WEIGHTED COMPOSITION OPERATORS ON BMOA

JUSSI LAITILA

ABSTRACT. Let 9 and ¢ be analytic functions on the unit disk D such
that ¢(D) C D. We characterize boundedness and compactness of the
weighted composition operators f +— ¥ - (f o ) on BMOA, the space
of analytic functions on the unit disk that have bounded mean oscilla-
tion on the unit circle, and its subspace VMOA. We also estimate the
essential norm of a weighted composition operator on VMOA.

1. INTRODUCTION

Let D be the open unit disk in the complex plane and let ¢: D — C and
@: D — D be analytic functions. The weighted composition operator Wy, ,, is
the linear operator defined on H(ID), the linear space of all analytic functions
on D, by

Wy f)(z) = ¥(2)f(p(2),  z€D,

for all f € H(D). This operator can be viewed as a simultaneous general-
ization of both the pointwise multiplier My,: f + % - f and the composition
operator Cy,: f + fo¢. Weighted composition operators appear in various
settings in the literature. For example, it is known that isometries of many
analytic function spaces are weighted composition operators (see [FJ, §4], for
instance). Recently boundedness and compactness of weighted composition
operators have been studied on various classical Banach spaces of analytic
functions on D, such as Hardy, Bergman, and Bloch spaces, see e.g. [CH],
[CH2], [WL], [CZ], [CZ2], [OZ] and [MZ].

The purpose of this paper is to consider the weighted composition opera-
tors Wy, on the space BMOA, which consists of the analytic functions on
D that have bounded mean oscillation on the unit circle T. Our main goal
is to characterize boundedness and compactness of the operators Wy, , on
BMOA in terms of function theoretic properties of the symbols 1 and .
We also characterize boundedness and compactness of Wy, , on VMOA, the
closed subspace of BMOA consisting of the analytic functions of vanishing
mean oscillation. Moreover, we estimate the essential norm (that is, the
distance to all compact operators) of a weighted composition operator Wy .,
on VMOA. Our estimates appear to be new also in the special cases of the
operators My, and C,.
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Boundedness and compactness of the operators M, and C, are quite well
understood in the context of BMOA. Boundedness of My, on BMOA was
first characterized by Stegenga [St|. In fact, My, is bounded if and only if v is
bounded and has logarithmic mean oscillation. It is not difficult to see that
M, can be compact on BMOA only if ¢ = 0. The classical Littlewood sub-
ordination principle implies that every composition operator C, is bounded
on the Hardy space H?. It follows from this result that every composition
operator is bounded also on BMOA (see e.g. [Ste], [AFP]). Compactness of
composition operators on BMOA and VMOA has been studied (and char-
acterized) by several authors, see e.g. [T]|, [BCM], [Sm| and [MT]. We refer
to the monographs [S2] and [CoM] for the basic results about composition
operators C,, on classical spaces of analytic functions on ID.

This paper is organized as follows. In Sections 3 and 4 we character-
ize boundedness and compactness of the operators Wy, , on BMOA. These
results are based on a weighted version of the Littlewood subordination prin-
ciple which will also be established in Section 3. In Section 5 we study bound-
edness, compactness and the essential norm of Wy, , on VMOA. In Section 6
we exhibit some concrete examples of bounded and compact weighted com-
position operators on BMOA and VMOA. In the final Section 7 we compare
the boundedness and compactness results on BMOA and the Bloch space B
(due to Ohno and Zhao [OZ]). In particular, we show that the bounded (re-
spectively compact) weighted composition operators on BMOA are bounded
(respectively compact) on B.

2. PRELIMINARIES

Let D = {z € C: |z| < 1} be the open unit disk in C and let T = 0D
be the unit circle. Recall that a function f € H(ID) belongs to the space
BMOA if and only if it is a Poisson extension of some function on T that
has bounded mean oscillation. There are many ways to define a complete
norm on BMOA. We will view BMOA as a Md&bius invariant version of the
Hardy space H? as follows. For 1 < p < oo, let HP denote the usual Hardy
space of functions g € H(D) with the norm

lglle = ( / |g<c>|pdm<c>)l/p,

where ¢(¢) = lim,_1 g(r¢) is the almost everywhere on T existing radial
limit and m is the Lebesgue measure on T normalized so that m(T) = 1.
Then f € BMOA if and only if f € H(D) and

[fll« =sup||f ooa — fla)llg> < o0,
a€D

where the automorphisms o,: D — D are given by o,(z) = (a — 2)/(1 —@z)
for a,z € D (see [B]). The quantity ||f]|« is a seminorm and | f|[Bmoa =
|£(0)| + || f]|« defines a complete norm on BMOA.

We recall next some basic properties of BMOA functions which will be
needed later. Note first that ||f| g2 < [|f|[Bmoa for all f € BMOA and

IfllBvoa < 3|[flleo for f € H, where [|flloc = sup.ep|f(2)|. By the
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Holder inequality, we have that

[fll« < sup||fooa— f(a)|ne,
a€D

for 2 < p < 0co. We will need the remarkable fact that for each 2 < p < o0
this inequality can be reversed. In fact, it follows from the John-Nirenberg
theorem (see |B, Corollary 3|, |G, §VI.2]) that given 2 < p < oo, there is a
constant K, such that

(2.1) sup [|f o oa — f(a)llar < Kp|[f]+,

a€D

for every f € BMOA. (In fact, for each 0 < p < oo, the quantity on the
left-hand side of (2.1) defines an equivalent seminorm on BMOA, see [B].)

We establish next some known pointwise estimates for BMOA functions.
One verifies from the Cauchy integral formula for the derivative that | f/(0)| <
||l g2 for all f € H?. Therefore

(L= lal)f"(@)] = |(f o oa = F(@))(O)] < £l
for f € BMOA. Hence BMOA C B, where B is the Bloch space which con-
sists of all f € H(ID) such that ||f||g = |£(0)| + sup,ep(l — |2/2)|f/(2)| < oo.
From a well-known pointwise estimate for the Bloch functions [Z, Theorem
5.1.6] one gets that

1 1+ |2]
_ < =|| £+ log —=1,
1)~ FO)1 < 1l log 1
for f € BMOA, z € D. Consequently,
1 2
2.2 < 1
(2:2) 1) < g (1o 7= ) W lmsion

for f € BMOA, z € D. We refer to [G] and [Z] for further properties of
BMOA functions.

3. BOUNDEDNESS OF Wy, , ON BMOA

In this section we characterize boundedness of the weighted composition
operators Wy, ,: f 9 (fop) on BMOA. It is convenient to introduce the
following abbreviations which will be used throughout the paper. Let

a(y,p,a) = |(a)| - ||G<p(a) o oaylpe

and
2
B, ¢, a) = <log W) |4 000 —¥(a)l a2,

for a € D and analytic functions ¢: D — D, ¢: D — C. Moreover, given
any Banach space E, we denote by B = {x € E: ||z||[g < 1} the closed
unit ball in £. We write A ~ B whenever the two quantities A and B are
comparable, i.e., there is a positive constant C' such that C~'B < A < CB.

Theorem 3.1. Let ¢: D — D and ¢: D — C be analytic. Then Wy, is
bounded on BMOA if and only if

(3.1) sup (v, p,a) < oo and sup (Y, p,a) < oo.
acD a€eD
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Moreover,

sup  [[Wy,p fll« ~ supa(y, ¢, a) + sup B¢, ¢, a).
fe€BeMmoA =) a€h

We need some auxiliary results before the proof of Theorem 3.1. Recall

first that if A: D — D is an analytic map with A(0) = 0 then the Littlewood
subordination principle (see [CoM, p. 30]) states that

(3-2) lg o Allerz < [lgll 2,

for all ¢ € H? The well-known fact that every composition operator
Cy: f— foyis bounded BMOA (see e.g. [Ste, Theorem 3|, [AFP, Theorem
12]) can be deduced from (3.2). Indeed, if we set g, = foo, ) — f(v(a)) and
Ao = Op(q) © P © 04, where f € BMOA and p: D — D are analytic, a € D,
then

(3.3) 1f ol = sup [lga © Aallm2 < sup ||gallzz < || f]]+;
a€eD a€D

by (3.2) and the fact that (0,() © 0y))(2) = 2. Hence Cy, is bounded on
BMOA. The following result, which provides a weighted counterpart of (3.3)
will be crucial in the proof of Theorem 3.1.

Proposition 3.2. There is a constant C' > 0 such that
(3.4) lg o Mgz < Cl[A g2l a2,

for all analytic functions g € H? and \: D — D such that g(0) = A(0) = 0.
In particular,

(3.5) [p(a)] - [[f opooa— fle(a)lm < Cal, e, a)|lflls
for all a € D and analytic functions f € BMOA, ¢ € H(D) and ¢: D — D.

The proof of Proposition 3.2 will be based on properties of the Nevanlinna
counting function N(¢p,-). Recall that for an analytic map ¢: D — D, the
Nevanlinna counting function is given by N(p,w) = >, -1(,) log(1/|2])
for w € D\ {p(0)}, where each point in the preimage ¢~ !(w) is counted ac-
cording to its multiplicity. If ¢(0) = 0, then the Littlewood inequality states
that N(p,w) <log(1/|w|) for w € D\ {0} (see [CoM, p. 33|). The following
result due to W. Smith provides a weighted version of this inequality.

Lemma 3.3 ([Sm, Lemma 2.1]). Let A: D — D be an analytic map with
A0) =0 and let y(\) = sup{|w|2N(\,w): w € D\ {0}}. Then

1

’Y()\) lOg I

N(A z) <
(A, 2) P

4
~ log2
for all z € D such that 1 < |z| < 1.

The relevance of the Nevanlinna counting function is seen from the change
of variable formula

(3.6) /D (F 0 ) ()] log — 4A0)

jw| 7

-/ PPN (0, 2) M)

™
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which holds for all f € H? and analytic mappings ¢: D — D (see [CoM,
p. 35]). Here A is the Lebesgue area measure on . Combined with the
Littlewood-Paley identity (see [CoM, p. 34] or |G, p. 236])

21 1 dA(w)
(3.7 I = FOle =2 [ 17 (w) 1o 7 0,
formula (3.6) yields the fundamental identity
B3 fow- feO)lE =2 [ 1FEPNE T,

for all f € H? and analytic mappings ¢: D — D.
We next prove Proposition 3.2.

Proof of Proposition 3.2. We first establish the estimate

(3.9) N(A 2) < ||>\||H2 log

for z € D\ 3D and analytic functlons A: D — D such that A(0) = 0. A
simple calculation shows that

Y (s i :
0w © X — 0 (A0))][ 42 = /T TESEYRIE dm(¢) < 4/[All

for w € D. Since (o4 0 A)(0) = w ¢ tjw|D for w € D\ {0} and ¢t € (0,1), we

get from the sub-mean value property of the Nevanlinna counting function

(see |[CoM, p. 137]) and (3.8) that

QU

A
(3.10) 12[w[2N (0 0 A, 0) < N(oy o A, 2245
tlw|D ™
for all t € (0,1). It is easy to verify that N (A, w) = N(oy o A, 0). Hence, by
letting t — 1 and taking the supremum over w € D\ {0} in (3.10), we get
that

(3.11) sup [w>N(A w) < 2[|A|7.
weD\{0}

< 2 All7e,

The estimate (3.9) follows now from Lemma 3.3.
Assume next that g € H? satisfies g(0) = 0. Then g(\(0)) = 0 so that

(3.12) oo Al =2 [ 1§ NG 224G,

T
by (3.8). By applying (3.9) and (3.7) we get that

dA(z) 8 1 dA(z)
/ 2 2 ! 2
g 2)|*N(A z < Mgy / g (2)|“log

< (4/1082) gl 2 [\l 72

On the other hand, since |¢'(2)| < (1—12])72||g|| g2 for z € D, by the Cauchy
integral formula and the Holder inequality, we get that

dA(z dA(z
| 0@PNOZE <tolgli: [ N0 < slgle AR
2 2

™

By combining these estimates with (3.12), one obtains that [|g o A||2,; <
(8/10g 2 4 16)||g[|32 | Al|3;2- This proves (3.4).
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Let finally f € BMOA, ¢ € H(D) and ¢: D — D be arbitrary analytic
functions and put g, = f oo, — f(v(a)) and Ay = 0,4 0o, for a € D.
Clearly \;(D) € D and g4(0) = Ag(0) = 0. Since ||gallgz < || f|l«, we get
from (3.4) that [|fopooa = f(p(a))llmz = [|ga 0 Aallm2 < CllAall 2]l f]l+. We
obtain (3.5) by multiplying both sides of this inequality by |¢(a)]. O

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. Suppose first that Wy , is bounded on BMOA, so
that T := sup{||Wy o f|l«: f € Bemoa} < 0o. Since ¢ = Wy, ,(1), we have
that ¢ € BMOA with ||[¢]|. < T. Put

(le(a)? —1)z
1-— @z
for a,z € D. Then f,(0) =0, fo(¢(a)) = —p(a) and || fallcc < 2. Moreover,

| fallBMOA = Hago(a)H* <1 and Opa) ©P O 0a = faopoos— falp(a)). By
adding and subtracting the term (¢ o0,)- f,opo0, and applying the triangle
inequality, we get that

(P, p,a) = |l(a)(fao poaa— fale(a))l e
<|[|(¢(a) =Y o0a) - fao poaalpe
+ (¥ 004) - faopoos—1p(a)fale(a)llye
< ooa—v(a@)|lg2lfalloo + Wy falle < 3T.

Consider next the analytic functions

(3.15) ga(2) = log (ﬁ) ,

for a,z € D. Recall that g, € BMOA with M := sup,cp ||galx < co. By
adding and subtracting the term (¢ o0,) - (gaopoay) —1(a) - (gaopooy)+
Y(a)gq(p(a)) and applying the triangle inequality again, we get that
B, p,a) = (0 00 — ¥(a))ga(p(a))llmz
< (W ooa—1(a)) - (galp(a)) = ga 0 p o 0a)l ne
+[(¥ 004) - ga 0 p o0 — ¥(a)ga(p(a))| a2
+ [[9(a)(ga(p(a)) — ga © @ 0 0a)ll 2.

(3.13) fa(2) = 0p() (2) — pla) =

(3.14)

(3.16)

The Hélder inequality, reverse Holder inequality (2.1), and (3.3) give that

1(¥ 0 00 = ¥(a)) - (9a(p(a)) = ga 0 @0 aa)llm>
<|l¢ooa —P(a)llgsllga o @ 000 — gale(a)) 4
< Kil[9llllga © oll« < KZTM.

Hence we get from (3.5) and (3.14) that

B, p,a) < KITM + Wy pballs + Ca(®h, 0, a)llgall«

(3.17) ,
< M(K? +1+30)T.
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By combining (3.14) and (3.17), and taking the supremum over a € D, we
get the desired estimate

Ci(sup (¥, p,a) +sup B(, p,a)) < sup  [[Wy, fll,
a€D a€D fe€BBMOA

for a suitable constant C; > 0.
Suppose next that (3.1) holds. Since log2 < log(2/(1 — |p(a)|?)), we have
that

(3.18) 1 000 = ¥(a)llyz < (log2) ™ B4, v, a),

so that ¢ € BMOA. Let f € Bpmoa be arbitrary. Then ||[Wy . f|Bmoa =
11%(0) f((0))] + supgep [[(¥ 0 0a) - fopooa—t(a)f(p(a))|nz, where the
term [¢(0) f((0))] is bounded, by (2.2). By applying the triangle inequality
we get that
(0 0a) - fopoas—1h(a)f(p(a)llm
<|(Wooa—4(a)) (fopoaa— flpla))luz
+[¥(a) - (fopooa— f(p(a))llme
+ (W o0a —v(a)) - fle(a)llme-

Hence we get from (2.1), (3.5) and (2.2) that
Wy o f b < KEI0IIF © oIl + sup (Ca(,p,a) + (log2) " B(¥, ¢, a))
ac

(3.19)

where

||71Z}||*||f080||* S (logQ)_l Sggﬁ(w7@aa)a

by (3.18) and (3.3). Hence Wy, , is bounded on BMOA and

sup  |[Wy, o fll« < Ca(sup (v, ¢, a) + sup B(, ¢, a)),
f€BBMOA aeD a€hD

for some constant Cs > 0. This completes the proof of Theorem 3.1. O

Theorem 3.1 contains as a special case the well-known LMOA condition
which characterizes boundedness of pointwise multipliers M, on BMOA (see
[St, Theorem 1.2] or [OF, Theorem A]). There are several equivalent formu-
lations of LMOA. We say that a function ¢» € H(ID) has logarithmic mean
oscillation (denoted by i € LMOA) if

2
[[4]l+10g == sup <10g 72> [t 000 —(a)|az < oo
a€D 1- |(I|

By letting ¢(z) = z for all z € D, we have My = Wy . In this case

supgep B(¥), @, a) = [[1h]« 105 and supgep a9, @, a) = [|[¢]|oo, since (o) 0o
0a)(2) = z for all a,z € D. Since sup repp, o, [(Myf)(0)] = [$(0)] < [¢]]co,
Theorem 3.1 yields the following result.

Corollary 3.4. The pointwise multiplier My, is bounded on BMOA if and
only if p € H* NLMOA. Moreover, | My| ~ ||t]loo + [|%]/+ 10g-
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4. COMPACTNESS OF Wy, , oN BMOA

We next characterize compactness of the weighted composition operators
Wy, on BMOA. Recall that a linear operator 7' on a Banach space E is
compact if T'(Bg) is a relatively compact subset of E, where Bg is the closed
unit ball of E.

Theorem 4.1. Let o: D — D and ¢: D — C be analytic functions such that
Wy, is bounded on BMOA. Then Wy, is compact on BMOA if and only
if

(4.1) lim sup a(,p,a) =0,
r=1{aeD: |p(a)|>r}
(4.2) lim sup B, p,a) =0,

"1 {aeD: p(a)|>r}
and, for all R € (0,1),
@) o osw o jwes)©)Rdn) <o,
{a€D: |p(a)|<R} JE(p,a,t)
where E(p,a,t) = {C € T: [(0y(a) 0 p 0 da)(()] > t}.
The following technical lemma will be needed in the proof of Theorem 4.1.

Lemma 4.2. Let i € BMOA and p: D — I be analytic. Then there is a
constant ¢ > 0 such that
(0 0a = 4(a)) - (fopooa— flpla))F: < cllpllll¢ooa —v(a)] g2,
for all f € Bpymoa and a € D.
Proof. By abbreviating ¥ =1t oo, —¢(a) and F = fopoo, — f(p(a)), and
applying both the Holder and reverse Holder inequalities, we get that
[OF |}z = W F) g < 1|2l VF? g2 < 1912 9] s [ F[1s
<19 0 00 — (@) || g2 Kall9[|« (Ks|| f o ¢l)?,
where the constants K4 and Ky are from (2.1). Since [[f o ¢ll« < ||fll« <1
by (3.3), we can take ¢ = VK4 K. O

Proof of Theorem 4.1. We divide the proof into two steps. The proof is
partly based on an argument due to W. Smith (see the proof of [Sm, Theorem
1.1]). We will also use some ideas from [OZ] and [MZ].

Step 1. If Wy, is compact on BMOA, then (4.1), (4.2) and (4.3) hold.

Proof. Assume that Wy , is compact (and bounded) on BMOA. If (4.1)
does not hold, then there are § > 0 and a sequence of points a,, € D such
that |p(an)| — 1 as n — oo and

(4.4) a(, ¢, a,) > 6 > 0.

for all n € N. Define the functions f, € Bpmoa by setting f,(z) =
Op(an)(2) — play) for z € D and n € N. Then the estimate (3.14) gives
that

(4.5) a(h, @, an) <2\ 0 0q, — Y(an) ||l gz + Wy, fnllBMOA-
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Since sup,ep B(¢, ¢, a) < oo by Theorem 3.1, we have that

9 1
(16) 6070, ~ el < (tog =2z ) supB(v0.0) — .

as n — oo. Moreover, since f, — 0 uniformly on compact subsets of D and
Wy, is compact, we have that lim, .o [|[Wy.efullBMoA = 0. Combining
these facts with (4.5) gives that lim, . a(®, v, a,) = 0. This contradicts
(4.4), so that (4.1) is necessary for the compactness of Wy, , on BMOA.

Suppose next that (4.2) does not hold. Then there exist 6 > 0 and a
sequence of points a,, € D such that |p(a,)| — 1 as n — oo and

(47) B, 9r1n) > 6 > 0.
for all n € N. Put h,(z) =1log(2/(1 — ¢(an)z)) and

2
B (2)? < 2 )‘1 2
gn(z) - — = log P ——— P log [ — ,
hn(o(an)) 1 —[p(an)? 1—p(an)z
for z € D and n € N. Then M := sup,,cy ||nl/« < 0o. By (3.8) we get that

A\ 172
9w 000 = an(a)lr2 = (2 [ (PN ) )
(4_8) _ # N2 (2N (o 2 dA(Z) 1/2
(rtatae J, @ 22 )

2M
S () Sup fn2)l

Since |hn(z)| < log(2/(1 — |p(an)])) = hn(e(an)) + log(1l + [¢(an)|) and
hn(p(an)) — oo as n — oo, we get from (4.8) that limsup,,_, [|gn||BMoA <
2M. Since log(2/(1 — |p(an)?)) = gn(p(a,)), we may apply the triangle
inequality (see (3.16)), Lemma 4.2 and (3.5), to get that
B, ¢, an) = [[(¥ 0 04, — ¥(an))gn(e(an))| 2
< |[(¢ 0 0a, = ¥(an)) - (gn © ¢ © 0a, — gnlp(an)))| w2
+ (¥ 0 0a,) - gn © ¢ © 0a, = P(an)gn(@(an))llm2
+ [[¥(an)(gn 0 ¢ © 0, — gn(@(an)))l

< ||gnllBroa (el ]l |[¢ © oa, — W(an)| =)
+ Wy onllx + Ca(, ¢, an)llgnll+

From (4.6) and (4.1) we get that |[poo,, —¥(ay)| gz — 0 and a(y, v, a,) — 0
as n — o0o0. Moreover, since g, — 0 uniformly on compact subsets of DD,
we have that lim, . [|[Wy.ognlBMoa = 0. Hence lim, . 5(¢, ¢, an) = 0,
which contradicts (4.7), so that (4.2) is necessary for the compactness of
Wy, on BMOA.

Suppose finally that (4.3) does not hold. Then there exist R € (0,1),
>0, a, €D andt, € (0,1), for n € N, such that |p(a,)| < R, t, — 1 as
n — oo, and

/ (1) 0 00,) () Pdm(C) > 6 > 0,
E(p,an,tn)
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for all n € N. By passing to a subsequence if necessary, we may assume that
tn — Lasn — oo. Let fi,(2) = 04(q,)(2)" for z € D. Then || fy][Bmoa <
3|l fnlleo < 3 and

HW1ZJ7§0fn|’%MOA > H wogan) anSOOUaTLHHQ

(4.9) = | (@00 )(OP|(0 @ © ¢ ©0a)(Q)"[*dm ()

> (¢ 0 04, ) (Ot dm(C) > 125,

(‘Pvanytn

— 5

for all n € N. Since |p(a,)| < R < 1, the sequence (f,) converges to 0
uniformly on compact subsets of D as n — oco. Hence ||[Wy, , fn|BMoA — O as
n — oo. This contradicts (4.9), so that (4.3) is necessary for the compactness
of Wy, , on BMOA. This completes the proof of Step 1.

Step 2. If (4.1), (4.2) and (4.3) hold, then Wy, , is compact on BMOA.

Proof. Let (fn) C Bpmoa be a sequence of functions such that f,, — 0
uniformly on compact subsets of D. Since (f,,) is a normal family, it suffices
to show that ||[Wy . fullBMoA — 0 as n — oo (see e.g. the argument in the
proof of [CoM, Proposition 3.11]). For this aim, let 0 < € < 1. Then, by
(4.1) and (4.2), there exists r € (0, 1) such that

-1/2
(410) sup Imax {04(7#7 ¥, a) + ﬁ(¢7 ¥, (1), (10g %) } <g

p(a)>r

and by (4.3), there exists ¢ € [3,1) such that

(4.11) sup / (¢ 0 04)()Pdm(C) < .
lp(a)|<r J E(p,a.t)
Moreover, there is ng € N such that
(4.12) sup |fn(w)| <e <1,
weQ

for all n > ng, where Q := rD U {oy(z) € D: b € D,z € tD} U {p(0)} is a
compact subset of .
For any n > ng, we have that

W fnllBMoA < [(We o fn)(0)]

+ sup H(Ww,cpfn) C0q — (Ww,cpfn)(a)”HQ
lo(a)|>r

+ sup  |[[(Wyofn) oo — Wy fa)(a) w2
lp(a)|<r
=: A; + Ay + As,

where A; = [¥(0)] - |fn(©(0))] < €||¥]lBMoa by (2.2) and (4.12). By the
estimate (3.19) (which holds for all functions in Bpmoa), (3.5) and (2.2),
there is a constant C' > 0 such that

Ay < sup [[(Yooa —(a)) - (fnopoaa— fule(a))llm

p(a)]>r

—|—C sup (Oé(wa%a)+ﬁ(¢7%a))-

le(a)[>r

(4.13)
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Moreover, by Lemma 4.2 we have that

(¥ 000 —9(a)) - (fnopooa— fulpa)llu:

, . 1/2
< <c||w||* <log W) ﬁ(ﬂ%%a)) :

Since sup,ep (¢, ¢, a) < oo by Theorem 3.1, we get from (4.10) that Ay <
Cie for some constant C7 > 0.

We estimate next the term Asz. Let us abbreviate F, , = f,op o0, —
fn(p(a)) for a € D and n > ng. Then

Az < sup (Y ooa —¢(a)) - fule(a))llm:
lp(a)l<r

+ PYooy) (fnowoo,— fn 2
(4.14) ‘;;J;'PST I ) (fnoy (e(@))llm

< Wl - sup |fa(w)] + (Aa + 45)'72,

|w|<r

where supj,|<, | fn(w)| < e by (4.12),

A= sup / (6 0 00)(€) Faa(C) 2dm(C)
T\E(p,a,t)

[o(a)|<r
and
As= sup / (0 00)(C) Foa(€) 2dm(C).
lp(a)|<r J E(p,a,t)

In order to estimate Ay, note that for any g € H(D) with g(0) = 0, it holds
that
(4.15) l9(2)] < 2z sup lg(w)],

w|<t
for all z € tD. Indeed, if g is non-zero, then we can define a function
g € Bpe by setting §(z) = g(tz)/(supjy|<;|9(w)]). Since §(0) = 0, the
Schwarz lemma implies for z € ¢D that |g(z)| = [g(z/t)[(sup|u|<; l9(w)]) <
(|2]/t)(sup|y|<¢ lg(w)]). This gives (4.15) since t > 1 and g is continuous in
tD.

Put next Gy o = fn o 0p@) — fu(p(a)) and Ay = 0,y 0@ oo, fora € D
and n > ng. Then Gy, 4(0) =0 and F, , = Gy, 4 © A\q. By applying (4.15) to
the functions G, , we get that

1,0 (O] = [Gra(Aa(Q)] < 2[Aa(C)] sup |G a(w)],

lw|<t

for all ¢ € T such that |A\,(¢)| <¢,1ie., forall ( € T\ E(p,a,t). Hence

/ (1) 0 0) () Faa(O)Pdm(<)
T\E(p,a,t)

< A(sup |G a(w)])? /T (1 0 02) (O (€)2dm(C).

lw|<t

Since

sup |Gpa(w)| < sup | fr(oy@) (w))| + [fale(a))] < 2sup [fo(w)] < 2,
|w|<t Jw|<t weQ
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for all a € D with |¢(a)|] < r by (4.12), we get that Ay < 16¢2 sup{||(vo0,)-
Aall32: a € D, |p(a)| < r}. Moreover, since
[(¥ 0 04) - Aallgz < (4 0 00 — () - Aallgz + [[¥(a) - Aall g2
< ||¢||*||)\a||oo + Suga(¢7@aa) < o0,
ac

we get that A, < Cye? for some constant Cy > 0.
We finally consider the term As. By the Holder inequality and (4.11) we
have that

1/2
As < e? sup (/E( ) |(¢0Oa)(C)IQIFn,a(<)|4dm(C)>
®,a,

lp(a)|<r

<e? sup (¥ o0a): Foallusll Falle.
p@)<r

From (2.1) and (3.3) we get that ||Fy, ol g < Ku|| fn 0 ¢|lx < K4. Moreover,
by (2.1) and (4.12) we have that

sup |[[(¢ 0 0a) - Foal g

[o(a)|<r
< sup [[(Yo0a)- fnowooa—1p(a)fule(a)))llm
[o(a)|<r
+ sup |[|(¢00a —p(a)) fule(a)llm
Jo(a)|<r

< KalWy el + Kal[]l« < oo

Hence As < Cse? for some constant C3 > 0. By combining the above
estimates of A4 and As with (4.14) we get that Az < ||1)||se+(Cae?+C3e?)1/2.
Hence, by (4.13), there is a uniform constant K > 0 such that

sup HWw,gofn”BMOA <A+ Ay + A3 < Ke.

nzng

This completes Step 2 and the proof of Theorem 4.1. OJ

It is not difficult to verify that Theorem 4.1 contains as special cases the
following characterizations of compactness of multipliers M, and composi-
tion operators C', on BMOA.

Corollary 4.3. (i) The pointwise multiplier My, is compact on BMOA if
and only if ¥(z) =0 on D.
(it) The composition operator Cy, is compact on BMOA if and only if

(4.16) lim1 sup [|oy(q) © 9 0 0allg2 =0,
" He(a)>r
and, for all R € (0,1),
(4.17) %m% sup m({¢ € T: (04 © w0 0a)(C)] >t}) = 0.
Te(a)l<R

Remark 4.4. Corollary 4.3(ii) is related to the following result due to W.
Smith [Sm, Theorem 1.1]. The operator C, is compact on BMOA if and
only if

(4.18) lini sup Y(0p(a) 09 0 04) =0,
" e(@)>r
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where v is defined as in Lemma 3.3, and, for all R € (0, 1),

(4.19) lim sup m({C e T:[(poaa)(C)] >t}) = 0.
THe(a)|<R

We sketch for completeness a more direct argument which shows that these
two characterizations are equivalent. The equivalence of conditions (4.17)
and (4.19) can be verified by using the fact that

1-R _1- (040090 0)OF _1+R
HR= T 1-[pood@QF  ~1-F

for all ( € T and a € D such that |(p 00,)(¢)| < 1 and |p(a)] < R. These
estimates follow easily e.g. from the well-known formula (1 — |04, (2)[?)/(1 —
|z|2) = |0/ (2)| for w,z € D (see [G, p. 3]). The fact that (4.16) implies
(4.18) follows from the inequality () < 2||Al| gz which holds for all analytic
functions A: D — D with A\(0) = 0 (see (3.11)). To see that (4.18) implies
(4.16) we apply an argument of Smith [Sm| as follows. Assume that v(\) <
1/16. Then the Littlewood inequality [CoM, p. 33| gives that N(\, w) <
log(1/[w]) if 0 < Jw| < 4(A)*, and N(A,w) < (N2 if y(\)V/* < [w] < §,
by definition. From these estimates, (3.8) and Lemma 3.3 we get that

YOV 2A(LD) 4
2 < z 2\ 2, =
(Al < 4/0 log “rdr + ———~(A)/* + IOgQ’Y()\),

which yields that [|A[|3. < Cy(\)'/* for a suitable constant C' > 0.
We leave the remaining details to the interested reader.

5. WEIGHTED COMPOSITION OPERATORS ON VMOA

In this section we consider boundedness and compactness of the operators
Wy, on VMOA, the closed subspace of BMOA consisting of the analytic
functions f € BMOA such that

lim [|f 0 00 — f(a)][ 2 = 0.

la|]—1

Recall that the space VMOA is in fact the closure of the analytic polynomials
in BMOA (see e.g. [Z, §8.4]).

Proposition 5.1. Let ¢: D — C and ¢: D — D be analytic. Then Wy, , is
bounded on VMOA if and only if Wy, , is bounded on BMOA, ¢ € VMOA

and

(5.1) lim [6(@)] [0 70 = p(a)72 = 0.

Proof. Assume first that Wy, , is bounded on VMOA. Note that for each
a € D the functions defined in (3.13) and (3.15) belong to VMOA. Thus the
argument in the proof Theorem 3.1 shows that

Ci(sup (), p,a) +sup (¥, ¢, a)) < |[Wy, »,: VMOA — VMOA|| < o0,
a€D ac€D
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for some constant C'y > 0. Hence Wy, , is bounded on BMOA. Moreover,
we have that Wy, ,(1) =4 € VMOA and Wy, ,(2) = ¥p € VMOA. Thus

(@)l - e o oa—wla)llmz < (¥ o0a) - pooa—pla)p(a)n
+ (¢ 00a —1(a)) - oaallp
< [l(¥p) 0 00 = (V) (@) |1
+ ¢ 000 = (@) a2 llpll = — 0,

as |a] — 1, so that (5.1) holds.

Assume next that Wy, is bounded on BMOA, ¢ € VMOA and (5.1)
holds. We will show that Wy, , is bounded on VMOA. By the closed graph
theorem it suffices to show that Wy ,f € VMOA where f € VMOA is
arbitrary. Since VMOA is the closure of analytic polynomials in BMOA and
Wy, is bounded on BMOA, we may assume that f is in fact a polynomial.
That is, f(z) = 227:0 cn 2" for z € D for some N € N and ¢g,...,cy € C. In
particular, M := || f||cc < 00. Let € > 0. By using the assumptions (5.1) and
1 € VMOA, we may choose a number r € (0, 1) such that ||¢poo,—1(a)| gz <
e/M and |p(a)| - || 0 04 — @(a)|| g2 < e/(MN?) for all a € D with |a| > r.
Thus

Wy f) 0 0a = Wy o f)(a)llgz < [[($00a —¢(a)) - fopoodn
+ [[¥(a)(f o pooa = fle(a)))ll e,

where [[( ooy —p(a)) - fopooay|g: < Moo, —1(a)lg2 <e, foraeD
with |a| > r. Since |¢,| = |fo27r f(eia)e_i”6%| < M, we get that

N
[¥(a)(f o poaa — fle(@))llaz < Ml (a)l Y |19 0 0a)" = p(a)"]| 2.
n=1

From the identity u” —v™ = (u — v) ZZ;(I) uFo"=F=1 we obtain the estimate
[(pooy)(2) — p(a)”] < n|(pooy)(z) —p(a)] for z € D. In particular, we
get that

I (a)(f o poaa— fle(@))lluz < Mlw(@)|N?|p oo —p(a)|m <e,

for |a| > r. By combining the above estimates, we get that Wy, ,f € BMOA
and ||(Wy,of) 0 04 — (Wyof)(a)||g2 < 2¢ for all @ € D such that |a|] > 7.
Consequently Wy, ., f € VMOA. ]

It is not difficult to verify that Proposition 5.1 contains as special cases the
following known characterizations of boundedness of operators My, and C,
on VMOA. The case of composition opearators is originally due to Arazy,
Fisher and Peetre [AFP, Theorem 12].

Corollary 5.2. (i) The pointwise multiplier My, is bounded on VMOA if
and only if v € H® N LMOA.

(it) The composition operator Cy is bounded on VMOA if and only if
© € VMOA.

We consider next compactness of Wy, , on VMOA. Observe that if Wy, ,,
is bounded on VMOA, then Wy, ,, is compact on VMOA if and only if Wy, ,
is compact on BMOA. This results from the facts that VMOA** = BMOA
(see e.g. [Z, §8]) and Wy, , on BMOA is the second adjoint of Wy, , on VMOA
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(here the argument in [CM, p. 939] for composition operators can also be
applied for Wy, ).

We next study compactness of Wy, , on VMOA more carefully. Our main
goal here is to estimate the essential norm

Woelle = duf o [Wee =T

of an arbitrary weighted composition operator Wy, ,: VMOA — VMOA.
Here K(VMOA) is the set of all compact linear operators on VMOA. Note
in particular that Wy , is compact on VMOA if and only if ||[Wy ,[le = 0.

Estimates and formulas for the essential norm of a (weighted) composi-
tion operator are known in various settings, see e.g. [S], [M], [MZ], [CZ] and
|CZ2]. However, it seems that such estimates have not appeared in the lit-
erature before for (weighted) composition operators on VMOA (or BMOA).
Therefore the following result appears to be new also in the special cases of
the operators My and C,.

Theorem 5.3. Assume that Wy, ,, is bounded on VMOA. Then

||W1b,<p||€ ~ lim SUP(OZ(% ©, (L) + 5(7/% ©, CL))

la|—1
In particular, Wy, , is compact on VMOA if and only if
lim a(¢,p,a) =0 and |li‘rn1 B, p,a) = 0.

la]—1
We need an auxiliary result before the proof of Theorem 5.3. The proof
of the following lemma is based on Carleson measure techniques. Similar
techniques were used in [T, Theorem 3.11] for characterizing compactness of
composition operators on VMOA.

Lemma 5.4. There is a constant C' > 0 such that

[fl[BMoA < C ((1 =) sup |[f(z)|+  sup }Hfo Ta — f(a)||H2> :

|z|<r {a€D: |a|>r
for allr € [£,1) and f € BMOA.

Proof. We will use the classical fact that a function f € H(ID) belongs to
BMOA if and only if the measure py on I given by dus(z) = |f'(2)|*(1 —
|2|?)dA(2) /7 is a Carleson measure (see e.g. |G, §VI1.3|, [Z, §8]). In fact,
there is a constant C' > 0 such that

_ R(h,0
) cE < sup sup AUERO) oy

he(0,1] 6€[0,2)
for all f € BMOA, where R(h,#) is the Carleson box R(h,0) = {se® €
D:1-h<s<1,|0 —t| <h}for he(0,1] and 0 € [0,27).
We establish next the following slightly stronger version of the upper es-
timate in (5.2). Given r € [,1), put h, = 2(1 — ) € (0,1] and

L, = sup ||f00a—f(a)||%{2'
{a€D: |a|>r}
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Then

(5.3) sup  sup uy(F(h,6)) < CL,,

he(0,hy] 6€[0,27) h
for all f € BMOA where C' > 0 is a constant. Indeed, one checks that if
h € (0,h,], 0 € [0,27) and a = (1 — 2)e®, then there is a constant ¢ > 0
such that |0’ (2)| = (1 — |a|?)|1 —a@z|~2 > (ch)~!, for all z € R(h,0). Since
la| =1—% > r, we get that

h,0
he(0,hy] 6€[0,27) h {ae]D) la|>r}

The estimate (5.3) follows now from the calculation (1 —2I?)|ol(z)| =1 —
lo0a(2)]? < —2log|04(2)| = 2N (04, 2) and (3.8).

For r = %, the proof of the lemma follows from (5.3) and (5.2). Assume
next that r € (3,1). Let h € (h,,1] and 6 € [0,27) be arbitrary. Then
it is easy to verify that there are 6;,...0x € [0,27) such that R(h,0) C
(U;VZI R(hT,Hj)) U (1 — h,)D, where N < h/h, + 1. By applying (5.3), we
get that

N
Z h?“70 ) Nf((l — h;)D)
+
= h
- 1
< 16Nh—Lr +— sup |f(2)
h Py cet—h)D

where Nh,/h < 2. Since 1 — h, = 2r — 1 < r, an application of the Cauchy
integral formula for the derivative gives that | f’(2)| < (1—7)~2 Sup|, <, | £ (2)]
for z € (1 — h,)D. Hence

R(h,0 1
sup  sup ny(F(h,6)) < 32L, + % sup |f(2)]2.
he(hy 1] 0€[0,27) h (1=7)° 1<,
Together with (5.3) and (5.2) this proves the lemma. O

We are now ready to prove Theorem 5.3.
Proof of Theorem 5.3. We prove first that
(5.4) Cl(lilrﬁi%p(a(%%a) + B, p,0) < [[Wyplle,
for some constant C'; > 0. For this aim, observe that
(5.5) limsup sup  [[(T'f) oo — (Tf)(a)l[y2 =0,
la|—1 fe€Bvmoa

for an arbitrary operator T' € K(VMOA). In the case T' = C, the proof of
(5.5) is contained in [T, Theorem 3.11]. We verify the general case here for
completeness. Indeed, if T' is compact then T'(Byyoa) is a relatively compact
subset of VMOA. Let € > 0. Then there exist functions f1,..., fn € Bvmoa
such that for every f € Bymoa we have |T'f — T fj|lsmoa < € for some
1 < j < n. Consequently, we get that

(5.6) sup (T'f)ooa—(Tf)a)llgz < sup (T fj) 000 = (Tfi)a)n2 +e¢,
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for some 1 < j <n. Foreach 1 < j <mn, thereisr; € (0,1) such that ||(Tf;)o
oo — (T'fj)(a)||g2 < € whenever r; < |a] < 1. Setting r = max{ry,...,r,}
gives that maxi<j<p |[(T'f;) 0 0o — (T'fj)(a)|| g2 < € whenever r < |a| < 1.
Combining this estimate with (5.6) gives (5.5).

Let T'€ K(VMOA) be arbitrary. Then we get from (5.5) that

Wy —T|> sup [[Wyof—Tf«

€BvMoA

>limsup sup ||(Wyp —T)f)ooqa — (Wye —T)f)(a)| g2

la|—1 feBvmoa

> limsup sup  [|(Wyof) 0 00 = (Wy o f)(@)l| 2,

la|—1 feBvmoa
so that
(5.7) limsup sup [[(Wyof)ooa — (Wyof)(a)llg < [[Wyelle.

la|—1 feBvmoa

Recall that the functions f,(2) = 04, (2) — v(a) and ga(2) = log(2/(1 —

¢(a)z)) defined in (3.13) and (3.15) satisfy sup,ep || fallBMOA < 1 and M :=
SUPgep ||gall« < 00. Moreover, by (3.14) we get that

a(,p,a) <2|¢ooq —P(a)|u2 + [(Wypfa) 000 = Wy o fa)(@)] a2,
and by (3.16), Lemma 4.2 and (3.5), we get that

B(v, e a) < M(c|[ sl 0 o0 — ()| =)'/
+ [(Wy,p9a) © 0a — (Wy,pga) (@) a2 + CMa(y, ¢, a).
Note that for each a € D in fact fq,,g9, € VMOA. Moreover, since Wy, ,

is bounded on VMOA, also v» € VMOA. Hence we get from the above
estimates and (5.7) that

li‘m| sup(a(v, ¢,a) + B, p,a)) < (1 4+ M+ MC)|[|[Wy o|le-
a|l—1
This proves (5.4).
We establish next the upper estimate
(5.8) [Wyplle < Colimsup(a(y), p,a) + B(v, ¢, a)),

|a|—1
for some constant Co > 0. To this end, define the linear operators K, on
VMOA by (K, f)(z) = f(rpz) for n € N where r, = (n —1)/n. Then K,
is the composition operator induced by the mapping ¢(z) = 7,2, so that
| Kn| <1 and K, is compact (see (3.3) and [MT, Lemma 5.1]). Hence

Wy elle < Wy =Wy oKl = sup Wy o(I = Kn)fllBmoA-

fe€Bvmoa

Fix r € [%, 1) and put S, = I — K,, for n € N. Then Lemma 5.4 gives that
[Wyplle <CA=7)"2 sup  sup [(Wy oS0 f)(2)|

feBvmoa |z|<r

+C sup sup H(Ww,gosnf) ©00q — (Ww,gosnf)(a)HHQa

fe€BvmMoa la|>r

(5.9)

for all n € N.
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Note next that
(5.10) sup  sup |(Wy,oSnf)(2)| — 0,

fe€Bpmoa |z|<r

as n — oo. Indeed, if p = sup|, <, [¢(z)| and R = (1+p)/2, then p < R < 1
so that the Cauchy integral formula and (2.2) give that

2%/{<|:R}f © << T nlw(z)) dC'

4 2 1—r,
<—= 11
~ log2 < BTC 7«2> (1—p)? [¥llBMoall f1 a1

[¥(2)(Snf)((2)] = [$(2)]

for z € rD. Since || f||zr < ||fllBMOA, this gives (5.10).
Since ||S,|| < 2, we get from (5.9) and (5.10) that

[Wy,elle <C(1 — r)_5/2 limsup sup  sup [(Wy,oSnf)(2)]

n—oo  feBymoa |z|<r

+Csup sup  sup [[(WyoSnf) o oa — (WypSuf) (@)l m2

neN fEBymoa la|>r

<2C sup  sup [[(Wy o) © 00 = (Wyp9)(a)| m2,

g€BvMoOA |a|>r
where 7 € [%, 1) is arbitrary. By letting r — 1, we get that
(5.11)  [[Wyelle <2Climsup  sup  [[(Wy,49) © 00 — (Wy,09)(a)] g2

la]—1 g€BvmMoA

By the estimate (3.19) (which holds for all ¢ € Bgmoa), (3.5) and (2.2),
there is a constant C’ > 0 such that

sup  ||(Wy,p9) 0 00 — (W, 09)(a)]| 2

gE€EBvMmoa
< sup (W ooa—1(a)) - (gopoas—g(p(a)))lue
gE€EBvMmoa
+ (¥, p,a) + B, ¢, a)),
where
sup  [|(Yooa —¢(a)) - (gopoae—g(p(a)))lnz
gE€EBvmoa

< (el lllle 0 00 — (@) )",
by Lemma 4.2. Since 1) = Wy, (1) € VMOA, the above estimates and (5.11)
give that

|’W7,[1,4p|’€ S C2 hm SUP(a(wa 907 (l) + 5(1/17 907 a))a

|a|—1

for a suitable constant Cy > 0. This yields (5.8) and completes the proof of
Theorem 5.3. U

Corollary 5.5. Assume that ¥ € H* N LMOA and ¢: D — D belongs to
VMOA. Then

. 2
1Mol ~ oo+t (1og =2 ) 10— (o)

la|—1
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and

[Cplle ~ li‘m| Sup [0 p(a) © ¢ © Tl 12
Remark 5.6. Corollary 5.5 implies in particular that C, is compact on
VMOA if and only if ¢ € VMOA and
(5.12) lim [[oy(q) © ¢ © 0allg2 = 0.

la|—1
Note that by (3.5) (for ¢ = 1), the condition (5.12) is equivalent to
(5.13) lim sup |[[fopoo,— f(p(a))ln =0.
lal=1 feBymoa
Hence Cy, is compact on VMOA if and only if (5.13) holds. This result is
originally due to Tjani [T, Theorem 3.11] (see also [MT, Theorem 4.2|, and
[BCM, Theorem 3.5] for a similar result).

The compactness of the composition operator C, on VMOA can be char-
acterized in terms of the Nevanlinna counting function. Indeed, if C, is
bounded on VMOA, then the argument in Remark 4.4 implies that (5.12) is
equivalent to

(5.14) lii‘gl wesg\p?{o} |w|2N(a¢(a) opoog,w)=0.

Hence C,, is compact on VMOA if and only if ¢ € VMOA and (5.14) holds.

6. EXAMPLES

We consider next some examples of bounded and compact weighted com-
position operators on BMOA and VMOA. Assume that ¢: D — C and
¢: D — D are analytic. Clearly, if both of the operators My and C, are
bounded on BMOA, then Wy, , is bounded on BMOA. If, in addition, either
of My, or Uy, is compact, then Wy, , is compact.

However, it is easy to find analytic mappings ¢ and v such that the corre-
sponding weighted composition operator Wy, , is bounded, but the operator
M, is not bounded on BMOA. Moreover, there are mappings ¢ and 1 such
that Wy, , is compact, but the operators M, and C, are not compact on
BMOA.

Example 6.1. Assume that 1 € BMOA and |[[¢|l < 1. Then Wy, is
bounded on BMOA.

Proof. Since Wy ,f =1 - (f o @) = Mo, () and p € BMOA, it suffices to
show, by Corollary 3.4, that || fo¢||ec and || f 0|/« 10 are bounded uniformly
in f € Bemoa. The fact that ||f o ¢]lec < CJ/fllBMoA for some constant
C > 0 follows easily from (2.2), since [|¢|| < 1. Moreover, by applying the
Cauchy integral formula for the derivative, one finds a constant C’ > 0 such

that |(f o p) (2)| < C’||f|lBmoa- Hence it follows from (3.8) that
dA(2)\ Y2
T

1f o poca— flp(@)llm = (2 JACRECRYC
< O'lIfllmionlow — all

where [0 — all g2 = /1 — |a]?, so that [|f o ¢l|+ 105 < C”[| fl|lBMOA- O
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Example 6.2. Let ¢(z) =1 —z and ¢(2) = (2 4+ 1)/2. Then neither My, nor
Cy is compact on BMOA, but Wy, , is compact on VMOA.

Proof. The operators M, and C,, are not compact on BMOA since 1) is non-
zero and Cl, is not compact even on H* [BCM, Theorem 4.1]. A calculation
shows that (o, © @ 004)(2) = (2(1 — |a*)2)/(4 — |a+ 1> + (1 —a)%z), so
that
o _ 4(1 —|a?)? __1-aP
lop@) 0 poaallfe = (4—|1+al2)2—=|1—-a*  2(1 -Rea)’

for all a € D. Since |1 —al? =1 —2Rea + |a]? < 2(1 — Rea), we get that

04(7#17%0) < V 1- |(I|2.
Moreover, since 4(1 — |¢p(a)|?) = 1 — |a|> + 2Re(1 — a) > 2(1 — |a]?) and
14000 —(a)lg2 = lloa — ally2 = /1 = |af?, we have that

4
B, p,a) < <log 1—7|a|2> V1—lal?

Hence Wy, , is bounded on BMOA, by Theorem 3.1. Clearly ¢ € VMOA.
Moreover, since ¢ € VMOA, we have that

Tim (@) - llp 0 70— £(@)]z = 0.

so that Wy, ., is bounded on VMOA, by Proposition 5.1. Since a(1), ¢, a) — 0
and (1), p,a) — 0 as |a| — 1, Theorem 5.3 implies that Wy, , is compact
on VMOA. [l

7. COMPARISON RESULTS: BMOA AND THE BLOCH SPACE

In this final section we consider the relationship of boundedness and com-
pactness of weighted composition operators on BMOA and the Bloch space
B. It turns out that the boundedness (respectively compactness) conditions
on BMOA and B are quite similar. This quickly leads to a comparison re-
sult between weighted composition operators on these spaces. Recall that a
function f € H(D) belongs to the Bloch space B, if

1£ll5 = £(O)] +sup [ f'(2)|(1 = [2]?) < oo,
z€eD

and that By is the closed subspace of B consisting of f € B such that

lim |f(2)|(1 = |2[*) = 0.

|z|—1
Moreover, we have the continuous inclusions BMOA C B and VMOA C By.
For w € D and analytic maps ¥ € B and ¢: D — D, consider the quantities
- 1— Juwl?
a(v, o, w) = [P(w)|l¢’ (W) ———<5
1 — Jo(w)[?

and

B0 0.0) = (0w =2z ) W/ (011 = )

The following result is due to Ohno and Zhao.
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Theorem 7.1 (|OZ, Theorems 1-4|). (i) The operator Wy, ,, is bounded on
B if and only if

sup a(y), o, w) < oo and  sup B(3h,p,w) < 0.
weD weD

(ii) Wy, is compact on B if and only if

lim sup a&(Y,o,w) =0 and lim sup B, ¢, w)=0.
" p(w)|2r " p(w)|2r
(iii) Wy, is bounded on By if and only if Wy, o, is bounded on B, ¢ € By
and

Tim ()l ()1~ wl?) =0,

() Wy, is compact on By if and only if

lim &(¢,p,w) =0 and lim (B(y, p,w) = 0.
lw|—1 lw|—1
If the composition operator C, is compact on BMOA, then by a result of

M. Tjani [T, Proposition 3.2|, it is compact on B (however, due to a result
of W. Smith, the converse of this result does not hold, see [Sm, p. 2722]).
Since VMOA C By, the corresponding result holds also for VMOA and By
in place of BMOA and B (see also [BCM, Proposition 6.1]). We give next
a simple argument which extends these results for the weighted composition
operators Wy, .

Corollary 7.2. (i) If Wy, ,, is bounded on BMOA, then Wy, , is bounded on
B.

(ii) If Wy, is compact on BMOA, then Wy, , is compact on B.

(iii) If Wy, is bounded on VMOA, then Wy, , is bounded on By.

(iv) If Wy, , is compact on VMOA, then it is compact on By.

Proof. The Cauchy integral formula gives that |f/(0)| < ||f| g2 for every f €
H?. Moreover, |(fooa—f(a))'(0)] = | f'(a)|(1~|al?) and |(0,5a)0004)(0)] =
@I = aP)/(1 — |p(@)?) for a € D. Hence a(b,p,a) < a(t,p,a),
B(b,,a) < B(t, 9, a) and [¥(a)ll¢' (@)1~ |al?) < [9(a)|-[lpooa — p(a)lle.
The proof follows now from Theorems 3.1, 4.1, 5.3 and 7.1, and Proposition
5.1. (Il
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