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Abstract

We study monotonicity and convexity properties of functions arising in the theory
of elliptic integrals, and in particular in the case of a Schwartz-Christoffel conformal
mapping from a half-plane to a trapezoid. We obtain sharp monotonicity and convexity
results for combinations of these functions, as well as functional inequalities and a
linearization property.
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1 Introduction

In this paper we continue the study of the modular function 5" and the generalized

modulus jiq. started in [HVV], as well as the generalized elliptic integrals K, and €,
(for the notation, see (1.3), (1.5), (2.1) and (2.2) below). In general, the more freedom the
parameter values a, b and c are allowed, the more complex and hard-to-handle these functions
will be. As in [HVV] we are here particularly interested in the case b = ¢ — a. Geometrically
this case corresponds to the Schwarz-Christoffel problem from the unit disk onto a trapezoid,
i.e. a quadrilateral with two parallel sides (see [HVV, Theorem 2.3]). In the case ¢ = 1, (and
b = 1 — a) these functions coincide with the special cases %, tq, K4, and €, which were
studied extensively in eg. [AQVV], and relate to the case of a parallelogram.

Given complex numbers a, b, and ¢ with ¢ # 0, —1,—2,..., the Gaussian hypergeometric
function is the analytic continuation to the slit plane C \ [1,00) of the series

(1.1) F(a,b;¢;2) = oF1(a,b;¢;2) = Z (a,n)(b,n) 2"

7(6771) H, ‘Z’<1

n=0

Here (a,0) =1 for a # 0, and (a,n) is the shifted factorial function or the Appell symbol
(a,n)=ala+1)(a+2)---(a+n—1)

for n € N\ {0}, where N = {0,1,2,...}. As usual, we let C,R and Z denote respectively,
the sets of complex numbers, real numbers, and integers.



A generalized modular equation of order (or degree) p > 0 is

F(a,b;c;l—sQ)_ F(a,b;c;1 —1?)
F(a,b;c; s?) - P F(a,b;c;r?)

(1.2) , 0<r<1.

Sometimes we just call this an (a, b, ¢)-modular equation of order p and we usually assume
that a,b,c¢ > 0 with a + b > ¢, in which case this equation uniquely defines s as a function
of r, see [HVV, Lemma 4.5].

Many particular cases of (1.2) have been studied in the literature on both analytic number
theory and geometric function theory, [BB], [BBG|, [AVV1], [AQVV]. Rational modular
equations were studied most recently by R. S. Maier in [M]. The classical case (a,b,c) =
(%, %, 1) was studied already by Jacobi and many others in the nineteenth century. In 1995
B. Berndt, S. Bhargava, and F. Garvan published an important paper [BBG] in which they
studied the case (a,b,¢) = (a,1 — a,1) and p an integer. For several rational values of a
such as a = %, i,% and integers p (e.g. p = 2,3,5,7,11,...) they were able to give proofs
for numerous algebraic identities stated by Ramanujan in his unpublished notebooks. These
identities involve r and s from (1.2).

To abbreviate (1.2), we use the decreasing homeomorphism pqp. : (0,1) — (0, 00),

defined by

B(a,b) F(a,b;c;r")
2 Fl(a,b;¢r?)’

(13) M(T) = ,UJa,b,c(T) = re (07 1)

for a,b,c > 0, a+b > ¢, where B is the beta function, and r’ is the complementary argument
= v1—=1r2. We call p,p. the generalized modulus, cf. [LV, (2.2)]. Now (1.2) can be

rewritten as

(1.4) Pabe(S) =D pape(r), 0 <r<1.
With p = 1/K, K > 0, the solution of (1.2) is then given by
(1.5) s =0 (r) = pigh o (Hape(r) [ K) .

We call the function ¢$"° defined by (1.5) the (a, b, ¢)-modular function with degree p = 1)K
[BBGJ, [AQVV, (1.5)]. In the case a < ¢ we also use the notation

Ha,c = Ha,c—a,c s 90?(’0 = 90(11(76_(170 .

This article is organized as follows. In Section 2 we introduce the necessary notation and
the functions studied, as well as known results used in the sequel. In Section 3 we obtain
various generalizations of monotonicity results for certain combinations of the generalized
elliptic integrals. The most important results here are Theorems 3.6 and 3.12, where in
particular the latter one concerning the Legendre M-function leads to many of the results
in Section 4. In Section 4 we present the main results, which include the monotonicity
properties for functions symmetric with respect to r and s = ¢%°(r) (Lemma 4.1), the
functional inequalities for y, . and ¢%°(r), and a linearization result, Theorem 4.7. Finally,
in Section 5 the dependence on the parameter ¢ for the functions p, . and ¢%°(r) is studied.
The main results are Corollary 5.4 and Theorems 5.6 and 5.7. In the final section some open
problems are presented.



2 Preliminaries and definitions

For 0 < a < min{c¢, 1} and 0 < b < ¢ < a+b, define the generalized complete elliptic integrals
of the first and second kinds (cf. [AQVV, (1.9), (1.10), (1.3), and (1.5)]) on [0, 1] by

Bla.b
(2.1) K=Kope=Kapelr) = (;L’ )F(a, b;c;r?),
Bl(a.b
(2.2) E=Cupe=2Capelr) = (;’ )F(a —1,b;¢; r2) ,
(2.3) K = ;yb’c =Kupe(r'), and &' = :z,b,c = Eape(r)

for r € (0,1), " = v/1 —r2. The end values are defined by limits as r tends to 0% and 17,
respectively. In particular, we denote K, . = Kyc—ac and g = Eqe—ae. Thus, by (2.9)
below,

B(a,b)

:Ka,b,c(o) = Ea,b,c(o) = 9

and 1 B(a,b)B(c,c + 1 b)
a c,c+1—a-—

ga 1) =132 ’ : ) :Ka (1) = .

ve(1) 2 B(c+1—a,c—b) pe(1) = 00
Note that the restrictions on a,b and c¢ ensure that the function X, is increasing and
unbounded whereas &, . is decreasing and bounded, as in the classical case a = b = %, c=1.
Let I' denote Euler’s gamma function and let ¥ be its logarithmic derivative (also called
the digamma function), ¥(z) = I"(2)/T'(z). By [Ah, p. 198] the function ¥ and its derivative

have the series expansions

o0

(2.4) U(z) = —7—1+Z% V=Y —

2 n+z)’ (n+2)?’

n=0

where v = —U(1) = lim, (> ;_; 1/k — logn) = 0.57721 ... is the Euler-Mascheroni con-
stant. From (2.4) it is seen that W is strictly increasing on (0, 00) and that ¥’ is strictly de-
creasing there, so that W is concave. Moreover, U(z+1) = ¥(z)+1/z and ¥(3) = —y—2log 2,
see [AS, Ch. 6].

For all z € C\ {0,—1,—2,...} and for all n € N we have

(2.5) I'(z+n)=(z,n)(z),

a fact which follows by induction [WW, 12.12]. This enables us to extend the Appell symbol
for all complex values of a and a + ¢, except for non-positive integer values, by

(2.6) (a,1) = F(I?(:)t)

Furthermore, the gamma function satisfies the reflection formula [WW, 12.14]

(2.7) )01 —2) =

sin(mz)



for all z ¢ Z. In particular, I'(3) = /7.
The beta function is defined for Rex > 0, Rey > 0 by

(2.8) B(z,y) = /0 N1 — )Y hdt = % :

As in this article we are mostly interested in cases where the hypergeometric parameters
satisfy 0 < a < ¢ < 1 and b = ¢ — a, we will shorten B := B(a, ¢ — a) if no risk for confusion
is apparent.
We will make use of the standard notation for contiguous hypergeometric functions (cf.
[R])
F =F(a,b;c;z), F(lat+)=F(a+1,b;¢;2), F(a—) = F(a—1,b;¢;2),

etc. We also let
v=uv(z)=F, u=u(z) =F(a—), vy =v1(2) =v(l —2), and u; = ui(z) = u(l — 2).

The behavior of the hypergeometric function near z = 1 in the three cases Re (a+b—c¢) < 0,
a+b=c,and Re (a4 b— c) > 0, respectively, is given by

T'(e)T'(c—a—b
Plastie 1) = Jalfececy,

(2.9) B(a,b)F(a,b;a+b; z) + log(l — z) = R(a,b) + O((1 — 2) log(1 — z2)),
F(a,bjc;2) = (1 — 2) % F(c—a,c— b;c; 2),

where R(a,b) = —W(a) — VU (b) — 2. The above asymptotic formula for the zero-balanced
case a + b = ¢ is due to Ramanujan (see [Ask]). This formula is implied by [AS, 15.3.10].
Note that R(3,%) = log 16.

For complex a,b, ¢, and z, with |z] < 1, we now let

(2.10) M(z) = M(a,b,c,z) = z(1 — 2) (vl(z)% - v(z)%) :

Using the Gauss contiguous relations, [R, p.61] ,it is easy to see that

(2.11) M = (c—a)(uvy +uv) + (2(a — ¢) + b)vvy
= (c—a)(uvy +uv —vvy) + (a + b — vy
and that
(2.12) (B/2*M(r*) = (a+b—c)KK + (c —a)[KE +K'& — KK]

It follows from [AQVV, Corollary 3.13(5)] that

l—a _ sin(ma)
[(a)['(2 —a) T

(2.13) M(a,1—a,l,7r)=
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for 0 <a <1and 0 <r < 1. In particular, we get the classical Legendre relation ([AAR],
[BF])

(2.14) M1/2,1/2,1,7) = %

The function M will be referred to as the Legendre M-function, and it has a central role for
the generalizations considered in this article. It has the following useful symmetry and con-
vexity properties, established in [HVV, 3.17] (properties (1)-(3)), and [KV, 2.1] (properties
(4) and (5)).

2.15. Theorem. For positive constants a,b, ¢ the restriction to (0,1) of the continuous
function M has the following properties.
(1) M(z) = M(1 —x) >0 for all x € (0,1).
(2) If a +b < ¢, then M(x) is bounded and extends continuously to [0,1]. In particular, if
a+b=c=1, then M(z) equals the constant sin(ma)/x.
(8) If a + b > ¢, then M is unbounded on (0,1) with M(0") = M(17) = co.
(4) If (a+b—1)(c—b) > 0, then M(a,b,c,r) is strictly convez, decreasing in (0,1/2] and
increasing in [1/2,1).
(5) If (a+b—1)(c—b) <0, then M(a,b,c,r) is strictly concave, increasing in (0,1/2] and
decreasing in [1/2,1).
(6) If a +b > ¢ then M(r) > ab/c for all r € (0,1).

Proof. Parts (1)-(5) are proved in the the above mentioned articles. For (6), we see
that

M(r) = (a+b—c)vvy + (¢ — a)[vvi(a—) + viv(a—) — vo,]

(a+b—c)vvy + [(c —a)(c—b)/c][(1 = r)vvi(c+) + rvrv(ct)]
> (a+b—c)+[(c—a)(c—"0b)/c] =ab/c.

Next we record some elementary but useful results for deriving monotonicity properties
and obtaining inequalities. The first one is the so called I’Hopital’s monotone rule, see

[AVV1, 1.25] and [AVV3].

2.16. Lemma. Let —co < a < b < oo, and let f,g: [a,b] — R be continuous on
la,b] and differentiable on (a,b). Let ¢'(x) # 0 on (a,b). Then, if f'(z)/g'(x) is increasing
(decreasing) on (a,b), so are

[f(x) = f(@)]/lg(x) = g(a)]  and  [f(z) = F()]/]g(x) — g(b)].
If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict. O

The second result follows from direct differentiation, and concerns the monotonicity of
certain rational functions.



2.17. Proposition. Assume that f,g: I — R are differentiable on an interval I C R,
and that a,b,c,d € R. Then

sign ((ad— bc)% <%)) = Sign% (%> '

Finally, we record some of the most useful differentiation formulae for the functions
defined in (1.3),(1.5),(2.1),(2.2) and (2.10) (cf. [HVV]);

(2.18) % = 7“72"2 ((c—a)e+ (br*+a—o)X) ,
(2.19) % = Q(GT_ -,
(2.20) d%(ﬂc —&) = Tfﬂ <((c —a)+ (1 —a)r')e
+((@a+b)r* —c+ T’/Z)fK> ,
d 2 2 2
(2.21) %(8—7" K):;((l—c)8+(c—1—(b—1)r 1K),
(2.22) d - = B(a,b)M(r?) _ _ B(a,b)’M(r?)

dr (r)=- rr'v(r2)?2 4252 ’

M(s?) ds 1 88’21)(82)2 1 33'296(5)2
(2:29) M@y dr — K22 Kr?XK(r2’ ° pi(r).

(2.24) d;:n/l _ o 1_ . ((c —a)[(l—=c+ (a+b—1)r)u(r)vi(r)

+(—a—b+c+ (a+b—1)r)u(r)v(r)]
+(1—20)[(c—a)(a+2b—1) — b?]v(r)vl(r)).

Note that for the case (a,b,c) = (1/2,1/2,1) the above formulas reduce to the classical
ones ([BF],|AVV1]).



3 Monotonicity and bounds

In studying monotonicity and convexity of modular functions, a useful method is to combine
rational functions consisting of generalized elliptic integrals whose monotonicity properties

are known in different ways. In the following lemmas we collect some useful properties of
such functions, proved in [HVV, 4.21, 4.13, 4.24]

3.1. Lemma. For0 <a,b<min{c,1} andc <a+b, denote X = Kyp. and € = Eqp.
Then the function

(1) fi(r) = (X — &)/(r*X) is strictly increasing from (0,1) onto (b/c,1). In particular,
we have the sharp inequality,

boX-&
c r2K
for all r € (0,1).
(2) folr) = (& — 1K) /r? has positive Maclaurin coefficients and maps (0,1) onto

(B(a,b)(c — b)/(2¢),d), where

B(a,b)B(c,c+1—a—Db)

d:
2B(c+1—a,c—0b)

(3) f5(r) = (r ) 2& has positive Maclaurin coefficients and maps [0, 1) onto [B(a,b)/2,00).
(4) fo(r) = r”*K has negative Maclaurin coefficients, except for the constant term, and
maps [0,1) onto (0, B(a,b)/2].
(r) = X has positive Maclaurin coefficients and is log-convex from [0,1) onto
[B(a,b)/2,00). In fact, (d/dr)(logX) also has positive Maclaurin coefficients.
(6) fs(r) = (€ — r’zf]C)/(r25<) is strictly decreasing from (0,1) onto (0,1 — (b/c)).
(7) fo(r) = (K — &)/(& — 7*K) is strictly increasing from (0,1) onto (b/(c —b),00). O

3.2. Lemma. (1) For0<a < c andb = c—a the function h(r) = r*X, .(r)/log(1/r")
is strictly decreasing (respectively, increasing) from (0,1) onto (1, B) if a,b € (0,1) (respec-
tively, onto (B, 1), if a,b € (1,00)).

(2) For 0 < a,b < ¢ and 2ab < ¢ < a+b < c+ 1/2 the function f(r) = r'K(r) is strictly
decreasing from [0,1) onto (0, B(a,b)/2]. O

We start with some further monotonicity results for the generalized elliptic integrals,
proved in [AQVV] for the case ¢ = 1,b = 1 — a. Note that part (1) extends [HVV, 4.38], as
the condition ¢ < a 4 (1/2) is not needed.

3.3. Theorem. Force (0,1], a € (0,c) we have that
(1) The function fi(r) = rK,.(r)/arth(r) is strictly decreasing from (0,1) onto (1, B/2).
(2) The function fo(r) = ((B/2)? — (r"Kac(1))?)/(Eac(r) — 7' 2Ky o(r)) is strictly increasing
from (0,1) onto (B(c — 2ac + 2a?)/(2a), B*(c — a)/2).
(3) The function f3(r) = r'%(Koe(r) — Euc(r))/(r?Euc(r)) is strictly decreasing from (0, 1)
to (0, (c—a)/c).



Proof. (1) Clearly f1(07) = B/2. By I'Hopital’s rule, Lemma 2.16, (2.5), (2.8) and
the transformation formula and evaluation at 1 for hypergeometric functions given in (2.9),
we see that

f(17) = (B/2) lim 2(a/c)(c—a)r'*F(a+1,c—a+1;¢c+1;7%)

r—1-

= Bla/e)e—a) im Fla,c—ase+1i1%) = B — )0

I'c—a+DI'(a+1)

Next, let Fy(r) = rF(a,c — a;c;7?) and Fy(r) = arth(r). By differentiation we get

F{(T) = 7?2 ; 2 2 . -
ey = 7P saer?) £ 2afoe - ol — aiet L)
o= (an)(c—an) N (a,n)(c — a,n) 20D
- ; (¢;n) n! ; (¢,n) n!

> (a,n)(c — a,n) r2tH)
+2(a/0)(0—a)2< ’(C)Er 17n)> ) .

_ - 2 (o, — 1();‘;)_”? =D i = 2a(c—a) — (1— )1 — e+ a)]r?,

which is strictly decreasing on (0, 1), since
n(l—2a(c—a))—(1—a)(l—c+a) > 1—2a(c—a)—(1—a)(l—c+a)
> c¢—3a(c—a)>c— %CQ > icQ > 0.
Then, by I’'Hopital’s rule the function f is also decreasing.

(2) Let F(r) = (B/2)* — ("K,.(r))?* and G(r) = &,.(r) — ' *K,.(r). Then, using the
differentiation formulas (2.18) and (2.20), we see that

F'(r) — 12 Koe — 2(c — a)(Eae — 17" *Kae)
G'(r) YN arKy e+ (1—0)(Eae —1"2Kye) )

By Lemma 2.16 we need to show that this ratio is strictly increasing. However, since X, .
is strictly increasing, and also r — 72X, ./ (€4 — 7" 2Ka,) is, by Lemma 3.1(6), the result
follows from Proposition 2.17 and the fact that (1 — ¢) + 2a(c —a) > 0. Also, by Lemma
3.1(6)

lim ————- =

/12
8a c— T J<:a,c g
r—0 2K c

and so we see that
80,,‘:77‘/ 2g<:a,c

. F(r) ' 1 —2(C_Q>W B¢ — 2ac + 2a?
lim = lim XK, ¢ /23’< =
r—0+ G(1) r—0+ a+(1-c) a,c;& ac 2 a



Furthermore, using the value of €,.(1) and the fact that lim, ;- K, = 0, we see that
lim, ;- F(r)/G(r) = (c — a)B?/2.

(3) Follows directly from the fact that f3(r) = 1 — g(r)/Ea.c(r), where g is the function
f2 in Lemma 3.1(2). O

The following result extends part of [AQVV, 5.4].

3.4. Lemma. LetO<a<c<1landX =X,., €= E,.. Then the function
(1) fi(r) = r'? K(r) is decreasing if and only if p > 2%(c — ) in which case r'? K(r) is
decreasing from (0,1) onto (0, B/2). In particular, \/_JC(T) is decreasing on [0, 1).
(2) fa(r) = r'P E(r) is increasing if and only if p < —% 1 —a)(c — a), in which case it is
increasing from (0,1) onto (B/2,00). In particular, E(r)/r'? is increasing on [0,1).

Proof. (1) Differentiating we get that
r(r')* P fi(r) = —pr*K(r) + 2(c — a) (E(r) — r"*K(r)).
This is non-positive if and only if

E(r) — 1" 2K(r)
r2K(r)

p>2(c—a)sup =2%(c~a),
T c

by Lemma 3.1(6). Finally, since max{2%(c —a) | 0 < a < ¢ < 1} = 1/2, the function
V'K (r) will be decreasing for all appropriate values of a and c. The limiting value at 7 = 0
is obvious, and the one at r = 1 follows from I’'Hépital’s Rule and Lemma 3.1(2).

(2) Differentiating yields
rf3(r) = —=p(r' )P r2E(r) + 2(a — 1)r'P(K(r) — (1)),
which is non-negative if and only if

221 - @ S EED 2 e a)

where the value of the supremum follows from Theorem 3.3(3). Since sup{2(1—a)(c—a) |0 <
a < ¢ < 1} = 2, the function &(r)/r’'? will be increasing for all appropriate values of a and
c. The limiting values are obvious. [J

3.5. Lemma. For0 < a,b<min{c,1} anda+0b>¢, r € (0,1), we have that
(1) fi(r) = (r")2@H=9K, , (r) has positive Maclaurin coefficients and is log-convex on (0,1)
with range (B(a,b)/2, B(c,a +b—¢)/2).
(2) fa(r) = (r")Hatb=e=De | (r) has positive Maclaurin coefficients and is log-convex on
(0,1) with range (B(a,b)/2,00).



Proof. (1) From (2.9), we have that fi(r) = (B(a,b)/2)F(c — a,c — b;c;r?), so that
(c—a)(c—b) < c(2c —a —b) if and only if ab < ¢ + ¢, which is true. Hence the assertion
follows from [AVV2, Theorem 3.2(1)].

(2) From (2.9), we have that fo(r) = (B(a,b)/2)F(c+ 1 — a,c — b;c;r?), so that (c +
1—a)(c—>) <c(2c+2—a—0),if and only if (a — 1)b < ¢ + ¢, which is true. Hence the
assertion follows from [AVV2, Theorem 3.2(1)]. O

We next derive some monotonicity results for functions combined with the p, ~function.

3.6. Theorem. Let0<a<c<1 Then
(1) The function fi(r) = pa.(r) +logr is strictly decreasing from (0,1} onto [0, R(a,c —
a)/2), where R(a,c — a) is as in (2.9).
(2) The function fa(r) = ;jllggl ac(r) is strictly increasing from (0,1] onto (1/2, B%/2].
(3) The function f3(r) = "2, (r) is strictly increasing from (0,1) onto (1, (B/2)%.
(

Tarth(r Mac
(4) The function fu(r) = 1'pac(r)/log(1/r) is strictly increasing from (0,1) onto (1, 00).

)
( )
Thus the function fy(r) = pa.(r)/log(1/r) is also strictly increasing from (0, 1) onto (1, 00).
(5) The function f5(r) = pac(r)arth(r) is strictly increasing from (0,1) onto (0, (B/2)?).
(6) The function fs(r) = pa.c(r)log(r/r') is increasing from [1/3/2,1) onto [0, (B/2)?).

Proof. (1) Clearly fi(1) =0, and by [AVV1, 1.52(2)] it follows that f,(0") = R(a,c—
a)/2. From [HVV, (4.19)] we find that

,, v 1 Bla,c— a)>M(r?) 1 (B(a,c— a)/Q)2 B(a,c — a)M(r?)
W =5 ~ (1 i (7Kl 2 ) |

r Arr' 25 (1)
It now suffices to show that this derivative is negative, which is true if, denoting B =
B(a,c — a), we have

(B/2)*BM(r?)
(r"Kae(r))?
for r € (0,1).From Lemma 3.4(1) it follows that g(r) = r'XK,.(r) is strictly decreasing

from [0,1) onto (0, B/2]. By Theorem 2.15 we see that M(r?) gets its smallest value for
M(0T) = M(17) = 1/B. Then we see that

(3.7) > 1

(B/2)?BM(r?)
(r"Kae(r))?

1
B M(r*)/r" > B M(0")/r' = = > 1.
The claim follows.
(2) The function fy can be rewritten as

B 1'% F(a,c—a;c;r'?) log(1/r"?2)
2 log(1/12) r2F(a,c —a;c;r?)’

for) =

By Lemma 3.2(1) the first fraction is strictly increasing onto (2/B, 2], and the second onto
(1/2, B/2], so the claim follows.
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(3) The function f3 can be rewritten as

B r'Fla,c—a;¢r"?) arth(r)
2 arth(r’) rF(a,c—a;cr?)’

fa(r)

Then, in the same way as in part (2), the claim follows from Theorem 3.3(1).
(4) Clearly

r'F(a,c—a;c;r'?) r"2F(a,c—a;c;r'?) 1

fa(r) = log(1/r)F(a,c —a;c;r?) log(1/7) . r"F(a,c—a;c;r?)’

By Lemma 3.2(1) and (2) it is then the product of two increasing functions. The limiting
values also follow immediately. As r +— 7’ is decreasing, lim, o+ 7" = 1 and lim,_;- " = 0,
the statements for f, also follow.

(5) We see that
_ Barth(r)

2 rK(r) ri(r).

Then it is a product of two increasing functions, by Theorem 3.3(1) and Lemma 3.2(2).
Hence, f is increasing itself. The limiting values are obvious.

(6) The value f5(1/4/2) = 0 is obvious, while the limit as r — 1 follows from (4)
and the symmetry property fiq o(7)pac(r') = (B/2)%. Next, fo(r) = (1/2)f2(r)g(r), where
g(r) = (r/r")?(logr/logr') log(r/r")?. Hence, by (2) it suffices to prove that g(r) is increasing
on [1/v/2,1). Put t = (r/r")?, so that g(r) = (logt/log(t + 1))tlog((t + 1)/t) for t € [1,00).
Clearly logt/log(t + 1) is increasing on [1/v/2,1). Let h(t) = tlog((t 4+ 1)/t). Then h'(t) =
log((t+1)/t) —1/(t + 1) and h"(t) = —1/(t(t + 1)?) < 0, so that h/(t) is decreasing. Since
lim;_ A'(t) = 0, we get h/(t) > 0 on [1,00) and thus h(t) is increasing on [1, 00). O

f5(7)

For a quotient of hypergeometric functions with different parameters we obtain the fol-
lowing results.

3.8. Theorem. Let a,b,c,a’,b',c be positive constants, satisfying the conditions a’ >
a,b' > b, and ¢ < ¢, with at least one inequality being strict, and let max{a’,b'} < . Then
the function f(r) := F(d',b';;r)/F(a,b; c;r) is strictly increasing on [0, 1) onto [1, L), where

B(d,d —d —V)B(c—a,c—0)

L:
B(e,c—a—0b)B(d —a',d = V)

in case a' +b <, and L = oo in case a’ +b > .

Proof. First, f(0) = 1 is obvious. Next, let T;, denote the n:th coefficient-quotient,
that is T,, = a,/b,, where a,, and b, are the n:th Maclaurin coefficients of F'(a’,¥’; ¢;r) and
F(a,b;c;r), respectively. Then
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so that 1,,11/T, = (¢’ +n)(b' +n)(c+n)/[(a+n)(b+n)(c" +n)] > 1. Hence the assertion
on monotonicity follows from [HVV, Theorem 4.3.].

Now assume that @’ + 0 < . Then a+b <d' +V < < ¢, so by (2.9) the assertion for
L follows.

Next, let ' + " > ¢, and a+b > ¢. Then (¢’ +V — ') — (a+b—¢) = p > 0. Hence, by
(2.9), we get
F(d—d,d=V;c;r)

fr)=Q0=n"* F(c—a,c—b;cr)

so that f(17) = oc.

Next, if ' + 8 > and a+b=c,thena' +b —c >a+b—c=0, so by (2.9) it follows
that L = oo.

Finally, let a + b < ¢, but @’ + V' > ¢/. Again, from (2.9) it follows that L = oo. O

3.9. Corollary.  With notation for contiguous hypergeometric functions as in [R, p.50],
let a, b, c be positive constants, and let f = F(a+)/F, g = F(b+)/F and h = F/F(c+). Then
f,g and h are all increasing on [0, 1), with f(0) = g(0) = h(0) = 1. Furthermore,

(1) f17)=(c—a—1)/(c—a—b—1)ifa+b+ 1< ¢ and = oo otherwise.
(2)g17)=(c—=b—-1)/(c—a—b—1)ifa+b+ 1< ¢ and = oo otherwise.
(3) h(17) = (¢ —a)(c—b)/[c(c —a—1D)] ifa+b < c and = co otherwise. [

The particular case 0 < a < ¢ < 1, b = ¢ — a requires that we have some knowledge
about the Legendre M-function, a phenomenon which does not show in the case ¢ = 1, as
then M(a,c—a,c,r) = M(a,1—a,1,7) is constant by (2.13). In the following theorems we
derive some more useful properties of the M-function.

3.10. Theorem. Denote f(r) = (r(1 —r))***=°M(a,b,c,r). Then the following hold

for positive a,b,c with a < ¢, b<c andr € (0,1).

(1) If a+b > ¢, then the function f(r) is bounded.

(2) If a = c or b = ¢, then the function f(r) is the constant b or a, respectively.

(3) If a +b+ 1 = 2c, then f(r) = d, a constant, that is, M(r) = d(r(1 — r))'=¢, where
d= % In particular, M(r) is constant if and only if ¢ = 1.

Proof. (1) By [HVV, 3.17(7)] we know that the limit of f at r = 0is (a+b—c)B(c,a+
b—c)/B(a,b). By symmetry of f, it is also the limit at » = 1. Therefore f is bounded if
a+b>ec.

(2) Assume that ¢ = a. By (2.11) we see that

fr) =b(r(1 =)’ v(a,b,a,r)vi(a,b,a,7).
By [AS, 15.1.8] we have that F(a,b;a,7) = F(b,a;a;r) = (1 —r)~°. Thus

F)=b (1 =) (=)t et =,

12



which proves the statement. Since the parameters a and b are interchangeable in hypergeo-
metric functions, the proof is the same in the case ¢ = b.
(3) Let N(r) = M(r)/(r(1 —r)). Then, by (2.10)

N(r) = vi(r)o'(r) = v(r)vi(r),

and
N'(r) = v (r)"(r) — v(r)vi(r).
As v satisfies the hypergeometric differential equation (see [R, (3),p.54]), we have

r(1— )" (r) + (1 — 2r)0'(r) — abu(r) = 0.
Now, v(r) = —v/(1 — ) and v/'(r) = v"(1 — 7). Hence,
r(1— 1) (r) + (1 — 2r)0) (r) — aboy (r) = 0,
and thus
r(1 = r)N'(r) + (1 — 2r)N(r) = 0.

Hence p p
L (1= )N ] =0 = L [(r(1 — ) M)
so that M(r) =d (r(1 —r))*~¢, where d is a constant.
We now show that d = T'(c)?/(T'(a)T'(b)). Taking the limit as r — 0", we have d = f(0T).
Case (i): ¢ =1, so that b =1 — a. Then by (2.9)

f(r)=r(1=r)o(r)0'(r)+a(l —a)(1 —r)o(r)v(l —a,a;2;1 —1r),

so that

o rerae 1
d = a(l=a)p(l-aa21)=al- VAt al@—a)  T@r—a)’

as required. Note that in this case d = sin(wa) /7.
Case (i1): 0 < ¢ < 1. In this case we have 0 < a+ b < ¢ < 1. Then

f(r) = (r(1 =) (v (r)v'(r) + (ab/c)v(r)v(a+ 1,b+ ;¢ + 151 — 1))
= (r(1—=r))° [vl(r)v’('r) + (ab/e)r~“v(r)v(c — a,c — bye+ 1;1 — ’r)] ,
so that

fOT) =0+ (ab/c)v(c—a,c—b:c+1;1) = (ab/c)r(z(i;;)(l;(j)m _ F(IC‘L()CIE([))‘

Case (iii): ¢ > 1. This is similar to case (ii).O]

The following corollary is a direct consequence of Theorem 3.10(3) and the formulas
(2.22) and (2.23).
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a,b,c

3.11. Corollary. Let it = pap. and let s = ©37°(r). If a,b,c are positive with a < ¢
and b < ¢, r € (0,1) and a + b+ 1 = 2¢, then we have the following generalized derivative
formulas.

(1)
du D

e e Lo ER

_ (@T®r()?
where D= W.
(2)

a7 () G)

3.12. Theorem. Let0<a<c<1,b=c—a and M(r)= M(a,c—a,c,r). Then

(1) The inequality
M(r?) = 2r° M'(r?) > (¢ — a)a > 0

holds for all r € [0,1]. In particular the function f(r) =r/M(r?) — a(c — a)r is increasing
from [0,1] onto [0, B — a(c — a)].
(2) The function g(r) = f(r') is decreasing from [0, 1] onto [0, B — a(c — a)].

Proof. (1) First, if ¢ = 1, then M(r?) is a positive constant, hence the assertion is
trivial. We then assume that 0 < ¢ < 1. In this case, (a+b—1)(c —b) = (¢ —1)a < 0, so
by Theorem 2.15 M'(r?) > 0 for r € (0,1/+/2) and < 0 for r € (1/v/2,1). Let

Fy=F(c;r"*)F(c+;r?) and By = F(c;r?)F(c+;r'?),

where the parameter triple of F' is (a,c — a;c¢). Then we see that both F; and Fy are
nonnegative, and in fact > 1. As in [KV] (11) and (27), we see that

M(r?) = (c— a)% (ﬂF1 + T/QFQ) and M'(r?) = (c — a)%(l —¢) (F1 - Fg).

Now M/’ (r?) is negative in (1/v/2,1), so from the equation above we see that in this interval
Fy — F5 is also negative. Then

d r
dr M(r?)

M(r?)? = M(@?) = 2rPM'(r?) = (c — a)% <r2F1 + "2 Fy —2(1 — o)r?(Fy — F2)>

(c—a)a

> (c—a)%(rQFl +7”'2F2) > (c—a)%(r2 +1r'?) = .

In the case r € (0,1/4/2) and ¢ > 1/2 both F; — F; and (2c — 1) are nonnegative. Then we
see that

M@ =20 M (r?) = (c— a)% <r2F1 + 72 Fy —2(1 — o)r?(Fy — F2)>

— (e— a)% <F2 4 (2e—1)(F — Fg)ﬂ])

> (c— a)%FQ > (¢ — a)%.
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For ¢ < 1/2 the expression (2c — 1) is non-positive. Thus, using (2.9), and the inequality
rF(a,c—a;c;r'?) < 1 which follows from Lemma 3.2(2), we get

(c - a)% (1"2(20 S F 4 (1 — 1220 — 1))F2>

= (C_a)c<(20_1)<c_ca)aé7“+1—r (2¢ — 1)>
> (2 — 1)%7" TQCL(C— a)c(l —2¢) N (c —Ca)a.

Finally, using the inequality 1/B(a,b) < 2ab/(a + b) (see [AVV1, 1.50]) together with the
fact that r(1 —r) < 1/4, we obtain

M(ﬂ)Q%m > (© _Ca)“ (1 21— 2)r + (1 — 2c)r2>
_ L _C“)“ <2c +(1—=2¢) —2(1 = 2¢)r + (1 — 2¢) )
_ (e _c@)“ (20 +(1—20)(1— r)2> G _c“)azc = 2a(c — a).

This proves the statement.
Part (2) follows directly from the equality M(z) = M(1 — x) by interchanging x with 2’
in part (1). O

4 Functional inequalities and linearization

In this section we generalize the functional inequalities for the modular function ¢ (r) proved
in [AQVV] to hold also for the generalized modular function ¢%”“(r) in the case b = ¢ — a.
We start by a generalization of the results in [AQVV, 6.2].

4.1. Lemma. Leta < ¢ <1, K € (1,00), r € (0,1), and let s = ©3°(r) and
t = ¢\ (r). Then the function
(1) fi(r) = s/r is decreasing from (

0,1) onto (1,00),
(2) fa(r) = '/’ is decreasing from (O 1) onto (0,1),

(r) =
(3) f5(r) = ( )/XK(r) is increasing from (0,1) onto (1, K),
(4) fa(r) = XK'(s)/K'(r) is increasing from (0,1) onto (1/K,1),
(5) f5(r) = Ko o(8)?/(r'Kae(r)?) is decreasing from (0,1) onto (0,1),
(6) fs(r) = sXK,, (5)?/(rXK, (1)) is decreasing from (0,1) onto (1,00),
(7) g1(r) =1t/r is increasing from (0,1) onto (0,1),
(8) go(r) = t' /1" is increasing from (0,1) onto (1,00),
(9) g3(r) = K(t)/K(r) is decreasing from (0,1) onto (1/K,1),
(10) g4(r) = K'(t)/XK'(r) is decreasing from (0,1) onto (1,K),
(11) g5(r) = Ko e(t)?/(1"Ky o(1)?) is increasing from (0,1) onto (1, 00),
(12) gs(r) =t ( )?/(rXK, (r)?) is increasing from (0,1) onto (0,1).
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Proof. (1) Differentiating we see that

58 2K (s)K'(s)M(r?)
rr 2K (r)X' (r) M(s?)

r—s5<0

filr) =

if and only if
s 2K (s)XK'(s) - 2K (r) XK' (r)

M(s?) T M)
As fi40(s) = pac(r)/K, we see that s > r for all » € (0,1), and thus (4.2) holds if
r — 2 2K(2)X'(x)/M(2?) is decreasing, which is true by Theorem 3.12(2) and Lemma
3.2(2). The limiting value at 1 is clear. For the limiting value at 0 we see that since
s/r = (s/rVE)(1/r'=VE) we get

log(s/r) = (1—1/K)log(1/r)+ (logs — (1/K)logr)
(1—1/K)log(1/r) + ((u(s) +logs) — (1/K)(ur +logr)),

which by Theorem 3.6(1) tends to occ.

(4.2)

(3) Differentiating we have that

Kool f1(r) = 2(c—a) {fKa,c(r) Eac(s) _852 ﬂca,c(s)g k. (s)eacm _r:; Koe(r)
_ e = a)Kac(s)M(r ){%As)(eac(s)—s’29<a,c(s))
rr’ 2£K <(7) M(s?)
a.e(T) (Eae(r) —

M(r2) 72K o(r ))}

1/K

Then, since by Theorem 4.4 r < r*/* < s, it suffices to show that

jc:l,c(x>(8a76<x) - flpj{a,c{x)) _ m2j<;7c(x) . Sa,c(x) — $/2:Ka,c($)
M(z?) M(x?) x? '

is increasing. But this follows from Theorem 3.12(1) together with parts (2) and (9) of
Theorem 3.2(2). The limiting values are clear.

(5) Differentiating, we see that f}(r) is negative if and only if the function

Flo) = ° Kajfl:iga,c(x) (1 d(e—a) 8a,c(r;)2;<f;(§a,c($)>

is increasing. But this follows from Lemma 3.1(6) together with 3.12(3). The limiting values
follow from the limiting values in parts (2) and (3), as

S/UC(S)2_1 S—/l K(s)?

li = =1-1=1.
) rK(r)2 o r—0 K(r)?
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and s'K(s)? s K(s)?
= lim — - lim =0-K*=0.

) rK(r)2 =i 1 K(r)2

As fo(r) = 1/£1(8), fa(r) = 1/f35(s") and fo(r) = 1/f5(s)), parts (2),(4) and (6) follow.
The parts (7)-(12) follow from (1)-(6), as g;(r) = 1/fi(t) for i =1,2,3,4,5,6. O

We continue by proving some functional inequalities for the function ji, ..

4.3. Theorem. Let0 <a <c<1. Then, denoting f(r) = pac(r) = u(r), the function
g1(r) = (1=nr) f'(r) is increasing, and the function go(r) = rf'(r) is decreasing. In particular,
the inequalities

poe (1= VA0 —0) < LedDEitadl) o ()

hold for all u,t € (0,1) with equality if and only if u = t.
Proof. We first see that for the function g;(r)

B3 M(r?) 1
4 (LX)

—g1(r)

Clearly this is decreasing by Theorem 3.12(1), so that g;(r) is increasing. Also

BM@?) 1
4 rK(r)¥

—g2(r)

which is increasing by Theorem 3.12(2) and Theorem 3.4(1), so that go(r) is decreasing.
These monotone properties imply that that the function f(1 —e™*) is convex on (0, 00) and
that the function f(e™") is concave on (0, 00), and so the asserted inequalities follow. O

4.4. Theorem. For each 0 < a < c <1 and K > 1, the function f(r) = o%°(r)/r/%
is strictly decreasing from (0,1] onto [1, e~/ KNE@c=a)/2) " In particular,

Tl/K < S0(]1(,1:(74) < e(l—(l/K))R(a,c—a)/er/K‘
Also, the function g(r) = gp‘f/cK(T)/rK is strictly increasing from (0, 1] onto (e(1=F)flac=a)/2 1]
In particular
7aK > gOtll,/CK(T,) > e(lfK)R(a,cfa)/QrK.
Proof. If s = p3°(r), then pi40(S) = pac(r)/K, and s > r, for all r € (0,1) and K > 1.
Differentiating we get




This derivative is negative if and only if (s"2K(s)?)/M(s?) < (r'2K(r)?)/M(r?), that is, if
the function x — (2/?X(x)?)/M(z?) is decreasing. This, however, follows from Theorems
3.12(1) and 3.4(1), as
x/ZfK(I)z B '
M(2?)  M(a?)
Then f is indeed strictly decreasing. By Theorem 3.6(1)

log(s/r'/%) = [u(s) +log(s)] — (1/K)[u(r) + log(r)]

tends to (1 — (1/K))R(a,c — a)/2, as r — 0. The proof for the function ¢ follows the same
pattern. O

(V'K (z))?.

4.5. Remark. We observe that in Theorem 4.4 for a = 1/2, and ¢ = 1, the coefficient
in the upper bound reduces to the classical constant 4'~(1/%) [LV].

4.6. Theorem. Let0<a<c<1and K € (1,00). Then
(1) the function fi(r) =log(pk(r')) is decreasing and concave on (0,1). In particular

2

e (UW)er () <px | 4/1- (u +t)2 )

2

and

o (u)px(t) < ok <\/1 — V(1 —u?)(1 - t2))2.

for all u,t € (0,1), with equality if and only if u =t. (2) The function fo(r) = log(er(r'?))
is decreasing and concave on (0,1). In particular

orc ot < o (1 - (“;”))

prcu)er(®) < erc (1= VI = w1 - t2)>2.

for all u,t € (0,1), with equality if and only if u =t. (3) The function f3(r) = log(ex(1l —
e ")) is increasing and concave on (0,00). In particular

and

or(1—u)pr(l—1t) < k(1 — Vut),

and
er(Wen() < e (1= VI -1 -1) .

for all u,t € (0,1), with equality if and only if u =t.
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Proof. (1) Denotet = @1,k (r). Then we see that ¢ (r \/1 — 1/ (r)? = V91— =
t'. Now
d(t') it 2K ()X (t) M(r?) (_ t ) PKOXK (M) 1 PK ()P M(r?)
v)

dr rr’ziK(r)ﬂC’(r)M(tQ).

Thus
£ - 0 () () (42).

where each of the bracketed functions is positive and increasing, by Theorem 4.1(12) and
Theorem 3.12. Thus df;/dr is negative and decreasing, and f; is decreasing and concave.
Then the convexity inequality f((x + v)/2) > (f(z) + f(y))/2 directly yields the first in-
equality. The rewritten inequality follows from change of variables.

(2) Again, let t = 1/ (r), and u(r) = 2r? —r4. The function u(r) is easily shown to

be increasing in (0,1). Now

dfa t’(U)t(U)ZfK(t(U))-‘K’(t(U))M(u2)_(_27,)_

dr 1u’u2ﬂ<(gfzé)ﬂ<’(u)./\/l(t(u)2) y t’(lu) 2
tHu) XK' (t(u))? t(u u? T
(M) (wm) (5 (5=

Also here all the bracketed functions are positive and increasing, and thus dfs/dr is negative
and decreasing, and f; is decreasing and concave. The rest of the statement is proved as in

(1).
(3) With x =1 — e " and s = ¢k (z) we have

o= (52) () () ().

which is decreasing by Theorem 4.1(6). The rest of the statement is proved as in the previous
cases. UJ

rr 2K (1)K (r)M(12) Ko 2K (r)2M(t2)

4.7. Theorem. Letp : (0,1) — (—o00,00) and q : (—o0,00) — (0,1) be given by
p( ) = 2log(z/z') and q(z) = p~(z ) = e*/(e* + 1), respectively, and for a € (0,1),

€ (a,1], K € (1,00), let g, h : (—00,00) — (—00,00) be defined by g(x) = p(yy (¢()))
nd () = Do (). Then

ooz { B0 20w v < {

Proof. First, if x > 0, then
9(z) = Kz & ¢y (q(z)) > ¢(Kx)

o 1 i ex - eKa:
Hae Kua’C er +1 — Ve 41

o et <K eKm
Hoe\ Voo 1) = Hae\ Vera 1 |




This will be true if f(K) = Kpuqc(y/e5%/(eX? + 1) is increasing on [1, 00).

Now, setting r = /X% /(eX* + 1), we have r? = &% /(e£% 4 1), and 7/ 2 = 1/(eX® + 1).
Then f(K) = (2/z)f¢(r), where fq is as in Theorem 3.6(6), and thus increasing, as r(K) is
increasing as a function of K.

Let still x > 0. Then

et 41 ez/K 41
o (L 1 o1
Hac K'ua’c e+ 1 —Ver/K 41
@ e () = e (V)
ﬂac \/m — ﬂa,c eJZ/K+1 .

This is true if F(K) = Kpa(1/Ve*/5 +1) is increasing on [1,00). Let t = 1/ve®/K 4+ 1.
Then t € (0,1/v/2) and > = 1/(e®/% 4 1), /2 = /% /('K + 1), x = 2K log(¥'/t). Now
f(K) = (B?/8)(x/fs(t')), where fq is as in Theorem 3.6(6), and thus increasing, as t'(K) is

decreasing as a function of K. Finally, the proof of h(x) is similar. U

5 Dependence on c

In this section we study how the functions g, /L;i and ¢%° depend on the parameter c.
corresponding results for the case ¢ = 1 can be found in the articles [AQVV] and [QV1].

5.1. Notation. For 0 <a < c and t > 0 we denote
P(a,c,t) =V(c—a+1t)—V(c+1),

s _(c—a,t) T(c—a+t)(c)
A=A = Ala,c,t) = ) _F(c—l—t)F(C—a)’

121 = At = A(CL, c, t) = (aa t)Aty

and
B = B, = B(a,c,t) = P(a,c,t) — P(a,c,0).

5.2. Lemma. Let f, g, and h be real valued functions defined on [0,00) such that f is
strictly increasing, f' is strictly decreasing, 0 < g(x) < h(z), and ¢'(x) > h'(x) > 0 for all
x € [0,00). Let F(z) = f(g(x)) — f(h(x)). Then

(1) F is strictly increasing on [0,00).

In particular, with notation as in 5.1, the function B 1is strictly increasing in t, so that
B(a,c,t) > 0 with equality if and only if t = 0.

(2) 0A/0c = AB.
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Proof. (1) By the assumptions,

= f
> fg(x)g'(x) — f(g9(x))g' (x) = 0.

We now take f = VU, g(z) = ¢ —a+ z, and h(z) = ¢ + x. Then by the above, F(z) =
U(c—a+x)—V(c+x) is strictly increasing on [0, 00) so that F'(x) — F(0) > 0 with equality
if and only if x = 0. By the definition of B, this means that B(a,c,t) > 0 with equality if
and only if £ = 0.

(2) By logarithmic differentiation we get

0A/0c Mie—a+t) T'(e+t) (F’(c—a) _F’(c))
A IFlc—a+t) T(c+1) I'(c—a) T(c¢)
= Uc—a+t)—V(c+t)— (V(c—a)—V(c))
= P(a,c,t) — Pl(a,c,0)
= Bl(a,c,t). O

5.3. Theorem. Fora >0 and z,y € (0,1), the function f defined on (a,o0) by

F(a,c—a;c;x)

fe) :B(a,c—a)F(a c—a;cy)

is strictly decreasing from (a,o0) onto (0, 00).

Proof. First, since

1< F(a,c—a;c;x) <1+ C_aF(a,l;l;x),
c
it follows that F'(a;c — a;¢;x) — 1 as ¢ — a™. Hence

fla+) = lim B(a,c—a)= lim ['(c —a) = o0.

c—a+ c—a+

Next, we note that for n > 1, ¢ +— (¢ —a,n)/(c,n) is increasing by [AVV1, 1.58(32)]
with limit 1 as ¢ — oo. Hence, using [AVV1, 1.20 (1)], we get

(5.3) Fla,c—a;¢r) < F(a,1;1;7)=(1—7r)"%

Now let F(c,r) = F(a,c —a;¢;r), h(r) = (1—r)~ and

Fn(c,r):ko Wﬁ)((:;)a,k)% and  ha(r) = 3 (a, k)=
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Then let r € (0,1) and € > 0. Now let mq be such that h(r)—h,,(r) < e for all m > mg. Then
there exists a ¢ such that when ¢ > ¢y and all 0 < m < mg we have (c—a,m)/(c,m) > 1—e¢.
Thus, for ¢ > ¢y and p = my we have

Fler) > Bler) =3 @O BDT o (oY 0

— (c,n) n!

= (L=28)hp(r) > (1 =) (h(r) —¢).

n=0

From this and (5.3) we see that F(a,c—a;c;r) — (1 —r)"*% as ¢ — oo. Applying for z = z,y
as ¢ — 00, we see that F(a,c—a;c,x)/F(a,c—a;c;y) — ((1—x)/(1 —y))~*, which is finite.
As ¢ — oo, by Stirling’s formula [WW, 12.33],

B(C;(Ca)_ a) _ F(]?(;)CL) N <<1 B %)c—(1/2)> <Cia>a s (e79)(0) = 0.

Hence f(c) — 0, as ¢ — oc.
Logarithmic differentiation together with the Notation 5.1 and Lemma 5.2 (2) yield

f6 = T oI aay)
_ b (QN@)F(C—@) F(a,c—aicix)

f(e) \\ 9c NG F(a,c—a;cy)
I'(a)l'(c—a) 9 F(a,c—a;c;x)
+ [(c) dc F(a,c— a;c; y))
_ 1 I(c—a)l'(a)l'(c) = T’ (c)['(a)'(c — a) F(a,c — a;c;x)
f(e) [(e)? F(a,c—a;c;y)

['(c)? [(a)T'(c—a)
F(a,c—a;c;x) — oc” ") n! Fla,c—a;cy) — oc ") nl

1 = - "

= \P(C_a)_\lj(c)+F(ac—a'C':p)ZAan_'

) b ) nzo *
1 S y"
_ A,B,2-
F(a,c—a;C;y); !



It follows that
1

- - e e 2 pl
h(C) - B(CL,C—CL)F(OJ’C CL?Cay) f(C)
= Fla,c—a;c;y)F(a,c—a;c;2)(V(e—a) — ¥Y(c))
+F F(a,c—a;cx) Z An?ny"
— nl “—~ nl
= (¥le—a) - ZZ lml
n=0 m=0
AAmBmmn AABmmn
30y ey 30y Aetin
n=0 m= 0 n=0 m=0
= Z %Gmm(a, e, ) (zy)™
= £~ nlm!

where

Gmnl(a,c,r) = (V(c—a)—V(e)y" "+ Bpy" ™ — Bpa"™™
= y""(W(c—a+m)—¥Y(c+m))— Bpz" ™.

Since W is strictly increasing, we have ¥(¢c —a + m) — W(c +m) < 0 and by Lemma 5.2
(1), B,, > 0. Hence Gy, p(a,c,r) < 0. It follows that h(c) < 0 and as B(a,c —a) =
I'(a)l'(c —a)/T'(c) >0 for 0 < a < ¢, we get that f'(c) <0 for ¢ € (a,00). O

5.4. Corollary. Fora >0 andr € (0,1) the functz'onf(c) defined on (a,o0) by f(c) =
Hac(T) is strictly decreasing from (a,00) onto (0,00) with f(1) = p.(r) if a < 1.

5.5. Lemma. Let z = f(x,y) = f.(y) = f,(z) be continuously differentiable for x and
y in some real intervals. Suppose that (0f /0x)(0f/0y) > 0. Lety = f'(2) = g(x,z). Then

dy Og

Proof. By implicit differentiation partial to =, we get

_of  0fdg
0= Ox + Oy Ox
Hence 5 8f/8
g x
ax = afjoy ~0 Y
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5.6. Theorem. Let a,x > 0 be fired. Then the function
e fige(w)
is strictly decreasing from (a,00) onto (0,1) with g(1) = p; () if a < 1.
Proof. Denote r =y i(z) = h(c,x). Then z = pqc(r) = f(c,r). Now 0f/or < 0
and by Corollary 5.4 0f/dc < 0, so that dg/dc < 0 and the monotonicity of g follows from

Lemma 5.5.
Since ftq,1 = [bq, We get

z = palpty () = pan(p " (z))

so that
9(1) = pgi (@) = g ' (x).
We claim that lim, . h(c,z) = 0. Assume on the contrary that lim. . h(c,x) = ry > 0.
Then h(c,z) > 1o for all ¢ € (a,00). Hence

T = ,Ua,C(h(Cv x)) < Ua,C<T0> .

Letting ¢ — oo, Corollary 5.4 implies that x < 0, which is a contradiction.
It remains to show that h(a+,z) = 1. Suppose that h(a+,z) = ro € (0,1). Then
h(c,z) < g for all ¢ € (a,00). Hence

7 = fac(h(e.2)) > pac(ro).
Letting ¢ — a+, we get, by Theorem 5.4, that * = oo which is a contradiction. Thus

h(a+,x) = 1. O

5.7. Theorem. Leta,r € (0,1) and K € (1,00) be fized. Then the function
¢ )
is strictly decreasing from (a, 1] onto [¢%(r),1) and the function
¢ G2 (r)

is strictly increasing from (a,1] onto (0,¢f 4 (r)].

Proof. It is obvious (see [HVV, Remark 4.12]) that we have 3 = fi; (fia.c(r)/K),

where
F(a,c—a;c,r'?)

2
F(a,c—a;c;r

/la,C(T) =

Denote s = ¢%°(r) and
Q(CL?Ca T‘) = F(CI,,C — a5 G 72) :
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By definition,
Qa,cs) 1 Qlacr)
Q(a7 ¢ 8) B K Q(CL, ¢ 7”) '
We apply logarithmic differentiation with respect to ¢ to (5.8) and get
L (0QUcs) 0Qes)s0s\ 1 (0Qcs)  9Q(.cs)0s
Q(a,c,s") Oc s’ s’ dc Q(a,c,s) dc 0s oc

1 0Q(a,c,r") 1 0Q(a,c,7)
B Q(a,c, 1) dc N Q(a,c,r) dc ’

(5.8)

which is equivalent to

0Q(a,c,s') s 1 1 0Q(a,c,s)\ Os
(5.9) < ds & Qla,c,s) * Qa,c,s)  0Os ) de
= (Ql(afa C, 8/) - Ql(a7 c, TJ)) + (Ql(aa C, T) - Ql (Cl, C, S>>7
where . 20 )
a,c,x
Qulasc.x) = Q(a,c,x) oc '

Then for 0 < a < ¢ <1 we get that

0Q(a,c,z)  2a(c—a)
oz B c

rFla+1l,c—a+1c+1;2%) >0

for all z € (0,1). Hence the coefficient of ds/dc in (5.9) is positive. We turn our attention
to the right hand side of (5.9). By Lemma 5.2 (2) we have that

0 AnBn,2n o) 2n
Zn:O 7;1] T _ ano CVnr

ZOO &TQn - ZZO:O ﬁnT.Zn ’

n=0 n!

Q1(a,c,z) =

where a,, = flan/n! and (3, = fln/n!. Then

%:Bn:\I/(c)—\I/(c—a)—(\If(c—l—n)—\lf(c—a—i-n)),
where, by (2.4),
1 = c+n
(v (e = -
(Wletn)=Yle—atn) = =3 kz:;k(k+c+n)
1 = c—a+n
c—a+n k(k+c—a+n)
a S —a

k+c+n)k+c—a+n)

1

_a;(k:—l—c—l—n)(k—i-c—a%—n)’
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which is clearly increasing in n. Hence «, /3, is increasing in n and [?, Theorem 4.4] implies
that Q1 (a, ¢, x) is strictly increasing in z. Since K > 1, it is immediate that s > r and r’ > ¢’
and it follows that the right hand side of (5.9) is negative. Hence ds/dc < 0, which proves
the first monotonicity claim. On the other hand, if s = go‘llfK(r), then s < r and r’ < s" and
the right hand side of (5.9) together with ds/dc are positive and the second monotonicity
claim follows.

It remains to consider the ranges of the functions. The values at ¢ = 1 follow from the
fact that for all k£ > 0,

(5.10) Py (r) = gi(r) .

To show that (5.10) holds, we write

fa(fig 1 (1) = mﬂm(ﬂﬁ(t» = 2sin(ra)
and put t = fi,1(r)/k to get
i o () )) = sl iy

~ 2sin(ma) Kk

which implies (5.10).

To conclude the proof we need to show that as ¢ — a+, p%°(r) /1 and @‘f/cK(r) N\ 0.
We prove the first fact and note that the proof of the second one is similar. Let L = @3 (r).
Assume that L < 1. By the monotonicity in ¢, it follows that p%(r) < L for all ¢ € (a, 1].
Hence fig (L) < fiqc(r)/K, so that

fla,c(L)
) <M

Letting ¢ — a+, we get 1/K > 1, which is a contradiction, since K > 1. Hence L = 1.
|

5.11. Theorem. Fora,r € (0,1), let f and g be functions defined on (a,c0) by

(]) f(C) = jca,c - (B/2)7
(2) g(c) = (B/2)—E,4c, where B = B(a,c—a). Then, both f and g are strictly decreasing,

with f(a+) = log(1/r"), f(o0) = 0 = g(0),

gla+) = % (Z HTTH_1> —log(1/r").

n=1

Proof. The assertion f(o0) = 0 = g(oco) follows immediately from Stirling’s formula, as
in the proof of Theorem 5.3 (cf. [AVV1, 1.49.]). Next, the coefficient of r*" in the Maclaurin
series of f(c) is

fu(e) =T(a+n)l(c—a+n)/2(n)l(c+n)),
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so that f)(c)/fu(c) = ¥(c—a+n) — ¥(c+n) <0, since ¥ is strictly increasing. Similarly,
it can be shown that an analogous assertion holds for g(c), thus proving the monotonicity of

these functions. Finally,
x 2n

flat) =Y 5 =log(1/r'),

and

Finally, we make some conjectures regarding the behavior of the Legendre M-function
combined with other functions. Such problems seem to be quite difficult, and apart from
the functions in Theorem 3.12 and immediate consequences, we are not aware of any results
in this direction. In particular, solving any one of the following problems immediately yields
several interesting functional inequalities generalizing those stated in [AQVV, 1.14, 1.15].

5.12. Conjectures. Based on experimental evidence, we make the following conjec-
tures.
(1) Let 0 < a < ¢ < 1. Then the function f(r) = /r/M(r?) is strictly increasing from (0, 1)
onto (0, B), and g(r) = V/r' | M(r?) is strictly decreasing from (0,1) onto (0, B).
(2) Let0 <a<c<l1l K>1, ands—cpi(c(r). Then
i) the function fi(r) = (sM(r?))/(rM(s?)) is decreasing from (0,1) onto (1, 00).
i) The function fo(r) = (s M(r?))/(r' M(s?)) is decreasing from (0,1) onto (0,1).
iii) The function fg(r) = (K(r )M(T2))/( (s)M(s?)) is decreasing from (0,1) onto (1/K,1).
w) The function fi(r) = (K'(r)M(r?))/(K'(s)M(s?)) is decreasing from (0,1) onto
(1, K).
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