important.

9.3. Lemma. If a space (X,d,u) is weakly flat at a point o € X, then
(X,d, ) is locally arc connected at the point xy.

Proof. Let us assume that the space X is not locally arc connected at the point
xo. Then thereis ry € (0,dp), dy = sup d(x,xg), such that pg := pu(B(xg,ro)) < 00
Te

and every neighborhood V' C U := B(x, o) of the point zy has an arc connected
component K including xo and infinitely many arc connected components K7,
ooy Ky, ... such that xg = nlbirréoxm for some z,, € K,,. Note that K,, N OU # ()

for all m = 1,2, ... in view of the arc connectedness of X, see Proposition 2.5.

In particular, this is true for the neighborhood V' = U = B(zg,1). Let
re € (0,79). Then for all t = 1,2, ...

M(A(K? K5 G)) < M, = [2(7°0M+7“)]a <0

where K} = K;NB(xzo,7,) and K§ = KoNB(xo, ). Indeed, one of the admissible
functions for the family I'; of all rectifiable curves in A(K}, Kj; G) is

plz) = S0 T € By \_B_*’
0, z€X\(By\B,),

where By = B(xg,ro) and B, = B(xg,r,) because the components K; and K,
cannot be connected by a path in V' = B(xg, ) and every path connecting K}
and K at least twice intersects the ring By \ B, see Proposition 2.6.

However, the above modulus estimate contradicts to the condition of the weak
flatness at the point xg. Really, by this condition, for instance, there is r € (0, r,)
such that

M(A(K}, K5 G)) > My +1

107
for some iy = 1,2, ... because in the corresponding K and Kj there exist paths
intersecting 0B(xg, r,) and 0B(xg,r), see Proposition 2.5.

Thus, the above assumption on the absence of the arc connectedness of the
space X at the point xy was not true.

Combining Lemma 9.3 with Proposition 2.1, we obtain the following conclusion.
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9.4. Corollary. An open set Q) in a weakly flat space (X,d,pn) is arc
connected if and only if it is connected.

9.5. Corollary. A domain G in a weakly flat space (X, d, u) is locally arc
connected at a point xq € OG if and only if G is locally connected at the point x.

Combining Lemmas 8.1 and 9.3, we obtain the following result.

9.6. Theorem. If a space (X,d, u) is weakly flat at a point xy € X and the
condition (8.2), in particular, (8.6) holds, then (X,d, u) is arc connected at the
point xg.

By Remark 8.7 we come to the following conclusion.

9.7. Corollary. If aspace X is weakly flat and upper a—regular at a point
xo € X with a > 1, then X is arc connected at the point xg.

9.8. Remark. R", n > 2, is a weakly flat space because
R
(9.9) M(A(E, F;R")) > ¢, log —
,

for all continua F and F intersecting the boundaries of the balls B"(R) and B"(r),
see e.g. 10.12 in [Val.

10 On quasiextremal distance domains

Similarly to [GM], we say that a domain G in (X,d,pu) is a quasiextremal
distance domain, abbr., a QED domain, if

(10.1) M(A(E,F; X)) < KM(A(E,F;Q))
for a finite number K > 1 and all continua £ and F in G.

As it is easy to see from the definitions, a QFD domain G in a weakly flat
space has a weakly flat boundary and, as a consequence, 0G is strictly accessible
and, moreover, G is locally arc connected at all points of the boundary. Thus, all
the above results on the extension of ()—homeomorphisms to the boundary hold
for QFE D domains in weakly flat spaces. Let us give a resume of these results.

10.2. Lemma. Let f be a ()—homeomorphism between QED domains G
and G’ in weakly flat spaces X and X', correspondingly, G' compact and let at a
point xy € 0G

(10.3) [ Q@ v (d,w)) dulw) - ([/ (1) dt] )

A(zo,e,€0)
as € — 0 where

A(zo,e,60) ={x € G: e <d(x,z0) <o}
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and (t) is a non-negative function on (0, 00) such that
€0
0</¢(t) dt < oo Ve e (0,0)
£

Then there is a limit of f(x) as © — xo.

10.4. Corollary. In particular, the limit of f(x) as x — xq exists if

(10.5) [ Qv z)) du(a) < oo
A(zo,e,€0)

and .

(10.6) limg [ (1) di = oo.

£

10.7. Theorem. Let f be a Q—homeomorphism between QED domains G
and G’ in weakly flat spaces X and X', correspondingly, and let GG’ be compact.
If at a point xq € 0G

(103 S (2]

then f admits a continuous extension to the point x.

10.9. Corollary. In particular, the conclusion of Theorem 10.7 holds if the
singular integral

Q(z
10.10 /
(10.10) A o)
is convergent at xo in the sense of the principal value.

Here we assume that () is extended by zero outside of the domain G.

10.11. Lemma. Let f be a Q—homeomorphism between QED domains G
and G’ in weakly flat spaces X and X', correspondingly, and let G be compact.
IfQ ¢ L} .(G), then the inverse homeomorph1sm g = f~! admits a continuous

extension g : G’ — G.

10.12. Theorem. Let f be a ()—homeomorphism between ()ED—domains
G and G' in weakly flat spaces X and X' and let G and G’ be compact. If
Q € L},(G) satisfies one of the conditions (10.8) or (10.10) at every point xo € 0G,

then f admits a homeomorphic extension f : G — G.

10.13. Theorem. Let f be a Q—homeomorphism between QQED domains
G and G’ in weakly flat spaces X and X', correspondingly, and let G and G’ be
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compact. If at a point xg € OG the function Q@ : X — [0,00] has finite mean
oscillation and

(10.14) (1(B(z,2r)) < 7 - log®? % - u(B(xg, 1)) Vr e (0,r9)

and (X, d, p) is upper a—regular with a > 2 at xo, then f admits a continuous
extension to the point xq. If the last two conditions hold at every point of 0G,
then f admits a homeomorphic extension to the boundary.

10.15. Remark. In the case of regular by Ahlfors spaces, even the condition
on doubling measure holds which stronger than the condition (10.14), see Remark
4.9. In view of the compactness of G, @ is integrable in a neighborhood of G
that follows from the condition of finite mean oscillation at all points of dG, see
Remark 6.3. If ) is given only in a domain G, then it can be extended by zero
outside of G. In particular, to have Q € FMO(zy) for zq € OG it is sufficient to
have the condition
(10.16) lim Qz) du(x) < .

e—=0 JB(zg,e)

By [GM], the QED domains coincide in the class of finitely connected plane
domains with the so—called uniform domains introduced in the work [MS]. The
following example shows that, even among simply connected plane domains, the
class of domains with weakly flat boundaries is more wide than the class of QED
domains. The example is based on the fact that QED domains satisfy the con-
dition on doubling measure (4.10) at every boundary point, see Lemma 2.13 in
[GM]. The below example just shows that the property on doubling measure is,
generally speaking, not valid for domains with weakly flat boundaries.

Example. Consider a simply connected plane domain D of the form
D = |J R«
k=1
where

R, = {(z,y) ER?: O0<z<wy, 0<y<hg}

is a sequence of rectangles with quickly decreasing widths w; = 2-a2" () as
k — oo where o > @ > 1 and monotonically increasing heights hy, = 271 +.. .+

27k 5 1ask — oo.

It is easy to see that D has a weakly flat boundary. This fact is not obvious
only for its boundary point zy = (0,1). Take according to Remark 9.1 as a base
of neighborhoods of the point zy the rectangles centered at z

P, = {(z,y) €eR®: |z|<wp, ly—1|<1—hp_y=2""D 1}
k=1,2,.... Note that
PkmD = U Sl

=k
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for all £ > 1 where
S, ={(my)eR?: O<az<wy, yr <y<h'}

Let £ and F' be an arbitrary pair of continua in D intersecting 05, i.e. intersecting
the horizontal lines y = h;_; and y = h;. Denote by S? the interiority of S;. Then
A(E,F,S)) C A(E,F,D) and A(FE, F,S)) minorizes the family T'; of all paths

joining the vertical sides of S in S. Hence, see e.g. 7.2 in [Val,
M(A(E,F,D)) > 27w, > 207V 0.

Thus, the domain D really has a weakly flat boundary.

Now, set rj, = 1 — hp_y = 27F(1 + 271 +..)) = 27D and B, = B(z, 7).
Then
I |D N Py
im — =

(a=1)

because wy, /T < 27 k — 0. However,

|Dﬂ Pk| = Z |Sl| = Z wy - (hl — hl—l) = Z wq 2_l
1=k 1=k 1=k
and hence
3 2! w27k + - w27
|D N Py _ Eh w _ g l:%;rl : _
|D N Py S w2 S w2
I=k+1 I=k+1
1 1
=1+ — >4 e = 1+ — =14 22 Lo,
Wg+m —m wk 1
mzz:l Wk 2 o !
Consequently;,
|D N By

lim L 2R
k00 DN By

Thus, the domain D has not the property on doubling measure at the point
20 € 0D and then D is not a QED domain.

11 On nullsets for extremal distance

We say that a closed set A in a space (X, d, i) is a nullset for extremal dis-
tance, abbr., NED set, if

(11.1) M(A(E, F; D)) = M(A(E, F; D'\ A)
for any domain D in X and any continua £ and F'in D.

Asin R" n > 2, NED sets A in a weakly flat space X cannot have inner points
and, moreover, they do not split the space X even locally, i.e., G'\ A has only one
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component of the arc connectedness for any domain G in X. Thus, the comple-
ment of a NED set A in such X is a very partial case of QED domains. Hence
NED sets in weakly flat spaces play the same role in the problems of removability
of singular sets under quasiconformal mappings and their generalizations as in R”,
n > 2.

11.2. Proposition. Let A be a NED set in a weakly flat space (X, d, )
that is not a singleton. Then

1) A has no inner point;

2) G\ A is a domain for every domain G in X.

Proof. 1) Let us assume that there is a point xg € A such that B(zg,79) C A
for some ry > 0. Let =, € X, x, # x¢, and v be a curve joining xy and z, in
X, v:10,1] = X, 7(0) = z¢ and (1) = z,. For small enough ¢, the continuum
Cy = v([0,¢]) is in the ball B(zg,70) and, consequently, v([0,¢]) N (X \ A) = 0.
Moreover, by Proposition 2.5 one can choose t = ¢, such that Cy, \ {zo} # 0.
Hence, setting £ = F = C},, we have M(A(E, F, X)) = oo because the space
X is weakly flat and, on the other hand, M(A(E, F; X \ A)) = 0. The obtained
contradiction disproves the above assumption.

2) Denote by €2, one of the connected components of the open set G\ A. Let us
assume that there is one more connected component of G\ A. Then Q = G\, # ()
and, considering G as a topological space T', and (2 as its (open) set, by Proposition
2.5 we have that there is a path vy : [0,1] — G such that 70([0,1)) C ©Q and
xo = Yo(1l) € 9002 N Q2 N G. Note that the mutually complement sets €2 and
Q. in the space G have a common boundary and 09, C 99Q,. Let z, € Q, and
Tp € Qyn =1,2,...,x, — 79 and 7, be paths joining z, and z, in €2,. Then

M(A([ol; [ynl, G)) — 00 as n — oo, but M(A(|yol, [a], G\ A)) = 0.

The obtained contradiction disproves the above assumption that G \ A has
more than one connected components.

11.3. Lemma. Let X and X' be compact weakly flat spaces, G be a domain
in X, AC G bea NED set in G and let f be a homeomorphism of D = G\ A
into X'. If the cluster set

(114) A =C(A f)={2' e X' :a' = Jim flxg), zr € D, lim z; € A}

isaNED setin X" and D' = f(D), then G' = D'UA" is a domain in X'. Moreover,
there exist domains G* in X with the property A C G* € G and AANA* = @
where A* := C(0G*, f).

Proof. First note that the NED set A is compact as a closed set in a compact
space X and hence gy = dist(A,0G) > 0. Thus, A belongs to the open set

Q={ze X :dist(z,A) < e}

for any (fixed) ¢ € (0,e0) which is itself in G. Since A is compact, A is contained
in a finite number of the connected components €2,...,8,, of Q. Let xg be an
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arbitrary point of the domain GG and let z € Q, k = 1,...,m. Then there exist
paths v, : [0,1] — G with 74(0) = zo and (1) = x, k = 1,...,m. Note that

the set C'= U || is compact and hence §y = dist(C, G) > 0.
k=1

Consider the open sets
Gs = {z € G : dist(z,0G) > 6} .

By the triangle inequality the set

is contained in Gy for any § € (0, dy) where dy = min (g9 — €, dg). Furthermore, Cy
is contained in only one of the connected components G of the set G5 because
the set Cy is connected.

By the construction G§ C G, G} are domains in X and, consequently, they
are weakly flat spaces and by Proposition 11.2 the sets D5 = G5 \ A are domains
with weakly flat boundaries A in the spaces G5, d € (0,dp). All the more, A is
a weakly flat boundary of the domains Di = G \ A in the compact spaces G,
0 € (0,dp).

Let fy = flp; and g5 = (f5)™" : D5 — Dj where Dj = f5(Dj). Then as it
follows by Proposition 2.7 we have the symmetry

A=C(A g;), A:=C(Af5), Vi€ (0,d).

Note that G are compact subsets of the domain D and, consequently, fOG}
is a compact subsets of the domain D’ = f(D) which by Proposition 2.7 do not
intersect A’. Thus, ds = dist(A’, fOG5) > 0 for all 6 € (0,dp). By Lemma 9.3
the space X’ is locally arc connected and hence, for every point zy € A, there is
a domain U C B(xg,ds) which is a neighborhood of zy and by Proposition 11.2
V = U\ A’ is also a domain which is a subdomain of D’ by the construction.
Thus, G’ = D' U A’ is a domain in X'.

Finally, by Proposition 11.2 and Lemma 11.3 we obtain the following conse-
quences for NED sets, see also Remarks 6.3 and 7.9.

11.5. Lemma. Let X and X’ be compact weakly flat spaces, G a domain
in X, AaNED set in X and let f be a Q—homeomorphism of D = G \ A into
X' such that the cluster set C(A, f) isa NED set in X'. If at a point o € A the
condition (10.3) holds, then f admits a continuous extension to the point xy.

11.6. Remark. In particular, f admits an extension to xy € A by continuity
if at least one of the conditions (10.5)—(10.6), (10.8), (10.10) or (10.14) with
Q € FMO(xg), (10.16) holds at the point.

11.7. Lemma. Let X and X' be compact weakly flat spaces, G a domain in
X, AaNED set in G and let f be a Q—homeomorphism of D = G\ A into X'
such that the cluster set A" = C(A, f) is a NED set in X'. If Q € L},(G), then
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the inverse homeomorphism g = f~': D' — D, D' = f(D), admits a continuous
extension g : G' — G where G' = D' U A'.

11.8. Remark. Thus, if Q € L) (D) satisfies at least one of the conditions
(10.5)—(10.6), (10.8), (10.10) or (10.14) with @@ € FMO(xy), (10.16) at every point
xg € A, then any ()—homeomorphism f of the domain D = G \ A into X’ with
NED sets A and A’ = C(A, f) admits a homeomorphic extension f : G — G’
where G' = D'U A", D' = f(D).

11.9. Theorem. Let X and X' be compact weakly flat spaces, G be a
domain in X, A C G be a NED set in G and let f be a Q—homeomorphism of
D = G\ A into X' with a NED set A’ := C(A, f). If Q has finite mean oscillation
and X is upper a—regular by Ahlfors with o > 2 at every point xo € A, then f
admits a homeomorphic extension fG — G’ where G' = D' U A’ and D' = f(D).

12 On a continuous extension to an isolated singular point

As before, here (X,d,p) and (X', d’, ') are spaces with metrics d and d’ and
locally finite Borel measures p and p/, G and G’ are domains in X and X’ with
finite Hausdorff dimensions o and o’ > 1, correspondingly.

12.1. Lemma. Let a space X be arc connected at a point xq € G which
has a compact neighborhood, X' be a compact weakly flat space and let [ :
G\ {0} — G’ be a Q—homeomorphism where @) : G — [0, 0] is a measurable
function satisfying the condition

(12.2) / Q(x) - v, (d(z, 20)) du(x) = o(I7 (€))
e<d(zo,z)<eo

as € — 0 where gy < dist(xg,0G) and 1, .(t) Is a family of non-negative
(Lebesgue) measurable functions on (0, 00) such that

(12.3) 0< I (c) = /%,e(t) dt < 0o, ce(0,e).

Then f can be extended to the point xo by continuity in X'.

Proof. Let us show that the cluster set £ = C(xq, f) is a singleton. The set £
is contained in G’ by Proposition 2.7. Moreover, F is a continuum because the
domain G is connected at the point z(. Indeed,

B =lmswp f(Gn) = () F(G)

m—00

where G,, = G NU,, is a decreasing sequence of domains with neighborhoods
Uy, of the point zy and d(G,,) — 0 as m — oo. Note that lim inf f(Gn) =

lir%n ioréf f(G) # 0 in view of the compactness of X', see e.g. Remark 3, Section
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41 in [Ku]. Consequently, £ # () is connected, see e.g. 1(9.12) in [Wh], p. 15.
Moreover, E is closed by the construction and hence it is compact as a closed
subspace of the compact space X', see e.g. Theorem 2, IV, Section 41 in [Bou].

In view of the connectedness of G at the point x(, there is a connected com-
ponent G, of the set G \ {zo} N B(xg,r0), 0 < 19 < dist(zg,G), contain-
ing G\ {zo} N B(zg,r.) for some r, € (0,79). If G = (), then we set here
dist(xg,0G) = oo. Since xy has a compact neighborhood one may suppose that
B(zg,10) is compact.

Consider G/, = fG,. Let us show that the cluster set £ = C(xg, f) is an
isolated connected component of dG”,. Indeed, K = 0G, \ {xo} is a compact set
as a closed subset of the compact set B(zg, 1) and, consequently, K, = fK C G’
is compact. On the other hand, the compact set E is contained in 9G’, i.e.,
ENK,=10. Thus, dist(F, K.) > 0. Finally, if yo € 0G", then by Proposition 2.7
C(yo,9) C G, = K U{xo} where g = f~| and, consequently, either yo € E or
Yo € K.

Let zg € G'. Then by Proposition 2.4 there is a path v : [a,b) — G, from
Yo(a) = f1(20) to xo = }gii%%(t) in G.. Setting v, = fvo : [a,b) — G, we have
that dist(7((t), E) — 0 as t — b by definition of E = C(zo, f) in view of the
compactness of the space X'. Set C, = v{([a,b)) and

I'=AC,,E,X").
Consider also the families of paths
FO = A(C*, E, G;)
and
Io={yeTl: hNR#0}
where

R=X\{G.UE}.

Note, firstly, that M(Ty) = M(T) where I = '\ I,. Indeed, on one hand,
'y € I and hence M (I'y) < M(I'). On the other hand, I'y < I" by Proposition 2.5

0
and hence M(I'y) > M(T'), see e.g. Theorem 1 in [Fu]. Note, secondly, that

w(X’)
< =
ML) < M= G U E, aa By~ =

because C, U E and dG”, \ E are non-intersecting compact sets and p/(X’) < oo
in view of the compactness of X’ and the local finiteness of the measure p'.

Let us assume that the continuum FE is not degenerate. Let yo € E is a
limit point of v((t) as t — b and y. € FE,y. # yo. By the Darboux property
of connected sets 0B(yo,r) is intersecting C, and E for all r € (0,ry) where
ro = min{d (yo,v0(a)),d (yo,y«)}. Consider continua C(t) = vo([a,t]), t € [a,b).
Note that dist (C(t), E) — 0 as t — b by the construction. Thus,

M(A(C(t), E, X")) — o0
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as t — b because the space X' is weakly flat. Consequently, there is ty € [a,b)
such that
My = M(A(C(ty), E, X)) > M, .

Recall that T = T UT, and we obtain by monotonicity and subadditivity of
the modulus

M, < My < M(T) < M(T') + M(T',) = M(Tg) + M(T.) < M(To) + M, .

Consequently,
M(Ty) > 0.
However,
FO - U Fn
n=1

where I';, = A(C(t,), E,G,), t, — b as n — oo, and by subadditivity of the
modulus

M(Ty) < > M(T,).
n=1
Thus, there is a continuum C' = C(t,,) such that

M(A(C,E,G.)) > 0.

Note that Cy = f~1(C) is a compact set as a continuous image of a compact
set. Thus, g9 = dist(xg, Cy) > 0. Let

FE = A(C(], B(.To,&'), G*), € E (0,80),

and let ¢} . is a Borel function such that ¢} _(t) = ¥, () for a.e. t € (0,00)

Zo,E Zo,E
which there is in view of the Lusin theorem, see e.g. 2.3.5 in [Fe.

Then by Proposition 2.6 the function

() = [ Vhcldwm)/I(E20),  x € Alw.,0),
Pe 0, z¢€ X\A(zo,e¢,¢0),

where
A(xg,e,e0) ={x € X : e < d(z,20) < &0},

is admissible for I'. and, consequently,
M(T.) < [ Q) pi(a) du(w) .
a

ie. M(fT'.) — 0ase— 0in view of (12.2).

On the other hand, M(fT.) > M(A(C, E,G")) > 0 because A(Cy, {zo}, G,) >
I'. and
fﬁlA(Cg E7 G:k) C A(CO7 {.To}, G*)
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for any ¢ € (0,g9) by Proposition 2.7 applied to the homeomorphism f~!
g=f"Yea,and 2 € E, zj, = v(b), v € A(C, E,G.). The obtained contradiction
disproves the assumption that F is not degenerate.

12.4. Corollary. In particular, if

(12.5) [ Q) v, x0) du(a) < o

e—0
e<d(z,x0)<€o

where 1(t) is a non—negative measurable function on (0, 00) such that
0<I(e,g) := /@/} )dt < oo, Vee(0,e),

and I(e,e09) — oo ase — 0, then any Q—homeomorphism f : G\ {xo} — G' C X’
is extended to the point xy by continuity in X'.

12.6. Remark. In the other words, it is sufficient for the singular integral
(12.5) to be convergent in the sense of the principal value at the point z, at
least for one kernel ¢ with a non—integrable singularity at zero. Furthermore, as
Lemma 12.1 shows it is sufficient for the given integral even to be divergent but
with the controlled speed:

(127 [ Q@ v (dl,w0) dulx) = o(I°(e,e0))

e<d(z,x0)<eo
Choosing in Lemma 12.1 ¢(t) = 1/t, we obtain the following theorem.

12.8. Theorem. Let X and X' be compact spaces, X be arc connected at a
point xg € G, X' be weakly flat. If a measurable function Q) : G — [0, 0o| satisfies
the condition

(12.9) / % =o0 ([log ér)

e<d(z,x0)<eo

ase — 0 where ¢y < dist(xy,0G) , then any Q—homeomorphism f : G\{zo} — G’
is extended by continuity to the point xg.

12.10. Corollary. In particular, the conclusion of Theorem 12.8 holds if
the singular integral

(12.11) /Q o o)

is convergent in a neighborhood of the point in the sense of the principal value.

Combining Lemmas 4.6 and 12.1, choosing v.(t) = tlog 7, t € (0,dp), in the
latter, we obtain the following theorem.
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12.12. Theorem. Let X and X' be compact weakly flat spaces, G be a
domain in X which is upper a—regular with o > 2 and arc connected at a point
o € G and

(12.13) p(B(xg,2r)) < 7y -log*? % - 1(B(zo,1)) Vre (0,1).

If Q € FMO(xg), then any Q—homeomorphism f of the domain G \ {xo} into
X' is extended by continuity to the point xg.

Combining Corollary 4.4 and Theorem 12.8, we obtain the following statement.
12.14. Corollary. In particular, if

(12.15) lim Q(z) du(z) < oo,

e—0 B(a:o,e)
then any Q—homeomorphism f : G\ {xo} — G’ C X’ is extended by continuity
to the point x.

The following simple example shows that the above extension f of f to zo can
be not a homeomorphism.

Example. Let G = X where X is a space which coincides with a closed
equilateral triangle T on one of the coordinate planes in R® minus one of its
vertices v. It is clear that X is not compact although it is locally compact. Let
us roll up the triangle 7" without any distortion in such a way that the vertex
v will be touched to the center ¢ of its opposite side. The obtained space X' is
compact. Let xy = ¢. The above (rolling up) mapping f : X \ {zo} — X'\ {z0}
is conformal if we take in X the usual Euclidean distance as the metric d and the
usual area as the Borel measure p and in X’ set d’ to be geodesic (thus, the arc
length is invariant under f) and p/(B’'\ {zo}) = pu(f~H(B'\ {xo})) for every Borel
set in X’ and p/({zo}) = p({zo}) = 0. By the construction, the mapping f can
continuously be extended to zy and the extension f is injective, of course, but not
a homeomorphism (the inverse mapping of f is not continuous).

12.16. Remark. By Proposition 2.7 the extension of f at the point z is
an injective mapping and, thus, a homeomorphism on any subdomain G, CC G,
i.e., if G, is compact in G. The latter is, generally speaking, not true for the
domain G itself as it was shown by the above example. However, this is true if,
for instance, G = X is compact, see e.g. [Ku].

Moreover, if the family of all paths in X’ (or only in G,) going through the
point yo = f(z0) has the modulus zero, see Section 8, then the restriction of the
mapping ¢ = f|g, will be a Q—homeomorphism. For the regular by Ahlfors spaces
this always holds, see Lemma 7.18 in the book [He;|. Thus, an isolated singular
point of (J—homeomorphism in regular weakly flat spaces is locally removable
under the conditions on () enumerated above.
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13 On conformal and quasiconformal mappings

Finally, let us give a resume of results for conformal and quasiconformal map-
pings which are direct consequences of the theory of ()—homeomorphisms in met-
ric spaces with measures developed above. Namely, let as before (X,d, u) and
(X', d', i) be spaces with metrics d and d’ and locally finite Borel measures p and
i, and with finite Hausdorff dimensions o and o' > 1, correspondingly.
Similarly to the geometric definition by Vaisala in R", n > 2, see 13.1 in
[Va], we say that a homeomorphism f : G — G’ is called K —quasiconformal,
K € [1,00], if
(13.1) K 'M(T) < M(fT) < KM(T)

for every family I' of paths in G. We say also that a homeomorphism f : G —
G’ is quasiconformal if f is K—quasiconformal for some K € [1,00), i.e., if
the distortion of moduli of path families under the mapping f is bounded. In
particular, we say that a homeomorphism f : G — G’ is conformal if

(13.2) M(fT) = M(T)

for any paths families in G.

By Theorem 6.2 we obtain the following important conclusion.

13.3. Theorem. Let G have a weakly flat boundary, G’ be locally arc con-
nected at all its boundary points and let G' be compact. Then any quasiconformal
mapping f : G — G’ admits a continuous extension to the boundary f : G — G'.

Combining Theorem 13.3 with Lemma 3.4, we come to the following statement.

13.4. Corollary. IfG and G are domains with weakly flat boundaries and
compact closures G and G', then any quasiconformal mapping f : G — G" admits
a homeomorphic extension f : G — G'.

13.5. Remark. In particular, the last conclusion holds for quasiconformal
mappings between QFED domains with compact closures in weakly flat spaces.
Note that the closures of the domains are always compact in compact spaces.
Recall also that locally compact spaces always admits the so—called one-point
compactification, see e.g. 1.9.8. [Bou].

On the base of Lemmas 3.4 and 11.3 and Theorem 13.3, we obtain the following
theorem.

13.6. Theorem. Let X and X’ be compact weakly flat spaces, G a domain in
X, ACGaNED set and f a quasiconformal mapping of the domain D = G\ A
into X'. If the cluster set A = C(A, f) is also a NED set, then f admits a

quasiconformal extension to G.

By results of the previous section, single out also the following consequences
on removability of isolated singularities.
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13.7. Lemma. Let X be arc connected at a point xo € G with a ¢ com-
pact neighborhood, X' a compact weakly flat space and f : G \ {xo} — G’ a
quasiconformal mapping. If u satisfies the condition

(13.8) [ v, w0) dufw) = o(I*(e,e0))

6<d(1‘0 ,m) <€o

as € — 0 where ¢y < dist(zg, 0G) and 1 (t) is a non-negative (Lebesgue) measur-
able function on (0, 00) such that

0<I(e,eo):/¢(t)dt<oo Ve e (0,e),

then the mapping f is extended by continuity to the point xg.

13.9. Theorem. Let X be arc connected at a point xq € GG with a ¢ com-
pact neighborhood, X' a compact weakly flat space and f : G \ {xo} — G’ a
quasiconformal mapping. If u satisfies the condition

(13.10) / % =0 ([log ﬂa)

e<d(z,x0)<eo

as € — 0 where gy < dist(xg, 0G), then the mapping f is extended by continuity
to the point x.

Finally, in view of Remarks 4.9 and 8.7, we have the following important con-
clusion from Theorem 13.9.

13.11. Corollary. Let X and X' be regular by Ahlfors compact weakly
flat spaces. Then any quasiconformal mapping X \ {xo} into X' is extended to
quasiconformal mapping of X into X'.

13.12. Corollary. Isolated singularities of quasiconformal mappings are
locally removable in regular by Ahlfors weakly flat spaces X and X' if in addtion
X is locally compact and X' is compact.

Thus, the results of the paper extend (and strengthen) the well-known theo-
rems by J. Vaisala, M. Vuorinen, F. Gehring, O. Martio, P. Nakki and others on
quasiconformal mappings in R, n > 2, to ()—homeomorphisms in metric spaces,
see e.g. [GM], [MV], [Nal], [Va] [Vu], cf. also [IR;]-[IRs], [KR] and [MRSY;]-
[MRSY3].
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