On maps almost quasi-conformally close to quasi-isometries

V.M. Miklyukov

Oct 30, 2005, alqus6E.tex

2000 Mathematics Subject Classification: Primary 26B35,
Secondary 26B10

Key words and phrases: almost quasi-conformal map, quasi-isometry, inner distance, inverse function, implicit function

Abstract We prove that W^{1,n}_{loc}-maps almost quasi-conformally close to quasi-isometries are quasi-isometric under some assumptions. Estimates of the inner distances and applications to the implicit function theory are given.

1 Main results

We study mappings of the class W^{1,n}_{loc} that are almost quasi-conformal by Callender [1]. Together with quasi-conformal maps this class contains also quasi-isometric mappings.

We show conditions under which the almost quasi-conformal maps close to quasi-isometries are quasi-isometric. In particular, our results are related to the well-known inverse mapping problem. Estimates of the inner distance and applications to the implicit function theory are given.

Firstly, we remind some notations and definitions. Let x = (x_1, . . . , x_n) be a point of the n-dimensional Euclidean spaces R^n, n ≥ 1, |x| = (_n ∑ i=1 x^2_i )_{1/2} . We denote by S(a, r) and B(a, r) a sphere and a ball with center at a ∈ R^n and radius 0 < r < ∞, respectively.

Let D be a domain in R^n. A map f : D → R^m, m ≥ 1, satisfies the Lipschitz condition on D, if sup x^′,x^{′′}∈D |f(x^{′′}) − f(x^′)| |x^{′′} − x^′| = L < ∞ .

A map f satisfies the Lipschitz condition locally on D, if f satisfies this condition on every subdomain D^′ ⊂⊂ D with some Lipschitz constant L(D^′).

Let C^′, C^{′′} > 0 be some constants. A map f : D → R^n is called (C^′, C^{′′})- quasi-isometric, if C^′ |x^{′′} − x^′| ≤ |f(x^{′′}) − f(x^′)| ≤ C^{′′} |x^{′′} − x^′| ∀x^′, x^{′′} ∈ D. (1.1)

A map f : D → R^n is called locally quasi-isometric, if it is (C^′, C^{′′})-quasi-isometric on every subdomain D^′ ⊂⊂ D with some constants 0 < C^′(D^′) ≤ C^{′′}(D^′) < ∞.

By W^{1,n}_{loc}(D) we denote the set of the functions f having generalized Sobolew derivatives ∂f/∂x_i (i = 1, . . . , n) of the class L^n_{loc}(D) in a domain D ⊂ R^n. A vector function f = (f_1, . . . , f_m) : D → R^n belongs to the class W^{1,n}_{loc}(D), if every function f_i (i = 1, . . . , m) belong to this class.

By the Rademacher – Stepanoff theorem every locally Lipschitz function f : D → R is differentiable almost everywhere on D [3, 3.1.6] and, as it is easy to see that every locally Lipschitz map f : D → R^m belongs to the class W^{1,n}_{loc}(D).

Let f : D ⊂ R^n → R^m be a map of the class W^{1,n}_{loc}(D). We let

f^′(x) =

∂f_1 ∂x_1 . . . ∂f_1 ∂x_n . . . . . . ∂f_m ∂x_1 . . . ∂f_m ∂x_n and,

|f^′(x)| = m∑ i=1 n∑ j=1 ( ∂f_i ∂x_j (x) )_2 1/2 , ‖f^′‖_D = ess sup_{x∈D}|f^′(x)| .

By Callender [1], a map f : D ⊂ R^n → R^n of the class W^{1,n}_{loc}(D) is called almost quasi-conformal on D with a distortion coefficient K > 0 and locally integrable function δ(x) : D → R, if a.e. on D the following inequality holds

|f^′(x)|^n ≤ K det ( f^′(x) ) + δ(x) . (1.2)

For δ ≡ 0 the condition (1.2) means, that the map f has bounded distortion [7, §3 Chapt. I], or is quasi-regular [10, Section 14.1].

Observe, that the assumption (1.2) does not imply constancy of the sign of the Jacobian det (f^′(x)). Thus, almost quasi-conformal maps can change their orientation.

In order to evaluate volume of the considering class of maps, we formulate the following elementary statement. See the proof in the end of this paper.

1.3. Proposition. Let f : D → R^n be a W^{1,n}_{loc}(D)-map such that ‖f^′‖_D ≤ q < ∞ . Then f is almost quasi-conformal with a coefficient K = ε n^{n/2} and δ = (1 + ε) q^n, where ε = const > 0 is arbitrary.

Let f, g : D → R^n be maps of the class W^{1,n}_{loc}(D). We say that g is almost quasi-conformally close to f on D with a coefficient K > 0 and locally integrable function δ, if the map φ = (f − g) : D → R^n is almost quasi-conformal with the coefficient K > 0 and the function δ, i.e. a.e. on D the following inequality holds

|f^′(x) − g^′(x)|^n ≤ K det ( f^′(x) − g^′(x) ) + δ(x) . (1.4)

We call the maps f and g almost quasi-conformally close, if g is close to f or f is close to g.

If identically constant map g ≡ const is almost quasi-conformally close on D ⊂ R^n with K > 0 and a locally integrable function δ to a map f, then f is almost quasi-conformal with the same constant K > 0 and function δ.

For n = 2 and K = 2, δ = 0, the inequality (1.4) means, that f − g is a holomorphic function.

The main result of this paper is the statement:

1.5. Theorem. Let a_1, a_2 ∈ R^n be a pair of points, such that d = |a_2−a_1| > 0. Let D = B(a_1, d) ∪ B(a_2, d) be a subdomain of R^n and b : D → R^n be (A^′, A^{′′})- quasi-isometric.

Let f : D → R^n be a continuous W^{1,n}_{loc}(D)-map almost quasi-conformally close to b with a constant K > 0 and a function δ(x) satisfying to the assumption 1 r ∫ B(a_i ,r) δ(x) dH^n ≤ λ ∫ S(a_i,r) δ(x) dH^{n−1} , 0 < r < d , (1.6)

for every i = 1, 2 and a constant λ ≥ n/K. Let

h(a_1, a_2) ≡ max_{i=1,2} n |B(0, d)| ∫ B(a_i ,d) |f^′(x) − b^′(x)|^n dH^n + λ d^{−n+ nK} ∫ B(a_i ,r) δ^+(x) dH^n 1 n , where |B(0, d)| = H^n(B(0, d)) , δ^+(x) = max{0, δ(x)} , and let ν(n, K) h(a_1, a_2) < A^′ . (1.7)

Then f(a_1) ≠ f(a_2) and, moreover,

C^′ |a_2 − a_1| ≤ |f(a_2) − f(a_1)| ≤ C^{′′} |a_2 − a_1| .

(1.8)

Here H^k(E) is the k-dimensional Hausdorff measure of the set E ⊂ R^n,

C^′ = A^′ − ν(n, K) h(a_1, a_2) , C^{′′} = A^{′′} + ν(n, K) h(a_1, a_2) and μ_n = H^n (B(ξ_1, 1) ∩ B(ξ_2, 1)) , |ξ_1 − ξ_2| = 1, ν(n, K) = 2K(nK − K + 1)ω_{n−1} n^{(n−1)/n}(nK + 1)μ_n , ω_{n−1} = H^{n−1}(S(0, 1)) .

The volume of the class of δ, satisfying (1.6) is not clear. It is easy to see that to (1.6) there satisfy, for example, the functions δ ≡ const for λ ≥ 1/n. Using Lemma 5.48, it is not difficult to prove, that to this condition there satisfy the functions δ(x) = |φ^′(x)|, where φ : D → R^n is a quasi-regular map. Moreover, if the distortion coefficient of φ equals K > 0, then we may choose λ = K/n. We would like to find other examples.

The reversibility problem of maps is a well-known problem of analysis, see [11], [12], [14], [21, Theorem 4.4.1 Ch. 1] [13], [15], [16], [19], [17], [18, Ch. 2], [20, Section V.2], [9], [4], [5, Ch. 3], [27, Section 6.4] etc. Here we observe only the special case of Theorem 1.5, touching upon the problem of global reversibility of W^{1,n}_{loc}(R^n)-maps.

Let f : R^n → R^n be a map of the class W^{1,n}_{loc}(R^n) and D be arbitrary domain of the form D = B(a_1, r) ∪ B(a_2, r). Denote by B_f = B_f (D, A^′, A^{′′}, K, δ) the set of the (A^′, A^{′′})-quasi-isometries b : D → R^n almost quasi-conformally close to f with a constant K > 0 and an integrable on D function δ(x) satisfying (1.6).

We put

η_f (a_1, a_2, B_f ) = inf_b max_{i=1,2} n H^n(B(0, d) ∫ B(a_i,d) |f^′(x) − b^′(x)|^n dH^n ,

where the infimum is taken over the quasi-isometries b ∈ B_f (D, A^′, A^{′′}, K, δ).

1.9. Corollary. Let f : R^n → R^n be a continuous map of the class W^{1,n}_{loc}(R^n). Suppose that for every a_1, a_2 ∈ R^n the following statement holds

η_f (a_1, a_2, B_f ) + λ d^{−n+n/K} max_{i=1,2} ∫ B(a_i ,r) δ^+(x) dH^n ≤ 1 ν^n(n, K) (A^′)^n . (1.10)

Then f is quasi-isometric on R^n. In particular, f is globally invertible.

2 W^{1,p}-closeness

Let D ⊂ R^n be a domain and p ≥ 1 be a constant. Let f, g : D → R^n be W^{1,p}_{loc}(D)-maps. We say, that a map g is W^{1,p}-close to f on D with a nonnegative function δ(x) ∈ L^p_{loc}(D), if

|f^′(x) − g^′(x)| ≤ δ(x) a.e. on D .

(2.11)

2.12. Theorem. Let a_1, a_2 ∈ R^n be a pair of points such that d = |a_2 − a_1| > 0. Let D = B(a_1, d) ∪ B(a_2, d) be a subdomain of R^n and f : D → R^n be a continuous W^{1,p}_{loc}(D)-map.

Suppose, that there exists an (A^′, A^{′′})-quasi-isometric map b : D → R^n, which is W^{1,p}-close to f with δ(x) > 0, satisfying τ^{−n} ∫ B(a_i ,τ ) δ^p(x) dH^n ≤ r^{−n} ∫ B(a_i,r) δ^p(x) dH^n , 0 < τ < r < d , (2.13)

for every i = 1, 2. Let h_1(a_1, a_2) ≡ max_{i=1,2} d^{−n} ∫ B(a_i ,d) δ^p(x) dH^n 1 p

and let ν_1(n, p) h_1(a_1, a_2) < A^′ .

(2.14)

Then f(a_1) ≠ f(a_2). Moreover,

C^′ |a_2 − a_1| ≤ |f(a_2) − f(a_1)| ≤ C^{′′} |a_2 − a_1| .

(2.15)

Here

C^′ = A^′ − ν_1(n, p) h_1(a_1, a_2) , C^{′′} = A^{′′} + ν_1(n, p) h_1(a_1, a_2) , the constants μ_n, ω_{n−1} are defined as above, and ν_1(n, p) = 2p(ω_{n−1}/ n)^{(p−1)/p}np / (μ_n p(np + p)) . The function δ ≡ const satisfies (2.13). Setting b(x) to be the identity map, we obtain the known statement [4], [5].

2.16. Corollary. Let f : R^n → R^n be a continuous W^{1,p}_{loc} (R^n)-map. Suppose that ‖f^′(x) − E_n‖_Rn ≤ δ_0 ,

(2.17) where δ_0 ≡ const and E_n is the identity matrix. If q ≡ δ_0 ( ω_{n−1} n )_{1/p} < 1 , (2.18) then f is global invertible. Moreover (1 − q) |a_2 − a_1| ≤ |f(a_2) − f(a_1)| ≤

≤ (1 + q) |a_2 − a_1| ∀ a_1, a_2 ∈ R^n .

(2.19)

3 Convex and quasi-convex domains

Now let D ⊂ R^n be an arbitrary domain. We define the inner distance r_D(x^′, x^{′′}) between points x^′ and x^{′′} in D by setting

r_D(x^′, x^{′′}) = inf_γ ∫ γ |dx| , where the infimum is taken over all rectifiable arcs γ ⊂ D joining points x^′ and x^{′′}. A distortion of D ⊂ R^n is called the quantity

distort (D) = sup_{x′, x′′∈D} x′≠x′′ r_D(x^{′′}, x^′) |x^{′′} − x^′|

(see [2, Section 1.14]).

Let D ⊂ R^n be a domain. Recall that D is convex, if every its two points can be joined by a segment containing in D. The condition distort (D) < ∞ implies that r_D(x^{′′}, x^′) ≤ Q |x^{′′} − x^′| , Q = distort (D) . (3.20) Such domains D ⊂ R^n is called Q−quasi-convex (see [2, p. 393 ]).

It is easy to see that every convex domain is 1-quasi-convex.

3.21. Theorem. Let D ⊂ R^n be a domain and let f : D → R^m be a W^{1,n}_{loc}(D)-map. Suppose, that there exists an (A^′, A^{′′})–quasi-isometry b : D → R^m, almost quasi-conformally close to f with a constant K > 0 and a function δ(x) : D → R, satisfying (1.6) for every ball B(a, r) ⊂ D.

Suppose also that for every ball B(a, r) ⊂ D the following property holds n |B(0, r)| ∫ B(a,r) |f^′(x) − b^′(x)|^n dH^n + λ r^{−n+ nK} ∫ B(a,r) δ^+(x) dH^n ≤ q (3.22)

with a constant q < (A^′)^n ν^n(n, K) . (3.23)

(i) Then D^′ = f(D) is a domain and for an arbitrary pair of points a^′, a^{′′} ∈ D the following statement holds (A^′ − q^{1/n}) ρ_D(a^′, a^{′′}) ≤ ρ_D′ (f(a^′), f(a^{′′})) ≤ (A^{′′} + q^{1/n}) ρ_D(a^′, a^{′′}) . (3.24)

(ii) If D ⊂ R^n is convex, then D^′ = f(D) is quasi-convex with the constant Q = A^{′′} + q^{1/n} and for every pair of points a^′, a^{′′} ∈ D we have (A^′ − q^{1/n}) |a^{′′} − a^′| ≤ ρ_D′ (f(a^{′′}), f(a^′)) ≤ (A^{′′} + q^{1/n}) |a^{′′} − a^′| . (3.25)

Proof. At first we prove the statement (i). We use Theorem 1.5. The assumption (3.22) implies (1.7) for every pair of points a_1, a_2 ∈ D, satisfying the condition |a_2 − a_1| < min_{i=1,2} dist (a_i, ∂D) .

(3.26)

From this we obtain (1.8) with constants

C^′ = A^′ − q^{1/n} , C^{′′} = A^{′′} + q^{1/n} .

The inequalities (1.8) imply that f is local homeomorphic and, consequently, D^′ = f(D) is a domain.

Let a^′, a^{′′} ∈ D be an arbitrary pair of points. We fix ε > 0 and choose an Jordan arc γ ⊂ D with its endpoints at a^′ and a^{′′}, such that | |H^1(γ) − ρ_D(a^′, a^{′′}) | | < ε/2 . We split the arc γ by points a^′, x_1, . . ., x_n, a^{′′}, such that | |H_1(γ) − (|a_′ − x_1| + . . . + |x_n − a_{′′}|) | | < ε/2 , and neighboring points satisfy (3.26).

By (1.8), we have |f(a^′) − f(x_1)| + . . . + |f(x_n) − f(a^{′′})| ≤ C^{′′} (|a^′ − x_1| + . . . + |x_n − a^{′′}|) and |f(a^′) − f(x_1)| + . . . + |f(x_n) − f(a^{′′})| ≤ C^{′′} (ρ_D(a^′, a^{′′}) + ε) . Turning fineness of the partition to zero, we obtain

ρ_D′ (f(a^′), f(a^{′′})) ≤ H^1(f(γ)) ≤ C^{′′} (ρ_D(a^′, a^{′′}) + ε)

and, using arbitrariness of ε > 0, we arrive at the upper estimate in (3.24).

The lower estimate in (3.24) is proved by the same arguments. It is only necessary to suppose that the partition of γ with a^′, x_1,. . ., x_n, a^{′′} is satisfies that the length of f(γ) is small different from the distance ρ_D′ (f(a^′), f(a^{′′})) and the length of the broken line with the tops at points f(a^′), f(x_1), . . ., f(x_n), f(a^{′′}) is close enough to the length of f(γ). By (1.8), we have |f(a^′) − f(x_1)| + . . . + |f(x_n) − f(a^{′′})| ≥ C^′ (|a^′ − x_1| + . . . + |x_n − a^{′′}|) , whence the necessity follows easily.

Now we prove the statement (ii). Fix points a^′, a^{′′} ∈ D and denote by l(a^′, a^{′′}) the linear segment joining a^′ and a^{′′}. Since D is convex, then l(a^′, a^{′′}) lies entirely on D.

We separate l(a^′, a^{′′}) with the consecutive one by another points x_1, x_2, . . . , x_n, such that every l(a^′, x_1), l(x_1, x_2), . . ., l(x_n, a^{′′}) satisfies (3.26). Thus, for every of these segments we have (1.8) and |f(a^′) − f(x_1)| + . . . + |f(x_n) − f(a^{′′})| ≤ (A^{′′} + q^{1/n}) (|a^′ − x_1| + . . . + |x_n − a^{′′}|) = = (A^{′′} + q^{1/n}) |a^′ − a^{′′}| .

Choosing a partition a^′, x_1, x_2, . . . , x_n, a^{′′} of l(a^′, a^{′′}) arbitrarily fine and observing that the left side of this relation will be arbitrarily close to H^1 f(l(a^′, a^{′′})), we obtain H^1 f(l(a^′, a^{′′})) ≤ (A^{′′} + q^{1/n}) |a^′ − a^{′′}| . Therefore, we have r_D′ (a^′, a^{′′}) ≤ (A^{′′} + q^{1/n}) |a^′ − a^{′′}| . Thus, the right of the relations (3.25) holds, and the domain D^′ is quasi-convex with the necessary constant Q.

On the other hand, suppose that γ ⊂ D^′ is an Jordan arc with the endpoints f(a^′) and f(a^{′′}), for which | |H_1(γ) − ρ_{D′} (f(a_′), f(a_{′′})) | | < ε/2 , where ε > 0 is an arbitrary constant.

Let Γ = f^{−1}(γ). We choose the points x_1, . . . , x_n on Γ such that the distances |a^′ − x_1|, |x_1 − x_2|, . . ., |x_n − a^{′′}| were lesser then dist (Γ, ∂D) and | | |H^1(γ) − (|f(a^′) − f(x_1)| + |f(x_1) − f(x_2)| + . . . + |f(x_n) − f(a^{′′})|) | | | < ε/2 . Then, as above, |f(a^′) − f(x_1)| + . . . + |f(x_n) − f(a^{′′})| ≥ (A^′ − q^{1/n}) (|a^′ − x_1| + . . . + |x_n − a^{′′}|) ≥ ≥ (A^′ − q^{1/n}) |a^′ − a^{′′}| .

Thus, ρ_D′ (f(a^′), f(a^{′′})) ≥ (A^′ − q^{1/n}) (|a^′ − a^{′′}| − ε) and, by arbitrariness of ε > 0, (A^′ − q^{1/n}) |a^′ − a^{′′}| ≤ ρ_D′ (f(a^′), f(a^{′′})) . The theorem is proved. □

As above, but using Theorem 2.12, we prove the following statement.

3.27. Theorem. Let D ⊂ R^n be a domain and let f : D → R^n be a map of the class W^{1,p}_{loc}(D). Suppose that there exists an (A^′, A^{′′})–quasi-isometry b : D → R^n that is W^{1,p}-close to f with a function δ(x) : D → R of the class L^p_{loc}(D), p ≥ 1, with the property (2.13) for arbitrary pair of balls B(a, τ) ⊂ B(a, r) ⊂ D.

Suppose that for every ball B(a, r) ⊂ D the following inequality holds r^{−n} ∫ B(a,r) δ^p(x) dH^n ≤ q (3.28)

with a constant q < (A^′)^p ν^p_1 (n, p) . (3.29)

(i) Then D^′ = f(D) is a domain and for arbitrary pair of points a^′, a^{′′} ∈ D we have (A^′ − q^{1/p}) ρ_D(a^′, a^{′′}) ≤ ρ_D′ (f(a^′), f(a^{′′})) ≤ (A^{′′} + q^{1/p}) ρ_D(a^′, a^{′′}) . (ii) If a domain D ⊂ R^n is convex, then the domain D^′ = f(D) is quasiconvex with a constant Q = A^{′′} + q^{1/p} and for every pair of points a^′, a^{′′} ∈ D we have (A^′ − q^{1/p}) |a^{′′} − a^′| ≤ ρ_D′ (f(a^{′′}), f(a^′)) ≤ (A^{′′} + q^{1/p}) |a^{′′} − a^′| . (3.30)

3.31. Corollary. Let D ⊂ R^n be a domain and let f : D → R^n be a map of the class W^{1,p}_{loc}(D). Suppose that the identical map is W^{1,p}–close to f with a function δ(x) : D → R of a class L^p_{loc}(D), p ≥ 1, satisfying (2.13) for every pair of balls B(a, τ) ⊂ B(a, r) ⊂ D. Suppose that for every ball B(a, r) ⊂ D the relation (3.28) holds with a constant q, satisfying the assumption q < 1 ν^p_1 (n, p) . (3.32)

Then for every pair of points a^′, a^{′′} ∈ D we have (1 − q^{1/p}ν_1(n, p)) ρ_D(a^′, a^{′′}) ≤ ρ_D′ (f(a^′), f(a^{′′})) ≤ ≤ (1 + q^{1/p}ν^p_1 (n, p)) ρ_D(a^′, a^{′′}) .

(3.33)

Close by contents questions for quasi-isometric maps between two dimensional surfaces were considered in [5].

4 Implicit functions

Next we show some applications these results to the existence problem of implicit functions. We follow the scheme of the proof of the corresponding statement in [4], where its local version had been proved. On other nonsmooth variants, see Pourciau [23], Warga [25], Cristea [24], Zhuravlev and Igumnov [26].

Let m, n ≥ 1 be integer and U ⊂ R^n, V ⊂ R^m be domains. Let F (x, y) be a function of the class W^{1,1}_{loc} (D), where D = U × V . If (x, y) is a point, in which there exist the partial derivatives ∂F/∂x_i , ∂F/∂y_j (i = 1, . . . , n ; j = 1, . . . , m) , then let F^′(x, y) be the Jacobi matrix, F^′_x(x, y) be the Jacobi matrix with respect to x = (x_1, . . . , x_n) for fixed y = (y_1, . . . , y_m) and F^′_y(x, y) be the Jacobi matrix with respect to y for a fixed x.

If P ⊂ D is a set and φ : P → M_k, k ≥ 1, is a matrix function, then we denote by osc(φ, P ) = ess sup_{ξ,η∈P} |φ(ξ) − φ(η)| the oscillation of φ on P .

We consider a map Φ : D → R^{n+m} defined by (x, y)^Φ→ (X, Y ) = (x_1, . . . , x_n, F_1(x, y), . . . , F_m(x, y)) .

4.34. Theorem. Let x_0 ∈ U ⊂ R^n, y_0 ∈ V ⊂ R^m and F : D → V be a continuous map. Suppose that one of the following assumptions holds.

(i) The map F ∈ W^{1,n}_{loc} (D) and there exists δ(x, y) : D → R satisfying (1.6) for every (m + n)-dimensional ball B(a, r) ⊂ D and such that |F^′_x(x, y)|^2 + |F^′_y(x, y) − E_m|^2 ≤ δ^{2/(m+n)}(x, y) . (4.35)

Moreover for every (m + n)-dimensional ball B(a, r) ⊂ D, m + n |B(0, r)| ∫ B(a,r) δ(x, y) dH^{m+n}+

λ r^{−(m+n)+(m+n)/K} ∫ B(a,r) δ(x, y) dH^{m+n} ≤ q (4.36) with a constant q < 1 ν^{m+n}(m + n, K) . (4.37)

(ii) The map F ∈ W^{1,p}_{loc} (D) and a.e. on D the following inequality holds |F^′_x(x, y)|^2 + |F^′_y(x, y) − E_m|^2 ≤ δ^{2/p}(x, y) with a function δ(x, y) : D → R of a class L^p_{loc}(D), p ≥ 1, satisfying (2.13) for every pair of (m+n)-dimensional balls B(a, τ) ⊂ B(a, r) ⊂ D. Moreover, for every (m + n)-dimensional ball B(a, r) ⊂ D, r^{−n} ∫ B(a,r) δ^p(x, y) dH^{m+n} ≤ q (4.38)

with a constant q < 1 ν^p_1 (m + n, p) . (4.39)

(iii) The map F ∈ Lip_{loc}(D) and

‖F^′_y − E_m‖_D + osc (F^′_x, D) < 1 .

(4.40)

Then there exists a (unique) continuous map

G(x) : U → V , G(x_0) = y_0 ,

such that F (x, G(x)) = F (x_0, y_0) for all x ∈ U .

Moreover, G satisfies the Lipschitz condition globally on U with respect the inner metrics ρ_U and ρ_V .

Proof. Firstly, we consider the case (i). The Jacobi matrix of Φ has the following form Φ^′(x, y) = ( E_n O^n_m F^′_x(x, y) F^′_y(x, y) ) , where O^n_m is a zero n × m-matrix.

We have

Φ^′(x, y) − E_{m+n} = ( E_n O^n_m F^′_x(x, y) F^′_y(x, y) ) − E_{n+m} =

= ( O^n O^n_m F^′_x(x, y) F^′_y(x, y) − E_m ) .

Thus,

det (Φ^′(x, y) − E_{m+n}) = 0 , |Φ^′(x, y) − E_{m+n}|^{m+n} = ( |F^′_x(x, y)|^2 + |F^′_y(x, y) − E_m|^2 )_{(m+n)/2} .

The assumption (4.35) implies almost quasi-conformal proximity of Φ to the identity map, and we may use Theorem 3.21.

By (3.24), the set D^′ = Φ(D) ⊂ R^{m+n} is a domain and for every pair of points a^′, a^{′′} ∈ D we have

(1 − q^{1/(m+n)}) ρ_D(a^′, a^{′′}) ≤ ρ_D′ (f(a^′), f(a^{′′})) ≤ (1 + q^{1/(m+n)}) ρ_D(a^′, a^{′′}) .

The inverse map to Φ(x, y) has the form x = X, y = Θ(X, Y ). Moreover, the map Φ^{−1} satisfies the Lipschitz condition on D^′ with the constant Lip ( Φ^{−1}, D^′ ) ≤ 1/(1 − q^{1/n}) . For Θ(X, Y ) we obtain Lip ( Θ, D^′ ) ≤ √ 1/(1 − q^{1/(m+n)})^2 − 1 .

Now we observe that

(X, Y ) = Φ(Φ^{−1}(X, Y )) = (X, F (X, Θ(X, Y ))).

This relation implies F (X, Θ(X, Y )) = Y. (4.41)

Denote by Π a connected component of the intersection of the plane Y_1 = F_1(x_0, y_0), . . . , Y_m = F_m(x_0, y_0) with the domain D^′ containing the point (X_0, Y_0) = (x_0, F (a)). Co-dimension of Π equals to m. Let π be an orthogonal projection of R^n × R^m onto R^n. For an arbitrary subset A ⊂ R^n × R^m we have π(A) = {x ∈ R^n : (x, y) ∈ A}. By the definition of Φ, we may write π(Φ(A^′)) = Φ(π(A^′)) ∀ A^′ ⊂ D,

π(Φ^{−1}(A^{′′})) = Φ^{−1}(π(A^{′′})) ∀ A^{′′} ⊂ D^′ .

The equation of a connected piece of the surface Φ^{−1}(Π) containing a = (x_0, y_0) can be rewritten in the nonparametric form. In fact, let (X, Y ) = (x, Θ(x, Y_0)), x ∈ Φ^{−1}(π(Φ(D))) .

We set G(x) = Θ(x, Y_0).

By (4.41), we find F (x, G(x)) = Y_0 = F (x_0, y_0) , where G(x_0) = Θ(x_0, Y_0) = Θ(X_0, Y_0) = y_0 .

Uniqueness of the map G is obvious because Φ(x, y) is bijective. Indeed, if (x, y_1), (x, y_2) ∈ D and F (x, y_1) = F (x, y_2), then Φ(x, y_1) = Φ(x, y_2). Therefore, y_1 = y_2.

In the case (ii) the map Φ is W^{1,p}-close to the identity map E_{m+n}(x, y) : D → D and we may use Theorem 3.27. The next considerations are as above.

Suppose that the assumptions of the case (iii) hold. We need to prove that Φ(x, y) satisfy to to conditions of Corollary 3.31. Consider an (n + m) × (n + m)- matrix Q(x, y) = ( E_n O^n_m −F^′_x(x, y) E_m ) . It is easy to see that

|Q(x_1, y_1) − Q(x_2, y_2)|_D ≤ |F^′_x(x_1, y_1) − F^′_x(x_2, y_2)|_D ≤ osc (F^′_x, D).

Thus, we have Q(x, y)Φ^′(x, y) − E_{m+n} = ( E_n O^n_m O^m_n F^′_y(x, y) ) − E_{n+m} =

= ( O^n O^n_m O^m_n F^′_y(x, y) − E_m ) .

From this relation, ‖Q(x, y)Φ^′(x, y) − E_{m+n}‖_D = ‖F^′_y(x, y) − E_m‖_D. (4.42)

For every fixed point (x^∗, y^∗) ∈ D we define the map Ψ(x, y) = Q(x^∗, y^∗)Φ(x, y) : D → R^n × R^m.

(4.43) Using (4.42) we obtain ||Ψ^′(x, y) − E_{m+n}||_D = ‖Q(x^∗, y^∗)Φ^′(x, y) − E_{n+m}‖ = = ‖Q(x, y)Φ^′(x, y) − E_{m+n} + (Q(x^∗, y^∗) − Q(x, y))Φ^′(x, y))‖_D ≤ ≤ ‖Q(x, y)Φ^′(x, y) − E_{m+n}‖_D+ +‖Q(x^∗, y^∗) − Q(x, y)‖_D ‖Φ^′(x, y)‖_D ≤ ≤ ‖F^′_y − E_m‖_D + osc (F^′_x, D) ‖Φ^′(x, y)‖_D.

Take into consideration that

(Q(x^∗, y^∗) − Q(x, y)Φ^′(x, y)) = O^n O^n_m F^′_x − F^′_x(x^∗, y^∗) O^m E_n O^n_m F^′_x F^′_y =

= O^n O^n_m F^′_x(x, y) − F^′_x(x^∗, y^∗) O^m .

Thus,

‖ (Q(x^∗, y^∗) − Q) Φ^′‖_D = ‖F^′_x − F^′_x(x^∗, y^∗)‖_D ≤ osc (F^′_x, D) .

(4.44) Now, Ψ^′(x, y) − E_{n+m} = Q^∗ Φ^′(x, y) − E_{n+m} = = (Q(x^∗, y^∗) − Q(x, y)) Φ^′(x, y)+ +Q(x, y) Φ^′(x, y) − E_{n+m} . (4.45)

Thus, by (4.42), (4.44) and (4.45) we obtain ‖Ψ^′(x, y) − E_{m+n}‖_D ≤ ‖Q(x, y)Φ^′(x, y) − E_{n+m}‖_D + ‖(Q^∗ − Q)Φ^′‖_D ≤ ≤ ‖F^′_y − E_m‖_D + osc (F^′_x, D) .

From (4.47) we may conclude, that the map Ψ(x, y) = Q(x^∗, y^∗)Φ(x, y) is homeomorphic. By Corollary 5.6.16 of [8] from (4.47) we see that the matrix Ψ^′(x, y) is nondegenerate. In turn, according to what has been said, Φ^′(x, y) and Q ≡ Q(x^∗, y^∗) are nondegenerate also. Consequently, the map Φ = Q^{−1}Ψ : D → R^{n+m} is homeomorphic.

We have (1 − μ) ρ_D ((x, y), (x_0, y_0)) ≤ ρ_{Φ(D)} (Ψ(x, y), Ψ(x_0, y_0)) ≤

≤ (1 + μ) ρ_D ((x, y), (x_0, y_0)) ,

where μ = ‖F^′_y − E_m‖_D + osc (F^′_x, D) .

But since Ψ = QΦ, Q = Q(x^∗, y^∗), we may write 1 − μ |Q| ρ_U ((x, y), (x_0, y_0)) ≤ ρ_V (Φ(x, y), Φ(x_0, y_0)) ≤

≤ (1 + μ) ρ_U ((x, y), (x_0, y_0)) .

(4.46)

However, ( E_n O^n_m F^′_x(x_0, y_0) E_m ) = ( E_n O^n_m O^m_n E_m ) + ( O^n O^n_m F^′_x(x_0, y_0) O^m ) and, consequently, |Q| ≤ 1 + ‖F^′_x‖_D.

By (3.33) the map Ψ^{−1} satisfies the Lipschitz condition on the domain Ψ(D) with the constant Lip ( Ψ^{−1}, Ψ(D) ) ≤ 1 1 − μ . Thus, by (4.40) for every fixed point (x^∗, y^∗) we have ||Ψ^′(x, y) − E_{m+n}||_D ≤ μ < 1. (4.47)

The next considerations as in the case (i). In place of Theorem 3.21 it is sufficient to use Corollary 3.31. Theorem 4.34 is proved. □

5 Energy integral

We need the following statement.

5.48. Lemma. Let f : D → R^n be a map of the class W^{1, n}_{loc} (D). Then for an arbitrary point a ∈ D and a.e. r ∈ (0, R), R = dist (a, ∂D), we have | | | | | | ∫ B(a,r) det f^′(x) dH^n | | | | | | ≤ r n ∫ S(a,r) |f^′(x)|^n dH^{n−1} . (5.49)

See proof in [7, Lemma 1.2 Chapt. II].

Let f : D → R^n be a map of the class W^{1,n}_{loc}(D). For every a ∈ D and r ∈ (0, R], R = dist(a, ∂D), we put I(a, r) = ∫ B(a,r) |f^′(x)|^n dH^n .

5.50. Lemma. If f : D → R^n is a map of the class W^{1, n}_{loc} (D), almost quasiconformal with a constant K > 0 and a locally integrable function δ(x) satisfying (1.6), then the quantity r^{−n/K} I(a, r) + λ ∫ B(a,r) δ(x) dH^n is nondecreasing on (0, R].

Proof. Because for a.e. 0 < r < R the equality I^′(a, r) = ∫ S(a,r) |f^′(x)|^n dH^{n−1} holds, then for a.e. 0 < r < R we can write r^{−n/K} I(a, r) + λ ∫ B(a,r) δ(x) dH^n ′ = − n K r^{−1−n/K} I(a, r) + r^{−n/K} I^′(a, r)+

+λ J^′(a, r) = − n K r^{−1−n/K} I(a, r)+ +r^{−n/K} ∫ S(a,r) |f^′(x)|^ndH^{n−1} + λ ∫ S(a,r) δ(x) H^{n−1} .

The relation (5.49) guarantees that r n ∫ S(a,r) |f^′(x)|^ndH^{n−1} ≥ | | | | | | ∫ B(a,r) det ( f^′(x) ) dH^n | | | | | | and by (1.2), we find r n ∫ S(a,r) |f^′(x)|^ndH^{n−1} ≥ 1 K ∫ B(a,r) |f^′(x)|^n dH^n − 1 K ∫ B(a,r) δ(x) dH^n . Thus, we have r^{−n/K} I(a, r) + λ ∫ B(a,r) δ(x) dH^n ′ ≥ − n K r^{−1−n/K} I(a, r)+

+ n K r^{−1−n/K} ∫ B(a,r) |f^′(x)|^n dH^n−

− n rK ∫ B(a,r) δ(x) dH^n + λ ∫ S(a,r) δ(x) H^{n−1} .

By using (1.6), we obtain ( r^{−n/K} I(a, r) + λ J(a, r) )_′ ≥ λ ∫ S(a,r) δ(x) H^{n−1} − n r K ∫ B(a,r) δ(x) H^n = 0 .

The lemma is proved. □

6 Morrey’s Lemma

Below we follow [22], where Morrey’s Lemma is proved for W^{1,p}-functions on Riemannian manifolds.

Let a_1, a_2 ∈ R^n and d = |a_2 − a_1|. Let D = B(a_1, d) ∪ B(a_2, d) be a domain. Let Γ = Γ(a_1, a_2) be a family of locally rectifiable arcs γ ⊂ D joining points a_1 and a_2.

6.51. Lemma. Let ρ(x) ≥ 0 be a function of a class L^p_{loc}(D), p ≥ 1. If there exist constants α, c_1 > 0 such that ∫ B(a_i,r) ρ^p dH^n ≤ c_1 r^{n−p+α} for every r ∈ (0, d), i = 1, 2,

(6.52)

then inf γ∈Γ(a_1 , a_2) ∫ γ ρ dH^1 ≤ c_2 |a_1 − a_2|^{α/p} .

(6.53)

Moreover we may put

c_2 = 2p(ω_{n−1}/ n)^{(p−1)/p}(α + np − p) c^{1/p}_1 / (μ_nα(np + α)),

ω_{n−1} = H^{n−1}(S(0, 1)).

7 Proof of Theorem 1.5

Our purpose is to obtain two-sided estimates of the distortion under mappings almost quasi-conformally close to quasi-isometries.

Let D = B(a_1, d) ∪ B(a_2, d) be as above, b : D → R^n be an (A^′, A^{′′})-quasiisometric map and f : D → R^n be a map of the class W^{1,n}_{loc}(D) almost quasiconformally close to g with a constant K > 0 and a locally integrable function δ satisfying (1.6).

By Lemma 5.50 for every 0 < r ≤ d = |a_2 − a_1| we have r^{−n/K} I(a_i, r)+λ ∫ B(a_i ,r) δ(x) dH^n ≤ d^{−n/K} I(a_i, d)+λ ∫ B(a_i ,d) δ(x) dH^n (i = 1, 2) .

Observe that ∫ B(a_i ,d) δ(x) dH^n − ∫ B(a_i,r) δ(x) dH^n ≤ ∫ B(a_i ,d) δ^+(x) dH^n) ,

where δ^+(x) = max{0, δ(x)} .

From this we find

I(a_i, r) ≤ r^{n/K} d^{−n/K} I(ai, d) + λ ∫ B(a_i,d) δ^+(x) dH^n (i = 1, 2) . (7.54)

We put J(a, r) = ∫ B(a,r) δ^+(x) dH^n (0 < r ≤ d) .

Choose in Lemma 6.51 the function ρ = |f^′(x) − b^′(x)| and p = n. By (7.54) the assumption (6.52) holds with the constants α = n/K and

c_1 = d^{−n/K} max_{i=1,2} ( I(a_i, d) + λd^{n/K} J(a_i, d) ) . The relation (6.53) implies inf γ∈Γ(a_1 , a_2) ∫ γ |f^′(x)−b^′(x)| dH^1 ≤ ω^{−1/n}_{n−1} ν(n, K) max_{i=1,2} ( I(a_i, d) + λd^{n/K} J(a_i, d) )_{1/n} .

However,

|(f(a_2) − b(a_2)) − (f(a_1) − b(a_1))| ≤ inf_{γ∈Γ(a1 , a2)} ∫ γ |f^′(x) − b^′(x)| dH^1 and consequently

|(f(a_2) − f(a_1)) − (b(a_2) − b(a_1))| ≤ ≤ ω^{−1/n}_{n−1} ν(n, K) max_{i=1,2} ( I(a_i, d) + λd^{n/K} J(a_i, d) )_{1/n} . (7.55)

It follows from (7.55), that

|f(a_2) − f(a_1)| ≤ |b(a_2) − b(a_1)|+ +ω^{−1/n}_{n−1} ν(n, K) max_{i=1,2} ( I(a_i, d) + λd^{n/K} J(a_i, d) )_{1/n} ≤

≤ A^{′′} |a_2 − a_1| + ω^{−1/n}_{n−1} ν(n, K) max_{i=1,2} ( I(a_i, d) + λ d^{n/K} J(a_i, d) )_{1/n} .

Thus, |f(a_2) − f(a_1)| ≤ |a_2 − a_1| ( A^{′′} + ν(n, K) h(a_1, a_2) ) . (7.56)

Analogously, if the mapping f is close to a bi-Lipschitz map b, then

|b(a_2) − b(a_1)| − |(f(a_2) − f(a_1)) − (b(a_2) − b(a_1))| ≤ |f(a_2) − f(a_1)| and A^′ |a_2 − a_1| − ω^{−1/n}_{n−1} ν(n, K) max_{i=1,2} ( I(a_i, d) + λ d^{n/K} J(a_i, r) )_{1/n} ≤ |f(a_2) − f(a_1)| . Thus, ( A^′ − ν(n, K) h(a_1, a_2) ) |a_2 − a_1| ≤ |f(a_2) − f(a_1)| .

(7.57)

By combining (7.56) and (7.57), we obtain Theorem 1.5. □

8 Proof of Corollary 1.9

We fix a pair of points a_1, a_2 ∈ R^n and a constant ε > 0. The assumption (2.14) implies existence of an (A^′, A^{′′})-quasi-isometry b : D → R^n such that

h(a_1, a_2) ≤

A^′ + ε ν(n, K) (i = 1, 2) .

By Theorem 1.5, it guarantees (1.8) and, (A^′ + ε − ν(n, K)h) |a_2 − a_1| ≤ |f(a_2) − f(a_1)| ≤ (A^{′′} + ν(n, K)h) |a_2 − a_1| . The arbitrariness of ε > 0 implies two-sided estimates (1.8) and global quasiisometry of f : R^n → R^n. □

9 Proof of Proposition 1.3

Let ε > 0. Almost everywhere on D, we have |f^′(x)|^n ≤ (1 + ε) ‖f^′‖^n_D − ε ‖f^′‖^n . By the Hadamard’s inequality for determinants, | det f^′ | ≤ n∏ k=1 |∇f_k| . Using the Cauchy inequality n∏ k=1 |a_k| ≤ n^{−n} (_n ∑ k=1 |a_k| )_n , we obtain | |det f^′ | |^2 ≤ n^{−n} (_n ∏ k=1 |∇f_k|^2 )_n

or, −n^{n/2} det f^′(x) ≤ |f^′(x)|^n ≤ ‖f^′‖^n .

Thus, we find |f^′(x)|^n ≤ (1 + ε) ‖f^′‖^n_D + ε n^{n/2} det f^′(x) .

For K = ε n^{n/2} we have δ = (1 + ε) ‖f^′‖^n_D ≤ (1 + ε) q^n. □

10 Proof of Theorem 2.12 Let I(a, r) = ∫ B(a,r) δ^p(x) dH^n (0 < r ≤ d) .

Then by assumptions (2.13), we have I(a_i, r) ≤ r^nd^{−n}I(a_i, d) (i = 1, 2) . (10.58)

Choose the function ρ = |f^′(x) − b^′(x)| in Lemma 6.51 . By (10.58) the assumption (6.52) holds with the constants α = p and c_1 = d^{−n} max_{i=1,2} I(a_i, d) .

The relation (6.53) implies that inf γ∈Γ(a_1 , a_2) ∫ γ |f^′(x) − b^′(x)| dH^1 ≤ ω^{−1/p}_{n−1} ν_1(n, p) max_{i=1,2} I^{1/p}(a_i, d) .

However,

|(f(a_2) − b(a_2)) − (f(a_1) − b(a_1))| ≤ inf_{γ∈Γ(a1 , a2)} ∫ γ |f^′(x) − b^′(x)| dH^1

and consequently, |(f(a_2) − f(a_1)) − (b(a_2) − b(a_1))| ≤ ≤ ω^{−1/p}_{n−1} ν(n, p) max_{i=1,2} I^{1/p}(a_i, d) . (10.59)

It follows from (10.59) that

|f(a_2) − f(a_1)| ≤ |b(a_2) − b(a_1)|+ +ω^{−1/p}_{n−1} ν_1(n, p) max_{i=1,2} I^{1/p}(a_i, d) ≤

≤ A^{′′} |a_2 − a_1| + ω^{−1/p}_{n−1} ν_1(n, p) max_{i=1,2} I^{1/p}(a_i, d) .

Thus, |f(a_2) − f(a_1)| ≤ |a_2 − a_1| ( A^{′′} + ν_1(n, p) h(a_1, a_2) ) . (10.60)

Analogously, if f is close to a quasi-isometry b, then

|b(a_2) − b(a_1)| − |(f(a_2) − f(a_1)) − (b(a_2) − b(a_1))| ≤ |f(a_2) − f(a_1)| and A^′ |a_2 − a_1| − ω^{−1/p}_{n−1} ν_1(n, p) max_{i=1,2} I^{1/p}(a_i, d) ≤ |f(a_2) − f(a_1)| .

Then ( A^′ − ν_1(n, p) h_1(a_1, a_2) ) |a_2 − a_1| ≤ |f(a_2) − f(a_1)| .

(10.61)

By combining (10.60) and (10.61), we obtain Theorem 2.12. □

Acknowledgements. The author is indebted to PhD A. Rasila. His remarks were very useful.

Vladimir Mikhaelovich Miklyukov E-mail: miklyuk@mail.ru Volgograd State University Universitetskii prospect 100, Volgograd 400062

References

[1] E.D. Callender, Hölder-continuity of N-dimensional quasi-conformal mappings, Pacific J. Math., v. 10, 1960, 49-515.

[2] M. Gromov, Metric Structures for Riemannian and Non-Riemannian Spaces, Boston-Basel-Berlin, Birkhäuser, 1999.

[3] H. Federer, Geometric Measure Theory, Springer-Verlag, Berlin, 1969.

[4] I.V. Zhuravlev, A.Yu. Igumnov, and V.M. Miklyukov, An implicit function theorem, Reports of the Depart. of Math., Preprint 346, February 2003, Univ. of Helsinki, 1-8 (submitted to The Rocky Mountain J. of Mathematics).

[5] A.V. Lygin, V.M. Miklyukov, Distortion triangles under quasi-isometries. Advances in grid generations, Advances in Grid Generation, Edited by Olga V. Ushakova, To memory of Sergey A. Ivanenko, Amazon.com, February 2005, 57-72.

[6] V.M. Miklyukov, Conformal mappings of nonregular surface and its applications, Volgograd State University Press, Volgograd, 2005, 273 pp.

[7] Yu.G. Reshetnyak, Space Mappings with Bounded Distortion. - Translations of Mathematical Monographs 73, American Mathematical Society, Providence, RI, 1989.

[8] R.A. Horn, C.R. Johnson, Matrix analysis, Cambridge University Press, Cambridge – London – New York – New Rochelle – Melbourne – Sydney, 1986.

[9] J. Heinonen and T. Kilpeläinen, BLD-mappings in W^{2,2} are locally invertible, Math. Ann., v. 318, n. 2, 2000, 391-396.

[10] J. Heinonen, T. Kilpeläinen and O. Martio, Nonlinear Potential Theory of Degenerate Elliptic Equation. - Oxford Mathematical Monographs, Oxford University Press, Oxford, 1993.

[11] M.A. Lavrentiev, On a differential indication of homeomorphic maps of three dimensional domains, Docl. AN SSSR, v. 20, 1938, 241-242.

[12] F. Nevanlinna, Über die Umkehrung differenzierbarer Abbildungen, Suom.

Tied. Toimit., v. 245, 1957, 1-14.

[13] V.A. Zorich, Lavrentiev theorem on quasiconformal maps of space, Math. sb., v. 74, n. 3, 1967, 417-432.

[14] F. John, On quasi-isometric mappings, I, Comm. Pure Appl. Math., v. 21, 1968, 77-110.

[15] F.H. Clarke, On the inverse function theorem, Pac. J. Math., v. 64, No. 1, 1976, 97-102.

[16] B. Pourciau, Global Invertibility of Nonsmooth Mappings, J. Math. Anal.

Appl., v. 131, 1988, 170-179.

[17] T. Parthasarathy, On Global Univalence Theorems, Lectures Notes in Mathematics, 977, Springer-Verlag, Berlin - Heidelberg - New York, 1983.

[18] F.G. Avkhadiev, Conformal mappings and boundary problems, Mathematical Monographs, No. 2, Kazanskii fond ”Matematika”, 1996.

[19] O. Martio, S. Rickman, J. Väisälä, Topological and metric properties of quasiregular mappings, Ann. Acad. Sci. Fenn. Ser. A I Math., v. 488, 1971, 1-31.

[20] M. Cristea, Teoria topologicǎ a funcţiilor analitice, Edit. Univer. din Bucureşti, 1999.

[21] H. Cartan, Calcul différentiel. Formes différentielles. - Collection méthodes, Hermann, Paris, 1967.

[22] O. Martio, V.M. Miklyukov, M. Vuorinen, Morrey’s Lemma on Riemannian manifolds, Romanian Journal of Pure and Applied Mathematics, v. XLIII, N 1-2, 1998, 183-209.

[23] B.H. Pourciau, Analysis and optimization of Lipschitz continuous mappings, J. Optim. Theory Appl., v. 22, n. 3, 1977, 311-351.

[24] M. Cristea, Local inversion theorems and implicit function theorems without assuming continuous differentiability, Bull. Math. Soc. Sci. Roumaine, v. 36, n. 3-4, 1992, 227-236.

[25] J. Warga, Fat homeomorphisms and unbounded derivate containers, J. Math.

Anal. Appl., v. 81, 1981, 545-560.

[26] I.V. Zhuravlev and A.Yu. Igumnov, On implicit functions, Proceedings of Department of Mathematical Analysis and Function Theory, Volgograd State University Press, Volgograd, 41–46, 2002.

[27] J. Heinonen, Lectures on Lipschitz analysis, University Printing House, Jyväskylä, 2005.