TO THE THEORY OF NORMAL FAMILIES OF SPACE MAPPINGS

V. Ryazanov and E. Sevost’yanov

August 18, 2003 (norm1808.tex)

Abstract

Normal family properties of classes of Q-homeomorphisms are studied. In the terms of the majorant Q(x) for the dilatation, a series of criteria for normality is obtained. These are based on estimates of the distortion of the spherical distance h under Q-homeomorphisms. In particular, it is shown that the class F_{Q,δ} of all Q-homeomorphisms f of a domain D ⊂ R^n into R^n, n ≥ 2, with h(R^n\f(D)) ≥ δ > 0 form a normal family if Q(x) has finite mean oscillation in D. Normality of F_{Q,δ} is also proved if Q(x) has singularities of the logarithmic type whose order are not greater than n − 1 at every point x ∈ D.

2000 Mathematics Subject Classification: Primary 30C65; Secondary 30C75

1 Introduction

Normal families play an important role in the local and boundary behavior of mappings. Normality is closely related with equicontinuity properties and, thus, with distortion estimates in the corresponding classes of mappings. We continue the study of Q–homeomorphisms that was started first in the plane [RSY_1]–[RSY_4] and then in the space [MRSY_1]–[MRSY_4] and [IR_1]–[IR_2].

Let D be a domain in R^n, n ≥ 2, and let Q : D → [1, ∞] be a measurable function. A homeomorphism f : D → R^n is said to be a Q–homeomorphism if

M(fΓ) ≤ ∫ D Q(x) · ρ^n(x) dm(x)

(1.1)

for every family Γ of paths in D and every admissible function ρ for Γ. Thus, a Q–homeomorphism satisfies a modulus inequality well–known in the theory of quasiconformal mappings. However, we do not assume that Q ∈ L^1_{loc}(D) and, thus, the right side of (1.1) can be infinite even if M(Γ) < ∞.

Recall that, given a family of paths Γ, a Borel function ρ : R^n → [0, ∞] is called admissible for Γ, abbr. ρ ∈ adm Γ, if ∫ γ ρ(x) |dx| ≥ 1

(1.2)

1 for each γ ∈ Γ. The modulus of Γ is the quantity

M(Γ) = inf_{ρ∈adm Γ} ∫ D ρ^n(x) dm(x).

(1.3)

2 Preliminaries

First recall some general facts on normal families of mappings in metric spaces. Let (X, d) and (X^′ , d^′ ) be metric spaces with distances d and d^′ , respectively. A family F of continuous mappings f : X → X^′ is said to be normal if every sequence of mappings f_m ∈ F has subsequence f_{mk} converging uniformly on each compact set C ⊂ X to a continuous mapping. Normality is closely related to the following. A family F of mappings f : X → X^′ is said to be equicontinuous at a point x_0 ∈ X if for every ε > 0 there is δ > 0 such that d^′ (f(x), f(x_0)) < ε for all f ∈ F and x ∈ X with d(x, x_0) < δ. The family F is equicontinuous if F is equicontinuous at every point x_0 ∈ X. It is well-known that if (X, d) and (X^′ , d^′ ) are metric spaces and F is a normal family of mappings f : X → X^′ , then F is equicontinuous.

A family F of mappings f : X → X^′ is said to be uniformly equicontinuous on a set E ⊂ X if for every ε > 0 there is δ > 0 such that d^′ (f(x), f(x^′ )) < ε for all f ∈ F and for all x and x^′ ∈ E with d(x, x^′ ) < δ. The following results are also well-known.

2.1. Lemma. Let (X, d) and (X^′ , d^′ ) be metric spaces and let F be a family of equicontinuous mappings f : X → X^′ . Then F is uniformly equicontinuous on every compact set C ⊂ X.

2.2. Corollary. Normal families of mappings between metric spaces are uniformly equicontinuous on compacts.

The function ω_E(t) = ω^F_E (t) = sup d^′ (f(x), f(z))

(2.3)

where the supremum is taken over all x, z ∈ E such that d(x, z) ≤ t and f ∈ F is called the modulus of continuity of the family F on the set E.

Similarly, the function

ω_{x0} (t) = ω^F_{x0} (t) = sup d^′ (f(x_0), f(x))

(2.4)

where the supremum is taken over all x ∈ X and f ∈ F such that d(x, x_0) ≤ t is called the modulus of continuity of F at the point x_0 ∈ X.

Note that by definition ω_E and ω_{x0} are nonnegative, nondecreasing and continuous from the right. Note also that ω_{x0} (t) → 0 as t → 0 for every x_0 ∈ X if the family F is equicontinuous. Moreover, the following statement follows from Lemma 2.1.

2.5. Corollary. If a family F of mappings f : X → X^′ is equicontinuous, then ω_C (t) → 0 as t → 0 for every compact set C ⊂ X.

The next statement is also obvious.

2.6. Proposition. Let (X, d) and (X^′ , d^′ ) be metric spaces and let F be a closure of a family F of mappings f : X → X^′ with respect to the pointwise convergence in X. Then the moduli of continuity (2.3) and (2.4) of F and F coincide.

The following theorem shows that the locally uniform convergence and the pointwise convergence are equivalent for equicontinuous families of mappings in arbitrary metric spaces.

2.7. Theorem. Let (X, d) and (X^′ , d^′ ) be metric spaces and let F be an equicontinuous family of mappings f : X → X^′ . Then a sequence f_m ∈ F converges uniformly on every compact set if and only if f_m(x) converges at every point x ∈ X.

2.8. Lemma. Let (X, d) be a metric space and a set E ⊂ X be a dense subset of X and let (X^′ , d^′ ) be a complete metric space. If an equicontinuous sequence of mappings f_m : X → X^′ is pointwise convergent on the set E, then f_m converges uniformly on every compact set C ⊂ X.

Since every compact metric space is complete we obtain the following consequence of Lemma 2.8.

2.9. Corollary. If (X, d) is a separable metric space and (X^′ , d^′ ) is compact metric space, then a family F of mappings f : X → X^′ is normal if and only if F is equicontinuous.

In what follows, we use in R^n = R^n ⋃ {∞} the spherical (chordal) metric h(x, y) = |π(x) − π(y)| where π is the stereographic projection of R^n onto the sphere S^n(^1_2 e_{n+1},^1_2 ) in R^{n+1}:

h(x, ∞) = 1 √ 1 + |x|^2

, h(x, y) =

|x − y| √ 1 + |x|^2 √ 1 + |y|^2

, x ≠ ∞ ≠ y.

(2.10)

Thus, by definition h(x, y) ≤ 1 for all x and y ∈ R^n. The spherical (chordal) diameter of a set E ⊂ R^n is

h(E) = sup_{x,y∈E} h(x, y).

(2.11)

Note that h(x, y) ≤ |x − y|

(2.12)

for all x,y ∈ R^n and

h(x, y) ≥ 1 2 |x − y|

(2.13)

for all x and y in the unit ball B^n ⊂ R^n with the equality in (2.13) on ∂B^n.

3 The main lemma on distortion for Q - homeomorphisms.

A compact set E ⊂ R^n is called a continuum if E is connected. The continuum is called degenerate if it consits of a single point. Later on, for sets E, F and G ⊂ R^n, △(E, F, G) denotes the family of all nondegenerate (nonconstant) paths γ : [a, b] → R^n joining E and F in G, i.e., γ ∈ △(E, F, G) if and only if γ(a) ∈ E, γ(b) ∈ F and γ(t) ∈ G for all t ∈ (a, b). The family △(E, F ) denotes △(E, F, R^n) or △(E, F, R^n). A domain D in R^n is said to be a ring if R^n\D has two (connected) components C_1 and C_2. In the case we write D = R(C_1, C_2). Here cap R(C_1, C_2) denotes the n–modulus of △(C_1, C_2), see (1.3). The Teichmuller ring R_{T,n}(s) is the ring R([−e_1, 0], [se_1, ∞]), s > 0.

By the well-known Gehring lemma

cap R(C_1, C_2) ≥ τ ( 1 h(C_1)h(C_2) ) (3.1)

where τ(s) = τ_n(s) = cap R_{T,n}(s),

(3.2)

see e.g. 7.37 in [Vu] or [Ge_1].

It is also known, see e.g. (7.19) and (7.22) in [Vu] or [Ge_1] that

τ_n(s) = ω_{n−1} [log Φ(s)]^{n−1}

(3.3)

where ω_{n−1} is an area of the unit sphere S^{n−1} in R^n,

s + 1 ≤ Φ(s) ≤ λ^2_n · (s + 1), s > 1.

(3.4)

Here λ_n ≥ 4. More precisely, λ_n ∈ [4, 2e^{n−1}), λ_2 = 4 and λ^{1/n}_n → e as n → ∞. Hence (3.1) implies that

M(△(E, F )) ≥ ω_{n−1} [ log^{2λ2n}_{h(E)h(F )}

]_{n−1}

(3.5)

for every continua E and F in R^n.

3.6. Lemma. Let f : D → R^n, n ≥ 2, be a Q-homeomorphism such that D^′ = f(D) omits at least two points v and w ∈ R^n with h(v, w) ≥ δ > 0. If ∫ ε<|x−x_0|<ε_0

Q(x) · ψ^n_ε (|x − x_0|) dm(x) ≤ c · I^p(ε), ε ∈ (0, ε_0),

(3.7)

for x_0 ∈ D and 0 < ε_0 ≤ dist(x_0, ∂D) where p ≤ n and ψ_ε(t) is a nonnegative on (0, ∞) such that

0 < I(ε) =

ε_0∫

ε ψ_ε(t)dt < ∞, ε ∈ (0, ε_0),

(3.8)

then h(f(x), f(x_0)) ≤ α_n δ exp{−β_nI^{γn,p} (|x − x_0|)}

(3.9) for all x ∈ B(x_0, ε_0) where

α_n = 2λ^2_n, β_n =

( ω_{n−1} c ) 1_{n−1}

, γ_{n,p} = 1 − p − 1 n − 1 , (3.10)

λ_n ∈ [4, 2e^{n−1}), λ_2 = 4 and λ^{1/n}_n → e as n → ∞.

Here we use standard balls in the Euclidean metric in R^n

B(x_0, ε_0) = {x ∈ R^n : |x − x_0| < ε_0}.

(3.11)

Proof. Let Γ_ε be the family of all paths joining B(x_0, ε) and R^n\B(x_0, ε_0) in the ring A_ε = {x ∈ R^n : ε < |x − x_0| < ε_0}. By the Lusin theorem, see e.g. 2.3.5 in [Fu] and [Sa], p. 69, there is Borel function ψ^∗_ε (t) = ψ_ε(t) a.e. and the function

ρ_ε(x) = { ψ^∗_ε (|x − x_0|)/I(ε), x ∈ A_ε, 0, x ∈ R^n\A_ε

(3.12)

is admissible for Γ_ε. By the definition of Q-homeomorphisms and (3.7) we have

M(fΓ_ε) ≤ ∫ R^n

Q(x)ρ^n_ε (x) dm(x) ≤ c · I^{p−n}(ε).

(3.13)

By the Jordan-Brouwer theorem R^n\fA_ε consists of two connected components. Let E = f ( B(x_0, ε) ) and F = R^n\f (B(x_0, ε_0)) and let Γ^∗_ε be the family of all paths joining E and F in R^n. Now

M (fΓ_ε)) = M (Γ^∗_ε)) .

(3.14)

Indeed, by definition γ ∈ fΓ_ε joints E and F and hence fΓ_ε ⊂ Γ^∗_ε and M (fΓ_ε)) ≤ M (Γ^∗_ε)). On the other hand, fΓ_ε < Γ^∗_ε because fA_ε separates E and F and, consequently, M (fΓ_ε)) ≥ M (Γ^∗_ε)), see e.g. Theorem 1(c) in [Fu] and 6.4 in [Va].

Thus, (3.9) follows by (3.13), (3.14) and (3.5).

3.15. Corollary. Under the conditions of Lemma 3.6 and p=1

h(f(x), f(x_0)) ≤ α_n δ exp {−β_nI(|x − x_0|)}.

(3.16)

4 Estimates of distortion under Q-homeomorphisms

4.1. Theorem. Let f : D → R^n, n ≥ 2, be a Q-homeomorhism such that D^′ = f(D) omits at least two points v and w ∈ R^n with h(v, w) ≥ δ > 0. Then, for every x_0 ∈ D and x ∈ B(x_0, ε(x_0)), ε(x_0) ≤ dist(x_0, ∂D), and each β ≥ 1/(n − 1),

h(f(x), f(x_0)) ≤ α_n δ exp − ε(x_0)∫

|x−x_0| dr rq^βx_0 (r)

(4.2)

where α_n is given by (3.10) and q_{x0} (r) is the mean integral value of Q(x) over the sphere |x − x_0| = r.

Proof. Indeed, for the function

ψ(t) =

{_1

tq^β_{x0} (t) , t ∈ (0, ε0),

0, t ∈ [ε_0, ∞),

(4.3)

we have that ∫ ε<|x−x_0|<ε_0

Q(x) · ψ^n(|x − x_0|) dm(x) = ω_{n−1}

ε_0∫

ε dr rq^{βn−1}x_0 (r)

≤ ω_{n−1}

ε_0∫

ε dr rq^β(r)

(4.4)

and, thus, the conclusion follows immediately from Lemma 3.6 with p = 1.

4.5. Remark. Of course, the mean value q_{x0} (r) of Q(x) over some spheres |x − x_0| = r can be infinite. However, q_{x0} (r) is measurable in the parameter r because Q(x) is measurable in x. Moreover,

ε(x_0)∫

|x−x_0| dr rq^βx_0 (r) < ∞ (4.6)

for x ≠ x_0 because q_{x0} (r) ≥ 1. The integral can be equal to 0 if q_{x0} (r) = ∞ a.e. but then the inequality (4.2) is obvious because α_n ≥ 32 and δ as well as h(f(x), f(x_0)) is less or equal to 1.

4.7. Corollary. Under the conditions of Theorem 4.1

h(f(x), f(x_0)) ≤ α_n δ exp − δ(x_0)∫

|x−x_0| dr rq(r)

(4.8)

where δ(x_0) = dist(x_0, ∂D).

Choosing in Theorem 4.1 β = 1/(n − 1) we conclude.

4.9. Corollary. If q_{x0} (r) ≤ [ log 1 r ]_{n−1}

(4.10)

for r < ε(x_0) ≤ δ(x_0), then

h(f(x), f(x_0)) ≤ α_n δ [ log ε(x_0) |x − x_0|

]_{−1}

(4.11)

for all x ∈ B(x_0, ε(x_0)).

4.12. Corollary. If

Q(x) ≤ [ log 1 |x − x_0|

]_{n−1}

, x ∈ B(x_0, ε(x_0)),

(4.13) then (4.11) holds in the ball B(x_0, ε(x_0)).

4.14. Remark. If instead of (4.10) and (4.13) we have the conditions q_{x0} (r) ≤ c · [ log 1 r ]_{n−1}

(4.15) and, correspondingly, Q(x) ≤ c · [ log 1 |x − x_0|

]_{n−1} , (4.16) then h(f(x), f(x_0)) ≤ α_n δ [ log ε_{x0} |x − x_0|

]_{−1/c}1/(n−1) . (4.17)

4.18. Theorem. Let f : D → R^n, n ≥ 2, be a Q-homeomorphism with h (R^n\f (D)) ≥ δ > 0. Then

h(f(x), f(x_0)) ≤ α_n δ exp − ε(x_0)∫

|x−x_0| dr rK^βx_0 (r)

(4.19)

for every β ≥ 1/(n − 1), x_0 ∈ D, x ∈ B(x, ε(x_0)), ε(x_0) ≤ dist(x_0, ∂D), and K_{x0} (r) = sup_{t∈[r,ε(x0)]} Q_{x0} (t)

(4.20)

where Q_{x0} (t) is the mean value of Q over B(x_0, t), Q_{x0} (t) = − ∫ B(x_0,t)

Q(x) dm(x).

(4.21)

Proof. By the theorem on the differentiability of indefinite integral applied to t∫ 0 φ(ρ)dρ, where φ(ρ) = ∫ |x|=ρ

Q(x) and |B(x_0, t)| =^t ∫ 0 S(x_0, ρ)dρ where S(ρ) is the area of the sphere |x − x_0| = ρ we have inequality q_{x0} (r) ≤ K_{x0} (r)

(4.22) for a.e. r ∈ (0, ε_0) and hence (4.2) implies (4.19).

4.23. Remark. We could use above, instead of q_{x0} (r), K_{x0} (r) and Q_{x0} (t),

q_{x0,α}(r) = ( − ∫ |x|=r

Q^α(x)

)_{1/α} , (4.24) K_{x0,α}(r) = sup_{t∈[r,ε(x0)]} Q_{x0,α}(r),

(4.25)

Q_{x0,α}(t) = ( − ∫ B(x_0,t)

Q^α(x) dm(x)

)_{1/α} , (4.26) because the Jensen inequality yields q_{x0,α}(r) ≥ q_{x0} (r) and K_{x0,α}(r) ≥ K_{x0} (r).

Choosing in Lemma 3.6 ψ(t) =^1_t and p = 1 we also have the following conclusion.

4.27. Corollary. Let f : B^n → B^n be a Q-homeomorphism such that f(0) = 0 and ∫ ε<|x|<1

Q(x) dm(x) |x|^n

≤ c log 1 ε , ε ∈ (0, 1).

(4.28)

Then |f(x)| ≤ α_n · |x|^{βn} .

(4.29)

4.30. Lemma. Let f : D → R^n, n ≥ 2, be a Q-homeomorphism with h (R^n\f (D)) ≥ δ > 0 and let in U ⊂ D M(t) = m({x ∈ U : Q(x) > t }) ≤ φ(t) , t ≥ 1

(4.31) where the function φ : [1, ∞] → [0, ∞], φ(∞) = 0, is nonincreasing and continuous from the right and lim inf t→∞ t · φ(t) = 0 .

(4.32) Then

s(f(y), f(x_0)) ≤ 32 δ · exp − 1 n Ω_nε_0^n∫

Ω_n|y−x_0|^n dρ ρ∫ 0 φ^{−1}(τ)dτ

(4.33)

for all y ∈ B(x_0, ε_0) ⊂ U where Ω_n is the volume of the unit ball in R^n and

φ^{−1}(τ) = sup φ(t)≥τ

t, if τ ≤ φ(1) , 1, if τ > φ(1) .

(4.34)

Note that the inverse function φ^{−1} : [0, ∞] → [1, ∞] is also nonincreasing but continuous from the left.

Proof. Set Q^∗_0(x) = Q_0(x) − t(ε_0) on B(x_0, ε_0) where t(ε_0) = φ^{−1}(Ω_nε_0^n)

(4.35) and Q_0(x) = { Q(x), if Q(x) ≥ t(ε_0), t(ε_0), if Q(x) < t(ε_0).

(4.36) Note that Q^∗_0(x) ≥ 0 and M^∗_0 (t) = M(t + t(ε_0)), t ≥ 0, in B(x_0, ε_0) and hence ∫ B(x_0,ε_0)

Q^∗_0(x) dm(x) = ∞∫ 0 M^∗_0 (t) dt = ∞∫ t(ε_0)

M(t) dt ,

(4.37) see e.g. [MZ], p. 3. The latter implies by (4.31) that ∫ B(x_0,ε_0)

Q(x) dm(x) ≤ t(ε_0) · Ω_nε_0^2 + ∞∫ t(ε_0)

φ(t) dt

(4.38)

for every ball B(x_0, ε_0) ⊂ U because Q(x) ≤ Q_0(x) on B(x_0, ε_0).

Further, applying integration by parts, we have from (4.38) that ∫ B(x_0,ε_0)

Q(x) dm(x) ≤ lim inf_{t→∞} t · φ(t) − t∫ t(ε_0)

η dφ(η) ≤ − ∞∫ t(ε_0)

η dφ(η) ,

(4.39)

see Theorem III(14.1) in [Sa].

Now, by the change of variables τ = φ(η) we obtain from (4.39) that − ∫ B(x_0,ε_0)

Q(x) dm(x) ≤ −

∫_{Ωnε0}2 0 φ^{−1}(τ) dτ .

(4.40) Note that the right side in (4.40) is nonincreasing with respect to the parameter ε_0 because φ^{−1} is noninsreasing. Thus, the statement is a consequence of Theorem 4.18 under β = 1.

4.41. Remark. If a function Q(x) : D → [1, ∞], D ⊂ C, is measurable and ∫ U Φ(Q(x)) dm(x) ≤ C < ∞

(4.42)

where U ⊂ D and Φ : [1, ∞] → [0, ∞] is a nondecreasing function, then M(t) = m({x ∈ U : Q(x) > t }) ≤ C/Φ(t)

(4.43) and, thus, the case of the integral constraint (4.42) is reduced to the case of the corresponding constraint by measure (4.43) on Q with φ(t) = C/Φ(t).

5 Finite mean oscillation

Recall that a real valued function φ ∈ L^1_{loc}(D) is said to be of bounded mean oscillation in a domain D ⊂ R^n, abbr. φ ∈ BMO(D) or simply φ ∈ BMO, if ‖φ‖_∗ = sup_{B⊂D} − ∫ B |φ(x) − φ_B | dm(x) < ∞

(5.1)

where the supremum is taken over all balls B in D and φ_B = − ∫ B φ(x) dm(x) = 1 |B| ∫ B φ(x) dm(x)

(5.2)

is the mean value of the function φ over B. It is well–known that L^∞(D) ⊂ BMO(D) ⊂ L^p_{loc}(D) for all 1 ≤ p < ∞, see e.g. [JN] and [RR]. For connections of BMO functions and quasiconformal and quasiregular mappings, see e.g. [As], [AG], [Ge_2], [Jo], [MRV] and [RR]. Following [IR_1] we say that a function φ : D → R has finite mean oscillation at a point x_0 ∈ D if lim_{ε→0} − ∫ B(x_0,ε)

|φ(x) − φ_ε| dm(x) < ∞

(5.3) where φ_ε = − ∫ B(x_0,ε)

φ(x) dm(x)

(5.4) is a mean value of the function φ(x) over B(x_0, ε). Note that under (5.3) it is possible that φ_ε → ∞ as ε → 0. We also say that a function φ : D → R is of finite mean oscillation in the domain D, abbr. φ ∈ FMO(D) or simply φ ∈ FMO, if φ has a finite mean oscillation at every point x ∈ D.

Recall some facts on finite mean oscillation from [IR_1]. 5.5. Proposition. If, for some numbers φ_ε ∈ R, ε ∈ (0, ε_0], lim_{ε→0} − ∫ B(x_0 ,ε)

|φ(x) − φ_ε| dm(x) < ∞ ,

(5.6) then φ has finite mean osillation at x_0.

5.7. Corollary. If, for a point x_0 ∈ D, lim_{ε→0} − ∫ B(x_0,ε)

|φ(x)| dm(x) < ∞ ,

(5.8) then φ has a finite mean oscillation at x_0.

5.9. Lemma. Let φ : D → R, n ≥ 2, be a nonnegative function with a finite mean oscillation at 0 ∈ D. Then ∫ ε<|x|<ε_0

φ(x) dm(x) (|x|log^1_{|x|} )^n = O ( loglog 1 ε ) (5.10)

as ε → 0 for some ε_0 ≤ dist (0, ∂D).

Thus, from Lemma 3.6 we obtain the following.

5.11. Theorem. Let f : D → R^n, n ≥ 2, be a Q-homeomorphism such that D^′ = f(D) omits at least two points v and w ∈ R^n with h(v, w) ≥ δ > 0. If Q(x) has finite mean oscillation at a point x_0 ∈ D, then h(f(x), f(x_0)) ≤ α_n δ { log ε_0 |x − x_0|

}_{−β0}

(5.12) for x ∈ B(x_0, ε_0) where α_n depends only on n, ε_0 < dist(x_0, ∂D) and β_0 > 0 depend only on the function Q.

6 On normal families of Q-homeomorphisms

Let F_{Q,δ}(D) be the class of all Q-homeomorphisms f : D → R^n, n ≥ 2, such that h(R^n\f(D)) ≥ δ > 0. The above results now yield:

6.1. Theorem. If Q ∈ F MO, then F_{Q,δ}(D) is a normal family. 6.2. Corollary. The class F_{Q,δ}(D) is normal if, for every x_0 ∈ D, lim_{ε→0} − ∫ B(x_0,ε)

Q(x) dm(x) < ∞.

(6.3)

6.4. Corollary. The class F_{Q,δ}(D) is normal if every x_0 ∈ D is a Lebesgue point of Q(x).

6.5. Theorem. The class F_{Q,δ}(D) is normal if the integral condition

δ(x_0)∫

0 dr rq^βx_0 (r) = ∞ (6.6)

holds for some β ≥ 1/(n − 1) and, in particular, for β = 1 at every point x_0 ∈ D.

Here as above δ(x_0) = dist(x_0, ∂D) and Q(x) denotes the mean integral value of Q(x) over the sphere |x − x_0| = r. In view of Remark 4.14 we have also the following.

6.7. Corollary. The class F_{Q,δ}(D) is normal if Q(x) has singularities of the logarithmic type of the order which is not more then n − 1 at every point x ∈ D.

6.8. Theorem. The class F_{Q,δ}(D) is normal if m({x ∈ U_{x0} : Q(x) > t}) ≤ φ_{x0} (t) , t ∈ [1, ∞]

(6.9) in a neighborhood U_{x0} of every point x_0 ∈ D for a function φ_{x0} : [1, ∞] → [0, ∞] which is nonincreasing and continuous from the right such that lim inf

t·→∞ t · φ x_0 (t) = 0 ,

(6.10) and_δ ∫ 0 dρ ρ∫ 0 φ^{−1}_{x0} (τ) dτ

= + ∞ .

(6.11)

6.12. Corollary. The class F_{Q,δ}(D) is normal if the conditions (6.9) and (6.10) hold for strictly decreasing functions φ_{x0} such that ∞∫ Δ dφ_{x0} (t) ∞∫ t η dφ_{x0} (η)

= + ∞

(6.13) at every point x_0 ∈ D.

6.14. Remark. In particular, all the results formulated in Sections 3-6 hold for homeomorphisms f of the Sobolev class W^{1,n}_{loc} with f^{−1} ∈ W^{1,n}_{loc} under the condition that K_I (x, f) ≤ Q(x) a.e.

(6.15)

where K_I (x, f) is the so-called inner dilatation of the mapping f at the point x ∈ D, see e.g. theorem 4.6 and 7.10 [MRSY_4]. Note that, for homeomorphisms f ∈ W^{1,n}_{loc} with K_I ∈ L^1_{loc}, f^{−1} belongs to W^{1,n}_{loc} , see Corollary 2.2 in [KO].

Postscript. As in the classical case of Q–quasiconformal mappings, cf. Theorem II.5.1 in [LV], a family F of Q–homeomorphisms f : D → R^n in a domain D ⊂ R^n, n ≥ 2, is normal under every condition given above for Q if there is a number Δ > 0 such that one of the following conditions holds:

1) Every mapping f ∈ F omits two values whose spherical distance is greater than Δ.

2) Every mapping f ∈ F omits one value w_0 and h(w(x_i)), w_0) > Δ, i = 1, 2, at two fixed points x_1 and x_2 ∈ D.

3) At three fixed points x_1, x_2 and x_3 ∈ D, h(w(x_i), w(x_j) > Δ, i ≠ j, i, j = 1, 2, 3.

In particular, F is normal if all mappings f ∈ F omit two fixed values.

Acknowledgments. The research was partially supported by grants from the University of Helsinki, from Technion – Israel Institute of Technology and by Grant 01.07/00241 of Scientific Fund of Fundamental Investigations of Ukraine.

References

[As] Astala K., A remark on quasiconformal mappings and BMO–functions, Michigan Math.

J. 30 (1983), 209–212.

[AG] Astala K. and Gehring F.W., Injectivity, the BMO norm and the universal Teichmuller space, J. Anal. Math. 46 (1986), 16–57.

[Du] Dugundji J., Topology, Allyn and Bacon, Inc., Boston, 1966.

[Fu] Fuglede B., Extremal length and functional completion, Acta Math. 98 (1957), 171– 219.

[Ge_1] Gehring F.W., Quasiconformal mappings, in Complex Analysis and its Applications, V. 2., International Atomic Energy Agency, Vienna, 1976.

[Ge_2] Gehring F.W., Characteristic Properities of Quasidisk, Les prosses de l’Universite de Montreal, Montreal, 1982.

[IR_1] Ignat’ev A. and Ryazanov V., Finite mean oscillation in the mapping theory, 2002, 17 pp., Preprint of Department of Mathematics, University of Helsinki, 2002, 332

ON THE THEORY OF NORMAL FAMILIES OF SPACE MAPPINGS 13

[IR_2] Ignat’ev A. and Ryazanov V., On the boundary behavior of space mappings, 2003, 11 pp., Preprint of Department of Mathematics, University of Helsinki, 2003, 350

[JN] John F., and Nirenberg L., On functions of bounded mean oscillation, Comm. Pure Appl. Math. 14 (1961), 415–426.

[Jo] Jones P.M., Extension theorems for BMO, Indiana Univ. Math. J. 29 (1980), 41-66.

[KO] Koskela P. and Onninen J., Mappings of finite distortion: capacity and modulus inequalities, Dept. Math. Stat., University of Jyväskylä, Preprint 257 (2002), 1–32.

[LV] Lehto O. and Virtanen K., Quasiconformal Mappings in the Plane, Springer, New York etc., 1973.

[Ma] Maz’ya V., Sobolev classes, Springer, Berlin–New York, 1985.

[MRSY_1] Martio O., Ryazanov V., Srebro U. and Yakubov E., BMO–quasiconformal mappings and Q-homeomorphisms in space, 2001, 24 pp. Preprint of Department of Mathematics, University of Helsinki, 2001.288.

[MRSY_2] Martio O., Ryazanov V., Srebro U. and Yakubov E., To the theory of Qhomeomorphisms, Dokl. Akad. Nauk Rossii 381, no. 1 (2001), 20–22.

[MRSY_3] Martio O., Ryazanov V., Srebro U. and Yakubov E., On the boundary behavior of Q-homeomorphisms, 2002, 12 pp. Preprint of Department of Mathematics, University of Helsinki, 2002.318.

[MRSY_4] Martio O., Ryazanov V., Srebro U. and Yakubov E., Mappings of finite length distortion, 2002, 20 pp. Preprint of Department of Mathematics, University of Helsinki, 2002.322.

[MRV] Martio O., Ryazanov V. and Vuorinen M., BMO and Injectivity of Space Quasiregular Mappings, Math. Nachr. 205 (1999), 149–161.

[MZ] Maly J. and Ziemer W.P., Fine Regularity of Solutions of Elliptic Partial Differential Equations, Math. Surveys and Monographs 51, AMS, 1997.

[RR] Reimann H.M. and Rychener T., Funktionen Beschränkter Mittlerer Oscillation, Springer, Berlin etc., 1975.

[RSY_1] V. Ryazanov, U. Srebro and E. Yakubov, BMO–quasiconformal mappings, 1997, 22 pp. Preprint of Department of Mathematics, University of Helsinki, 97.155.

[RSY_2] V. Ryazanov, U. Srebro and E. Yakubov, On the theory of BMO-quasiregular mappings, Dokl. Akad. Nauk Rossii 369, no 1 (1999), 13–15.

[RSY_3] V. Ryazanov, U. Srebro and E. Yakubov, BMO-quasiconformal mappings, J.

d’Analyse Math. 83 (2001), 1–20.

[RSY_4] V. Ryazanov, U. Srebro and E. Yakubov, Plane mappings with dilatation dominated by functions of bounded mean oscillation, Sib. Adv. in Math. 11, No. 2 (2001), 94–130.

[Sa] Saks S., Theory of the Integral, New York, Dover Publ. Inc., 1964.

[Va] Vaisala J., Lectures on n–Dimensional Quasiconformal Mappings, Lecture Notes in Math. 229, Berlin etc., Springer–Verlag, 1971.

[Vu] Vuorinen M., Conformal Geometry and Quasiregular Mappings, Lecture Notes in Math.

1319, Berlin etc., Springer–Verlag, 1988.

Vladimir Ryazanov and Evgeny Sevost’yanov: Institute of Applied Mathematics and Mechanics, National Academy of Sciences of Ukraine